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On the convergence of the fuzzy valued functional
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Abstract: In this paper, we define a fuzzy valued functional on fuzzy measure spaces, discuss its important propertics

and give its convergence theorem.
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1 Introduction

It was Sugeno [2] who defined the first. functionals (a fuzzy integral) for the extension of fuzzy
measure, subsequently various functionals have been proposed to deal with particular types of fuzzy
measure(klement [3], weber [4], Matloka [5] ect.). But most functionals are defined on the spaces
of real measurable functions. Nevertheless, fuzzy valued functionals are seldom studied. This paper
will be motivated by the work of M.J.Bolanos etc [1] who investigated convergence properties of the
montone expectation. First we define the fuzzy valued functional. And then we discuss its properties

and give its convergence theorem.

2 Basis operations and definitions

In the paper, the following notations will be used.

R* denotes [0, ). X is an arbitrary fixed set. & is a o — algebra formed by the subsets of X.
(X, ) is a measurable space. Let Iz* = {@ = [a™,a*):a < a*,a",a*€ R*}

Then the elements in the set Igx* are called interval numbers. on the interval numbers set, we
make following definitions:

Forevery a,b € Ip*.a +6 = [a™+ 6™ ,a*+ b*]; a-b=I[a"b",a* %]

ka = [ka",ka*] wherek>0; a <T iff a <b ,a*<b*.

Especidllya =& iff a =67, a*= b*.

Letd( a,b) = maxll a - 471}, | a*—b*1}.

Then (Ig* ,d)is an Hausdorff metric space.

For a sequence of interval numbers {G,} . We say that a, > a, if d(&@,,a) = 0 (n —= ) .

Obviously, @, = aiffa, »a ,a; - a*(n —» o)

Definition 2.1 Let A: R*— [0, 1]. If there exists an zg € R* , such that A(zy) = 1 and for any
A€ (0,1],thelevelset A, = {x € R*:A(z) = A} € Iy .
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Then we call A a fuzzy number on R* . We denote all fuzzy numbers on R*as F(R*Y).
Let A, B € F(R*), for anyA € (0,1),k>=0. we define:
1 x=a :
a(x) = 0 o a wherea € R* .
Obviously, a, = [a,a] = {al,and a € F(R").

Letd (A, B) =°§l:21d(Ax, B;). Then (F(R*), <) constitutes a partial ordered set,
And d is a metric on F(R*) . ’

For a sequence of fuzzy numbers { A} C F(R*), A € F(R"). We say that { A, } is convergent
to Aiff d((A,);, Ay) >0 (n— ) . Foranya € (0,1] . Simply writeaslitgA,, = AorA, >

A . Evidently. A, > Aiff forany A € (0,1], (A,),™ A,7,(A,) = A,* (n—>).

Definition 2.2  Let p: o — [0, 1] be a mapping. If the following conditions are satisfied:
(D) p(B) =0,p(X) =1
(2) A,B € o, AC B implies p(A) < pu(B).
(3)If { A, | is a monotone sequence of elements in . Then E.'BF(A') = ;z('li'rgA.),
We call ¢ a fuzzy measure; ( X, s, z ) is said to a fuzzy measure space.
Let f:X — F(R*). we say that f is a fuzzy valued function.
For arbitrary 2 € (0, 1] . we define (f(z)), = fi(z) = [£5(2), fi(z)] € I}.

Definition 2.3 Let f be a fuzzy valued function with respect to ( X, <, #) . ForanyA € (0, 1] and
t >0, fis called a measurable fuzzy valued function, if (f3), = {z € X:fi(z)=>tl €« and

(L=lzeX:ff(z) =1t} € A.

Definition 2.4  Let { be a measurable fuzzy valued function with respect to ( X , o, p ). If for any

+ 00 4+ 00 .
A € (0,1], its Lebesgue integralL p(fi), <+ o0 deo p(f1)e <+ o0,
Then f is called integrable with respect to pon( X, s, u). Itis simply called p— integrable.

Lemma 2.1 Let H:(0,1]— Ig*,2 — H(A) = [m,, n,] and with the property:
Ay < Ay implies [mlz,n,\z] C [mll, n,“]. where 4;, 4, € (0,1] . Define A =A€9 ”AH(A) .

1
n+1

Then A € F(R*) and A, = f.le(A,,) where A, = (1 - YA (A>0).

The proof refer to [6]

3 the properties of the fuzzy valued functional

In this section, we first define the fuzzy valued functional on ( X , &, ¢ ), and then we mainly
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discuss the general properties of this kind functional.

Definition 3.1 Let f be a ;- integrable fuzzy valued functionon ( X , &, ).

We define E,(f) = U A[I;m#('fi)ldt,I;wp(ff),dt]-

1€(0,1) /
Then E”(f) is called the fuzzy valued functional with respect to ( X, &/, ux ). Above integrals
are Lebesgue integrals.

For arbitrary A € (0,1]andt = 0,( f3), C (f31), alwadys holds.
Consequently, (/1) < u(fi)s and [ “u(mae <[ (e <+ .

Hence E, ( f) is always significant.

Theorem 3.1 If _7 is a p — integrable fuzzy valued functionon ( X, &, p ).

Then E,(f) € F(R*) and (E,(f)), = fi[I;wp(ﬁ,)dt.J:wﬂ(f:n)dt],

1

where A, =(1_n+1

JAandA > 0

proof Let H:(0,1]— Iy*

A=~ HQ) = ([ a0 e [ Tu(s) de]
Evidently, for arbitrary z € X, We have (f(z)) 2 C (f(z)) 3, Whenever; < 2,
i.e., [f;z(x), ﬂz(x)]c [ﬁ'(-t), f:‘(z)l

Therefore, by lemma 2.1, the proof is completed.

property 1. Let ]’ and é be two p — integrable fuzzy valued f_unctions on (X, o, p).
If f(z) < g(z) forallz € X . Then E,(f) < E,(g) .

proof ForanyA € (0,1]andt = 0 . obviously we have (f7), C (g1).. (f}), C (g}),.
Consequently #(f;), < p(g3):» p2(f1): < (g3 ),-
and U “uCae, [ urDan <t uten s, [ utandrl.
Thus  E,(f) <E.(g).

property 2 Let p; and g, be fuzzy measureon ( X , o). f is integrable with respect to prand gy . If
#1(A) < p3(A) where any A € & . Then EF‘(]') < E,,:(]') .

proof Since f is integrable, it is certain measurable.
SoforeveryA € (0,1]andz2 >0, weget (f3), € oA, (fi), € «.
Consequently ¢y (f3), < p2(f3)ss and p1 (f3) K p2(f3)e.
we obtain [ (s [ " an U mde bl
Hence E, (f < E,(f)
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property 3  If f is a constant fuzzy valued function. i.e., foranyx € X, f(z) = A € F(R").
ThenE,(f) = A

proof First, forany X € (0,1] and z € X .
We have f;(z) = A; € R, f;(x) = A} € R*.
Thus, (f7), = lz € X:f;(z) >t} = X. whenever 0 <t << Aj;
(fi),=lz€e X:fi(zx)=>t]l =p whenevert > Aj .

+ o A; +00 _
Consequently, L p(fi)dt = L p(X)dt +L;#(¢)dt = A}
Similarly we can obtain J‘;wp( fiyde = A},
+ 00 + 00
Therefore, [L 2 (fi)dt, Io p()dt]l = [A7,A}] = A,.

It follows that E,,(}) = : A, = A

1€(0,1

property 4 Let f and a + bf be g — integrable fuzzy functionson ( X , &/, p ). wherea=0,6 >0
. Then we have E,(a + bf) = a + bEF(]') .

proof For any A € (0, 1] . By the definitions of fuzzy numbers and their level sets, we know that
(a +6f)z = [a + bf;,a + bf}] holds.
Hence, (a + bf;), = {z € Xta+ bf7(zx) >t} = X wherbe\\rer 0<t<a.
- a

t—a . +00 +00 . ¢
Let b =y.weobtamf ;t(a+bf,{),dt=J' #|I€X3ﬁ(x)> b dt

b

= b!;w,;(f;)fiy = bj‘;“y(ﬁ),dt whenever ¢t > a.
Thusj;m;t(a + bf3)dt = I:,;(X)dz +I:w,¢(a + bf7)dt = a + bI;wy(ﬁ),dt.
Similarly, we can get I;mp(a +bf3)dt = a + bI;mﬂ(ﬁ)dt

This follow that E,(a + 69 =, ) lla,al + 5[[  u(de, [ ulae]l

a€(0,1)]

=a+ bE,A(}').

4 The convergence properties of the fuzzy valued functional

In this section, we describe some important results of this kind of fuzzy valued functional. First,
the validity of Levi’s monotone convergence theorems and Fatou’s lemma is proved. Next, we obtain
results similar to Lebesgue’s dominated convergence theorem.

Throughout this section, we always discuss the problems on fuzzy measure space ( X , &, p ).
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Theorem 4.1 Let f,: X - F(R*) be a monotone sequence of p — integrable fuzzy valued functions
which converges to f: X — F(R*).
Then f is p — integrable too, and limE,‘(},,) = E,,(j.‘).

proof Without loss of generality, we assume that {f,} is monotone decreasing.
Then for every n € NandA € (0,1] .we have f(z) < f,(z). z€X

Consequently, we obtain L p(f)de < L p(fa)dt <+ o and

I;wﬂ(ff)dt <ﬂ®#(f.2\);dt <+ o
where (fulz))y = [falz), fa(z)],z € X

Therefore, f is p — integrable.
Let (f), = lz € X:f(z) > ti,

(fm)i=lz€ X:fi(z) =t} where 2€(0,1]andt =0

Obviously, for every n€EN  {(f3),} is a monotone decreasing sequence of sets in &
Andlim(£2), = 0 (fade = (..

In fact, if = E.ﬁx(ﬁ*)‘ . Then for every n € N, we have x G (fmd)iice. fma(z) >t
Asf.—f, wegetlim fu(z) = fi(z) =t i.e, z € (f7),

Conversely, if = Gﬁl( fa): - Then there exists at least a ny € N, such that z & (fap)s

i.e. f;‘,‘(x) <t. since {f,} is a decreasing sequence.
Consequently, f;(z) Qf,',o‘\(x) <t . i.e.,z&(f7),.

Hence, .6.(ﬂ), = (f7),

By monotone convergence theorem of Lebesgue integrals and continuity of fuzzy measure s ,
400 +00 400
We obtain ﬁtgjo u(fid)de = Io ”(!.iT(f;*)‘)dt = L p(f)de) .

Similarly, we have '!_i.mwjzmy (fi)dt = Iﬂo w(f3)dt

Therefore, by convergent definitions of the sequence of interval numbers,
We have limE, (f,) = Eﬁ(}) .

Theorem 4.2 If f and g are measurable fuzzy valued function on with f(z) < g(z)
For any z € X, and g is p — integrable. Then f is @ — integrable too.

proof obvious

Theorem 4.3 Let | f,} be a sequence of p — integrable fuzzy functions on X , If f,(z) < g(z) for
each n € N and g is p — integrable. Then litgsupE,, f) < E,,(li:gsup]’,,) .
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proof Foreachz € X . Let p,(z) = supj?-(x) evidently, {p,} is a decreasing sequence of func-
tions. limp,(z) = llmsupf,,(x) and p,(x) g(z).

By theorem 4.2, we know that p, is p — integrable
From theorem 4.1, we have limEF(jz,,)‘ = Eﬂ(lirllsupf,,) .

Since, fo(z) < p,(z) forany n €N and z€ X.
By propertyl, we can obtain E,,(f,,) < EF(;),,)
Therefore, limﬂsupE,,(f,,) < litgsupE,,(i,,) = “TE,.(A) = E,,(litl)supf,,)

Corollary 4.1 If £, is a sequence of p — integrable fuzzy valued functions on X
Then E, (lirginf_?,, ) << litltinfE,, £)

Theorem 4.4 Let £, be a sequence of measurable fuzzy valued functions and f.— F . If there exists
a p — integrable fuzzy valued function g such that f,(z) << g(z) foreachn € Nand all z € X
Then f and £, are p — integrable and IitEE,,(f,) = E, .

proof obviously for any n € N, f and f, are ¢ — integrable.
By corollary 4.1 and theorem 4.3 we have
E (hmmff,,) < lnmme Ffo< llmsup E, (f) < E, (hmsup 7).

Since llm f,, = f. It follows that hm inf f, = hm sup f, = f.
Consequently, lu:g inf E,(f,) = l1m sup E,,(f,,) = E,,(f) i.e., limE,‘(]',,) = E,,(]-‘) .
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