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Abstract
The notion of (€ V g)-level subset is intro-

Similar type of asymmetry for the values of t
occured in the cases of (€,€ V g)- fuzzy sub-
rings, ideals. Now it would be an interesting
study of level subsets of different fuzzy subsys-
tems A when "A(z) > tor Az)+¢t > 1" or
equvalently "z, € vV q A' . With this object,
the notion of a new type of level subset A, of a
non-empty set G, called (€ V g)-level subset
is introduced where ), = {z € G; X(z) > tor
AMz)+t>1}={z €G; z; € Vg A}.

The most significant achievement of this study
is that for any fuzzy subset A of X (group or

ring )is an (€. V g)-fuzzy subgroup (or subring or

duced. The study of (¢ V g)-level subsets of ideal) of X if and only if the (€ V g)-level subset

an (€, € V ¢)-fumsy subgroup (subring or ideal )
are dealt with.

Keywords: Fuz:y algebra, level subset,
(€ Vv q)-level subset, fuzzy subgroup. (€€
V g)-fuzzy subgroup, (€,€ V ¢)-fuzzy normal
subgroup, (€,€ V g)-fuzzy ideal, (€,€ V gq)-
Juzzy radical.

1. Introduction.

Fuzzy subgroup was introduced by Rosenfeld
[6]. Liu [4] introduced the notion of fuzzy sub-
ring and ideal. Since then different researchers
have contributed significantly for the develop-
ment of these literature. Usins,,; the notions of
"belongingness (€)" and "quasi-coincidence (g)"
of fuzzy points with fuzzy sets the concept of
(a, B)-fuzzy subgroup where a, 3 are any two of
{ € a,€Vq€Agq} with a #£€ A ¢ is introduced
in [1]. It was found that the most viable generali-
sation of Rosenfeld’s fuzzy subgroup is the notion
of (€, € V g)-fuzzy subgroup. The detailed study

‘with (€, € V q)-fuzzy subgroup has been consid-
ered in [2]. It was found that a fuzzy subset A
of a group G is an (€, € V g)-fuzzy subgroup of
Gifandonlyif \, = {z € G; A(z) >t} isa
subgroup of G V 0 < ¢ < 0.5. On the other
hand a fuzzy subset A of a group G is a Rosen-
feld’s fuzzy subgroup ( or (€, €)-fuzzy subgroup)
if and only if ), is a subgroup V ¢t € (0,1].

A = {z € X; z, € V ¢ A} is a subgroup (or sub-
ring or ideal) of X. The results with level subsets
obtained in [2], [3] are verified with (€ V g)-level
subset.

2. Preliminaries.
Let G be a non-empty set.

Definition 2.1 [Zadeh] [7}. A map A\ : G —
[0,1] is called a fuzzy subset of G.

Definition 2.2 [Ming and Ming] [5]. A

fuzzy subset A of G of the form
. t(#O) ify::t
’\(”)“{o ify#=z

is said to be a fursy point with support z and
value ¢ and is denoted by z;.

Definition 2.3 [Ming and Ming] [5]. A
fuzzy point z, is said to belong to (resp. be
quasi-colncldent with) a fuzzy set ), written
88 z; € A (resp. z¢ ¢ A) if

A(z) > t{ resp.A(z) +¢ > 1).

"z, € A or z; ¢ A" will be denoted by z; €
Vagli.

Definition 2.4. Let ) be a fuzzy subset of G.
Then WVt e€ (0,1}, theset A\, = {z € G; A(z) >
t} is called level subset of .
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Definition 2.5. A fuzzy subset A of G is
said to have the "sup property" if for any non-
empty subset T of R, there exists a € 7' such
that

Aa) = sup{A(t); t € T}.

Let G be a group.

Definition 2.6 [Bhakat and Das] [1]. A
fuzzy subset A of G is said to be an (€,€ V g)-
fuzzy subgroup of Gif Vz,y€ G andt,r e
(0,1]

() ze€My €r= (zp)upnEV A

(ii) T €E A= (z_l)g EVgA

Theorem 2.7 [Bhakat and Das] [2].
(i) A necessary and sufficient condition for a
fuzzy subset A of a group G to be an (€
€ V g)-fuzzy subgroup of G is A(zy™!) >
M(X(z),\(y),0.5) Vz,yeG.

(ii) Let A be a fuzzy subgroup of G. Then ), =
{z€G; Mz) >t} isasubgroupof G V0O <t<
0.5. Conversely, if ) is a fuzzy subset of G such
that )¢ is a subgroup of G V¢ € (0,0.5], then A
is an (€, € V g)-fuzzy subgroup of G.

(iii) Let G be a group. Then given any chain of
subgroups Gy C G C C G, = G, there ex-
ists a fuzzy subgroup of G whose level subgroupe
are precisely the members of the chain. '

Definition 2.8 Bhakat and Das] [2]. An
(€,€ V g)-fuxsy subgroup ) of G is said to
be (€, € V g)-fussy normal if for any =,y € G
and t € (0,1],

€A (yzy ), evq A

Theorem 2.9 [Bhakat and Das] [2]. Let
A be an (€, € V. g)-fuszy normal subgroup of
G. Then ) = {z € G; X(z) >t} is a normal
subgroup of G V0 < t < 0.5. Conversely,
if A is a fusgy subset of G such that ), is
normal subgroup of G V0 < ¢ < 0.5, then
A is (€, € V g)-fuzzsy normal.

Definition 2.10 [Bhakat and Das] [3]. A
fuzzy subset ) of a ring R 1s sald to be an
(€,€ V q)-fusxy subring of R if Vz,y € R
and t,r € (0, 1],

(i)zu Yy € A= (-'5 <+ y)y(.,,) EVyq A,
(Dz;er=> (—z)iev g
(i)z, y € A = (2y)us) €V g A

Theorem 2.11 [Bhakat and Das] [3]. A
forzy subset )\ of a ring R is an (€,€ v g)-
fuxzy subring of R if and only if A(z —
¥), AMzy) 2 M(X(z), My),0.5) Vz,y€R.

Definition 2.12 [Bhakat and Das] [3]. A
fuzxy subset )\ of a ring R is sald to be
(€,€ V g)-fuzzy ideal of R if
(i) A is an (€,€ V g)-fuzxy subring of R,
(ii) zr€Xand y€ R = (zy),, (yz)k €V ¢ A

Theorem 2.13 [Bhakat and Das] [3]. A
fuzzy subset ) of a ring R is an (€,€ V g)-
fuzzy ideal of R if and only if

(D) Az —y) 2 M(A\(z), M), 0.5),

(1) Mzy), Myz) 2 M(X(=z),0.5) Vz,y € R.

Definition 2.14 [Bhakat and Das] [3]. An
(€,€ V q)-fuzzy ideal of R is said to be

(1) (e,€V g)-fuzzy semiprime, if Vz,y e
Rand te (0,1],(22),€r=> 2, €V q A,

(1) (e,€ V g)-fuzsy prime, if Vz,y €
Rand te(0,1], (zy) € A=z, €Vgrory €
Vgl

(iii) (e,e Vv g)-fuszsy semiprimary, if
Vz,y € Rand t € (0,1], (zy); € A = =" €
VgloryP eV g for some n,me N,

(iv) (e,€ Vv g)-fuzsy semiprimary, if
Vz,y € Randt € (0,1}, (zy): € A = = €
VgAloryf €V q A for someneN.

Theorem 2.15 [Bhakat and Das] [3]. A
fuzsy subset A of a ring R 1s an (€, Vv ¢)-
fuszy subring (ideal) of R if and only if ),
is a subring (ideal) of R Vit € (0,0.5].

Theorem 2.16 {Bhakat and Das] {3]. An
(€,€ V g)-fuzzy ideal of R Is (€,€ V ¢)-
fussy prime if and only if Maz{)\(z),\(y)} >
M(A\(zy),0.5) Vz,y€R.

Theorem 2.17 [Bhakat and Das] [3). A
fuzzy ideal A of a ring R is an (€, V ¢)-
fuzzy semiprime ( or prime or semiprimary
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or primary ) if and only if ) is semiprime

(or prime or semiprimary or primary )
Vo <t < 0.5.

Definition 2.18 [Bhakat and Das] {3]. Let
) be an (€,€ Vv g)-fuzzy ideal of R. The
fuzzy subset Rad) of R defined by

(Rad))(z)
_ {M(aup{x(zn); n € N},05) if A(z) <0.5
~ A=) if A(z) > 0.5

is called the (€, € V g)-fuzzy radical of ).

Theorem 2.19 [Bhakat and Das] [3]. Let
A be an (€, € V g)-fuszsy ideal of R. Then
(1) Rad) 1s an (€, € V q)-fussy ideal of R.
(ii) If A has the "sup property", then
V0 <t £ 0.5, Rad), = (Rad}\),.

3. (€ V g)- level subset.

Let X be a non-empty set and I denote
the closed unit interval [0,1]. ¢,r € (0, 1].
A, u will denote any fuzzy subset of X.

Definition 3.1. The subset }; = {z €
X; Mz)>torMz)+t>1}={z€ X; = €
V q A} is called (€ V g)-level subset of X.

Remark 8.2. It follows from the definition of
(€ V g)-level subset that {z € X; A(z) 2 t} C
{z € X; z: € V q A\}. However, the reverse set
inclusion relation may not be true.

Example 3.3. Let X = {a, b, c} and A =
(0.8, 0.3, 0.8). Then {r € X; zoy €V g A} =
Moy = {a, ¢} # {c} = {z € X; Az) = 0.7}.

Theorem 3.4.
G) Auph=MUm
(H) AN p)e =M p

Proof. (il ze (AUp) @z, €Vqg(AUn) &
Qup)z)>tor(Aup)(z)+t>1 6 {AMz)>t
or u(z) > t} or {Mz)+t > 1or u(z)+t >
1} & {M(z) >tor AMz)+t>1} or {u(z) 2 tor
) +t>1} S € orz € & € (MUp).

(i) € (Anp), # (AN (2) 2 £ or (ANp)(2)+
t> 16 {Az)>tand u(z) 2t} or {A(z)+t > 1
and p(z) +t > 1} & {M\(z) 2 tor A(z) +1 > 1}
and {u(z) > tor u(z)+t > 1} & = € ) and
€ pe oz € (NN ).

Theorem 3.5.
@) Pupnv)le={Aupn(Auy),
(i) AN {pU)li=AnNuUrne)

Proof. (i) {AU(zNV)} = AU (unv) [by
Theorem 3.4(i) | = M\ U (s Nvy) | by Theorem
3.4(1) ] = A Um) (A Ue) = AUp)N(AUY),.

(ii) Similar to (i).

Remark 3.6. If ¢ > r, then A\; may not be a
subset of A,. ,

Example 3.7. Let X = {a, b, ¢} and A =
(0.8, 0.2, 0.3). Then b € Ags but b ¢ Aos.

Theorem 3.8. () C {(3) N (X)1-¢} where X
denote the complement of A.

Proof. z€ (M) = 2€ X\ = £, €EVG )=
AMz) <tand A(z)+t < 1= —A(z) > —t and
“AMz)—t>-1=1-Xz)>1—-tand 1-—
AMz)—t > 0= Xz) >1—tand Xz) -t >
0=> Xz) >1—tand X(z) >t = z € ()1 and
z € (W)= z € {(Na1-:n (A}.

Corollary 3.9. (1) C {(XN)¢U (A)1-1}

Example 3.10. Let X = {a, b, ¢} and A =
(0.2, 0.8, 0.4). Then A= (0.8, 0.4, 0.6) and a €
{Mo2n Mos} € {Mo2Y (Ros} but a & (o).

Theorem 3.11. ZA‘ U ”‘l; C (X)l_g N (-ﬂ)l_g

Proof. (A Up) = AUp): € M1 N (Bh
[by Theorem 3.8 ] = (AN st = )1+ N (F)1-+-

Theorem 3.12. If A o u has the “sup prop-
erty", then () o u): = Awphe.

Proof. Let z € X. Thenz € (Aopu) =
(Aou)z) > tor Aou)(z) >1—t. Since Aop
has the "sup property" there exist zo, o € X such
that z = zoyo and sup{M(\(z),A(¥)); 2=y} =
M (M(zo), 1(ve)-
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Casel.

(Qop)(z) 2 t => sup{M(X(z),u(y)); z =2y} 2 ¢.

i.e, zp € A and Yo € p¢ and hence z € M\.pup. So
(Ao ) C Appay.

Case II. (Ao u)(2) >1—t.

Then M(Azo), u(w)) > 1—t, ie, 2 € A
and yo € s and thus z € Ayy. So Aop); C
Awiy. Again z € Ay = 3 z,y € X such that
z=zyandz € and y € iy = {A(z) > ¢
or A(z) > 1 —¢t} and {A(y) = t or Ay) >
1-t} = sup{M(Mz),u(@)); z = 7} > t or
sup{M(A(z),n(y)); z=zy} > 1-t=>z€ (Ao
#)1. S0 Ap.pie € (Aopu)r. Therefore (Aop)s = Ae.pit.

Henceforth, unless otherwise montioned,
a fuszy subgroup or a fuszy subring will
indicate an (€, € V g)-fuzsy subgroup or an
(€,€ V g)- fuzzy subring. G will denote a
group with e as identity and R will denote
a ring with 0 as null element.

Theorem 3.13. A fuzzy subset X\ of G is a
fuzzy subgroup of G if and only if ), is a subgroup
for all t € (0,1].

Proof. Let A be a fuzzy subgroup of G. Let
Zz,y € Ar. Then A(z) > tor A(z)+t > 1 and
Aly) > tor A(y) +t > 1. Now since A(zy™) >
M(A(z), M(y),0.5) | since X is a fuzzy subgroup
of G}, it follows that A(zy™) > M(t,0.5). For
otherwise, A(zy™!) < M(¢t,0.5) = =,&V G A or
wE V g A, a contradiction. If M(t,0.5) = ¢, then
zy~! € A and if M(t,0.5) = 0.5, then A(zy™) +
t > 1 and hence zy~! € A;. So ) is a subgroup
of G. Conversely, let A be a fuzzy subset of G
such that ), is a subgroup of G V¥t € (0,1).
I possible, let X(zy) <t < M(A\(z),A(¥),0.5)
for some ¢ € (0,0.5). Then z,y € A and thus
zy~! € Ay, ie, AMzy™!) 2 tor A(zy )+t >
1, thus in any case a contradiction. Therefore
Azy™) > M(A(2), My), 0.5) Vz,y€G,s0)is
a fuzzy subgroup of G.

Theorem 3.14. Let G be a group. then given
any chain of subgroups G, C G; C cG, =
G, there exists a fuzay subgroup of G whose (€
V g)-level subgroups are precisely the members of

------

the chain.

Proof. Let {t; t; € (0,0.5); i =1,2,...,r} be
such that ¢; > t, > >t.Let A\:G — I be

defined as follows:
(1(>0.6) ifz=e,
u(>t) ifzeGy—{e},
=t g e,
tr ifz€G; -G

Then A is a fuzzy subgroup of G. Note that, A\y; =
Gy and Ay = G for i = 1,2,....,r. This follows
from the fact that z, e Vg A = z, € Aift €
(0,0.5).

Remark 8.15. If t; ¢ (0,0.5), then all the
members of the chain may not be characterised

by the (€ V g)-level subgroups of ).

Example 3.16. Let G = Additive group of all
integers. Let nG = Additive group of all integers
multiple of n. Then 16G C8G C4G C2G C G
be a chain of subgroups of G. Let A : G — I be
defined as follows:

(0.6
0.9
0.7
0.5

fz=0
ifzs 0,z € 186G
if z € 8G — 16G
if x € 4G —8G
02 ifze2G-4G

L 0.1 ifZEG—'ZG

Then ) is a fuzzy subgroup of G. Note that Ag5 =
4G = Xos = Aoy Ao9 =2G = Aoz Ao =G.

Theorem 3.17. A fuzzy subset ) is an (€, €
V q)-fuzzy normal subgroup of G if and only if A\
is a normal subgroup of GVt € (0, 1).

Proof. Let A be an (€,€ V g)-fumy nor-
mal subgroup of G. Then ), is a subgroup of
G [ by Theorem 3.13]. Let £z € A;. Then z, €
V ¢ A. Now A(yzy~?t) > M(\(z),05) Vy € G
[ since A is (€,€ V g)-fuzzy normal] and thus
yzyt € M, Vy € G. So ), is normal. Con-
versely, let A be a fuzzy subset a fuzzy subset

Az) = |
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of G such that ), is a normal subgroup of G
Vt € (0,1). Then X is a fuzzy subgroup of G |
by Theorem 3.13]. If possible, let A(yzy™!) <
M(A(x),0.5) for some z,y € G. Choose t such
that A(yzy?) <t < M(X(z),0.5). Then z € A,
and thus yzy™! € ), Vy € G, since )\ is nor-
mal, ie, yzy™! € V q A, ie, Alyzy™) > tor
Myzy™? 4+t > 1, and thus in any case a contra-
diction. So A{yzy~) > M()(x),0.5) and hence A
is (€, € V q)-fuzzy normal.

Theorem 38.18.A fuzzy subset )\ of a ring R
is a fuezy subring (ideal) of R if and only if A, is
a subring (ideal ) of R ¥Vt € (0,1].

Proof. Similar to the proof of Theorem 3.11.

Theorem 3.19. A fuzzy ideal A of a ring
R is (€,€ V q)-fuzzy semiprimary (or primary
or semiprime or prime ) if and only if A\ is
semiprimary (or primary or semiprime or prime
) vte(0,1].

Proof.Let ) be an (€, € V q)-fuzzy prime ideal
of R. Then ) is an ideal of R ¥t € (0,1] | by
Theorem 3.18 |. Let z,y € A. Then (zy) €
V g A. Since ) is an (€, € V q)-fuzzy prime ideal of
R, maz{Xz), \)} > M(A(2),0.5). If (zy) €
A, then either z;, e VgAlory, € Vg A If
(zy): g A, then either z, ¢ A or y ¢ A. Thus
in any case £ € Ay or y € A.. So A is prime.
Conversely, let A be a fuzzy subset of R such that
A is a prime ideal of R Wt €(0,1]. Then Aisa
fuzzy ideal of R [by Theorem 3.18]. Now (zy), €
AsbzyE My zENOoryE S L €EVGA
or y: € V g A. Therefore ) is an (€, € V g)-fuzzy
prime. The proof of the other cases may similarly
be disposed of.

Theorem 3.20. If )\ is a fuzzy ideal of R
with "sup property’, then Vt € (0,1}, RadA; =
(M)g. '

Proof. z € Rad)\, = z* € ), for some n €
N=(e"ye€Vgl=x €VqRad) = z €
(Rad)), | since (Rad)X){xz) > A(z) and A(z") >
M(A(z),0.5) Vr € N |. So Rad); C (Rad)):.
Next, let ¢ € (Rad));. Then z; € V g(Rad)). ie,

either (Rad))(z) > t or (Rad))(z)+t> 1.

Case I: Let (Rad)A)(z) > ¢.

Let t < 0.5. I A(z) < 0.5, then (Rad))(z) =
M(Xz7),0.5) > t for some r € N [since A
has the "sup property"]. i.e, z{ € A and thus
z" € A\ Hence z € Rad). If A(z) > 0.5, then
(Rad))(z) = A(z) > t and hence £ € RadA,.
Next, let £ > 0.5. Then (Rad))(z) = A(z) >t
and thus z € Rad),.

Case II: Let (Rad))(z)+t > 1.

So either M(A(z"),0.5) +t > 1 for some r €
NorAz)+t> 1 le zigAorz g A ie
" € \jor z € Ay i.e, z € Rad);. Thus in any
case £ € Rad),. Hence (Rad)); C Rad),. So
Rad); = (Rad)), V¥t € (0,1].
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