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1. Inwoduciion

Several different approaches to the fuzzy fixed point problem were given in [1,
2], and in [3], Kaleva introduced the differential of the fuzzy functions and gave
the solution of the fuzzy differential equation.

In the section 2 of this paper, we give some basic definitions and properties
about the fuzzy metric space. »

In section 3, we introduce a new mapping which maps from fuzzy metric space to
fuzzy metric space, and prove its fuzzy fixed point theorem.

At last, in the section 4, applying the fuzzy fixed point theorem, we prove the
solution existence theorem on fuzzy integral equation and fuzzy differetial equation.

2: Fuzzy metric space

Let (X, d) be mermric space, P (X) denote the class of all sets in X, F (X)
denote the class of all fozzy sets in X, Fc (X) denote the class of all compact
subsets in F(X)

In F(X), we define the metric

D(A, B) =sup d(As, Ba) a.n .

where d is the hausdorff metric in P (X), we call (F (X), D) a fuzzy metric
space.

Definition 2.1: Let (F(X), D) be fuzzy metric space, for Xn, ¥ € FX) (n=1,)
if D (Xn, ¥)—0 when n—0, then we call {Xn} converge to X, denoted by Xn—
¥,¥ is the limit of {Xn}.

Th2.1 For a convergent sequence {Xn} of Fc(X), the limit of {Xn} is unique.

Proof: Let X, Yabe the limit of {Xn}, then 0=D (X, Y9 =D (3}, Xn) +D (Xn,
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Y and D (Xn, X) =0, D (Xn, Y9 —0 when n—+©°, then D (% ) =0 that is X=Y,
complete the proof.
definition2. 2: Let (F(X), D) be a fuzzy metric space, {Xn} be a sequence ofF
(X), if for arbitrary € >0, there exists & positive number N(€), sach that,
D(Xn, Xm)< €
holds for n, m> N (€), then we call {Xn} a fundamental fuzzy sequence or a
cauchy fuzzy sequence.

the following Lemma is trivial

Lemma2. 1: (1): A convergent fuzzy sequence of Fc (X} is a fundamental fuzzy

sequence of Fc(X), (2)For a fundamental fuzzy sequence {Xn}in Fc (X), if there
exists a subsequence {Xn_} of {Xn} such that {Xn_} is convergent to ¥, then Xn
—-¥ .

Definition2.3: Let (£, D) be a fuzzy metric space, £is called complete fuzzy
mewric space iff every fundamental fuzzy sequence of £ is convergent.

Th2.2: Let R be real space, F(R) be the family of the fuzzy numbers. then
(F(R),D) is a complete fuzzy metric space.

Poof: Let {Xn} (n€ N) be a fundamental fuzzy number sequence of F(R) , for
every a € [0,1], denote the a —cuts of Xn as

Xn), =[(Xn), , (Xn), ]

Since {Xn} (n€N) is a fundamental fuzzy sequence of F(R), we can easily
verify that {(Xn), } (n€ N) is a fundamental sequence of Pc(R). (where Pc(R)
is the family of closed intervals)

That is, for arbitrary € >0, there exists N(€)> 0 such that D(Xn), , (Xm), )
< € holds for n,m> N(¢€), therefore,
d[(Xn)  , (Xm), ]<¢
d[(Xn), , (Xm), ]<¢
hold for n, m>N (¢€), thus {Xe), } @€N) {(Xn) } (n€N) ere two
fundamentalsequenceofR, by the classical cauchy convergence principle ofR, (Xn) .
and (Xn)  converge and we assume that they converge to Xa and Xa respectly,
obviously Xa<Xa , thus {(Xn ) a} converge to X, =[X_ , X ] and it is trivial
that for every B € [0,1] , B> a, X, X,
X, We define fuzzy set X (x) =sup{a € [0,1] X¢€ X, I and obviously
Xi={x :X(x) =1}s=¢, hence X€ F(R). ,
Now to prove Xn— X, because for any a € [0, 1], D{(Xn) ,X 6 1—0 when
n —< then
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D(Xn, X) =sup{ D((Xn), , X, }=0
that is Xn—X, hence F(R) is compiete .
Th2.3 Let Cla, b] = {f: [a, b] »Fc(R), f is continuous on [a, b]},then C[a, b]
is complete.
Proof: On C[a, b], we define metric;
A(f, g) =sup D(f(x), g(x)) .
It is obvious that A is a metric on C[a,b].
To prove C[a, b] is complete ,Let {fn} is a fundamental fuzzy
sequence in C[a, b], that is, for any € > 0, there exists N(€) such that wherever
n,m>N(g). A (fn, fm) =sup D (fn (x), fm (x)) < € holds, therefore, for evevry
x€ [a, b], we have that D(fn(x), fm (x)) < € holds for n, m> N( €), this implies that
{fn(x)} is a fundamental fuzzy number sequence, byTh2. 2,
there exists f(x) € Fc(R) such that the fuzzy sequence {fn(x)}converge to f(x).

In the following, we are to prove that f(x) € C[a, b], because fn(x)is continuous
on [a,b] and {fn(x)} isafundamentalfuzzy sequence and converge to f(x), then for
arbitrary fixed x € [a, b]

Afx),f(x ))=D{x),fn(x)) + D(fn(x),fn(x )) + D(fa(x), f(x )}—0
when x—*x  and n—+0, that is f(x) is continuous at x ,since x is arbitrary
on [a, b], then f(x) is continuous on {a,b].

3. Mapping from fuzzy Metric spacetofuzzymetric space and its fuzzy fixed
point theorem

Definition3. 1: Let (£1,D1), (£2, D2) be two fuzzy metric space, if according to a
rale @, such that , for every x€ X, there exists unique y€ Y correspondence to x,
then y is called a fuzzy mapping with respect to x, denoted by y= P (x).

As a special example, if £f: XY is a mapping, by Zadeh’s extension principle, |
we can extend f to F(X)— F(Y) by the equation

f(@)y)=Sup { u(x)}
the f(u) is a fuzzy mapping from F(X) to F(Y).

Definition3. 2 A fuzzy mapping ¢: £1—£2 is called continuous at x iff for
any € >0, there exists & >0, such that D (P (x}, ¢ (x )) < € holds for x that
satisfies D (x, x ) < 6. ® is called continuous on £1 if for every x€ £, @ is
continuous at x.

Definition 3.3 : Let (£, D) be fuzzy metrric space P: £ - £ ) be a fuzy
mapping. if there exists k€ [0, 1) such that for all x.y € £
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D(® (x), D (y))=<kD(x,y)
holds, then @ is called a conuative fuzzy mapping on £ Th3.2 The
contractive fuzzy mapping ¢: £— £ is continuous.
Proof: Trivial

Definition3. 4: Let T: £—£ be a fuzzy mapping a point x € £ satisfying
Tx =x is calied a fuzzy fixed point of T.

Th3.2: Let (£,D) be a complete fuzzy metric space and a fuzzy mapping
T. £ £ be a contractive fuzzy mapping, then the mapping T has unique
fuzzy fixed point. '

Proof: Let x be a arbitrary clement of £ denote:

x =Tx, x,=Tx _A='l‘z Ry oo x =Tx =T . SR
We can verify that the sequence {x } (n€ N) is fundamental. In fact, by the
definition3. 3

D(x_,, X, }=D(Tx ,Tx o )< aD(x_ . X
where 05 a <1, n=1.

by the mathematical induction , we can easily obtain:
D(x X )S a D(x 2%, (1) 3.1

a+l
then for arbitrary positive integer p, by triangle inequality of D and equation
(2.1), we have;

)

2=1

D (x_” » X, ) 3D (x,, , x,,. ) +D (x,_w_l v X L) F4D(x . x )
<(a""" ¢ a""2+...+a')D(x1,x.)
L R y=—_p —+0 when n—%0, th b
= - (xl,x.,_._l_q (xl,xa) when n , us {x } is a

fundamental fuzzy sequence on £ , because
£ is complete, so there exists unique x € £, such that X —x .

Since the T is continuous, then Tx, —Tx and Tx, =x, —x ,then

D(Tx ,x })=D(Tx ,Tx )+D(Tx, ,x )—0 (as n—%), hence D(Tx ,x )
=0 then Tx  =x
therefore x~ is a fuzzy fixed point of T.

To prove the uniqueness, suppose x’ is another fuzzy fixed point of T. that is
Tx'=x". since D(x, ) €D (Tx, Tx’) =<aD(x, x') and 0= a <1, the above
inequality holds iff D(x ,x') =0 holds that is x =x’.

Complete the proof.
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4: The applications of fuzzy fixed point theorem

(1 ): Integral of fuzzy function.
Definition4. 1. Let F: [a. b] #F(R), the intcgral of F(t) on [a, b] is defined by

the following equation:
b

}[! F (t)dt] =f F (t)dt-{f f(t)dt] f: [a, b] ?R is a measurable slector of F

b
(t)}. here 0< a =<1 F(t) is called integrable on [a, b] iff fF(t)dté F(R).

Osmo Kaleva [1] has proved that the continuous fuzzy funtions are integrable.
(2): On fuzzy integral equation of Fredholm.

In the following, we deal with the fuzzy integral equation which has the
following form:

: |
S =2 Ky ® G+t . 1)

Where a, b are finite real numbers, Ais real number, f (x) is a continuuous
fuzzy function on [a, b] , and K [x, y] is a continuous fuzzy function on [a, b}
X [a. b].

Define K: Cls, b]~Cls, b] by B®)(® =] K(xy)® @)y

Th4. 1 If K (%, y) satisfies the conditions: for arbitrary x€ [a, b], there exists real
number M> 0, such that

AEKDPKP)sMA (D, D)
then .for | A | =<1/M.the equation (3.1) has unique solution in F(R).

b
Proof: Let (T®) (x) =£() + A [ (5,7 ® () dy.
: b
AP, KP) =A (+ ARD, 1+ Ak®) =sup (D (F(x) + A [ K5, 1) @ 0}y, £
+ ?»fK(X.yW(y)dy)}

=| Al sup D(!K(X,y)d’(y)dy,fK(x,y)q)(y)dy)SI Al MA(®, ). when |

A | <1/M, themapping K is a contractive fuzzy mapping. by Th3.2 , the mapping
K has unique fuzzyfixed point x , and Kx =x , that is x is the unique solution of
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4. 1).

Following from Th3.2 and Th4. 1, we can obtain the approximate solution of
(4.1) as folows. '

For a given fuzzy function f, , Let

£, () =00 () + (AKE, (1) =f, @ +A[K(x,pf, ()dy€ F(R)

£, W=, () + (KL, (=1, 0+ AR y)f, ()dy€ FR)

escccecracscses

£ =f_ 0+ (ARL, )=f_ (0)+ )»fK(x,y)fl_l (y)dy€ F(R)
Exampilel: \For a given fuzzy integral equation;
o @=s+ [ 5o o)y (4.2

where a is a positive fuzzy number, to find the solution , we let f(x)=1

fi(xy=a+ )\Ixydy=a+-%-lxy

A Al
R2(x)=a+ )\Ixy fl(x)dx-a.;__xy_ + X
° 2 6
! alx Ax Al x

f3(x)=a+)kj xyf (x)dx=a+ > + - + =

oooooo

1

aAx A" A

fn(x)-a+fxyf’(x)dx-a+ 3 23_ +2x3_x

as A <3, the fuzzy function series {f, (x)} converge to ® (x) =a+ aizxx Z
Al A ax , . )
-?-- a+3-2—(3——)7 ® (x) is the solution of the equation (4.2)

3: On fuzxy differrential equation.

For a fuzzy differential equation:

dd (x) :
= f(x, P (x)) (4.3)

)=y,
Where f is a classcal continuous function with two variables, and f (x , y) s
defined by Zadeh's Extension Principle, y, € F(R) is a fuzzy contant number.
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By the theorem in 1 , the equation (4.3) is equal to the equation
O =y, +] b @)k “. 4
e _

Theorem4. 2 If the mapping f satisfies the following conditions:
For every t€ [a, b], there exists a positive number L such that:

A([ £t  (tydt, ] £, @dtysL A (D @), O (1))

then when A < 1/L, the cguation (4.3) has unique solution o (x) € F(R)
Proof: Define fuzzy mapping T: C[a, b]—C[a, b] by the following equation;

TO) () =y, +[ £ @)
Since A(T® ,T® V=A@, + A 16, @), y, +A[ £, O )= A(A

[. ft, P (t))dt, Ar f(t,¢(t))dt)=}»A([ f(t,¢(t)),f. fe, dandy<ar A

0
(® o)
Since A <1/L, that is A L<1. Therefore the fuzzy mapping T iscontractive fuzzy

mapping, by Th3.2, it has unique fuzzy fixed point ¥ "(x), P (x) is the solution
of equation (4.3), and the solution isunique.
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