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Abstract In this paper, we introduce the correlation coefficient of interval valued fuzzy numbers, and study their
some properties. Furthermore, we present the concept of information energy, and compare interval valued fuzzy
numbers with them.
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Introduction

Interval valued fuzzy sets were suggested at first by Grozafczany B(1) and Turksen B(2) . They
had been applied to the fields of Approximate inference, Signal transmission and controller etc. Never-
theless, in the course of applying to practice, the membership function of a fuzzy set isn’t easy to be
determined usually. But the membership degree of an interval valued is relative easy to be determined.
So how to compare interval valued fuzzy sets is an important task in theory of interval valued fuzzy sets
and its application. In this paper, we first give the concept of interval valued fuzzy numbers, correla-

tion and information energy. And then we shall conclude and compare interval valued fuzzy numbers
with them.

1 Interval valued and interval valued fuzzy sets

Throughout this paper, -let I be a closed unit interval, i.e., I = (0, 1)

Let(I) = la = [a",a"):a"<< a*,a",a" € I}, Especially for arbitrarya € I, puta = [a,
a) Thena € [I]is obvious.For any @,b € [I], leta = [a™,a*], & =[6",5"]

definea Ab=[a"Ab ,a*Ab*l,aVo=[a"Vb,a*Vb'l,a =[1-a"1-a"]

Furthermore, we define the ordered in [I}:a <& iff a <b,a"<b*.

In particularly, we have

a=b iff aa=b",a"'=b"a<b iff a<b and a#b

clearly, ([I], <<, V, A) constitutes a complete lattice with a minimal element 0 = [0, 0] and
a maximal element I = [1,1].

And then, we introduce partial orders C.

leta,b € [I],define a Cb iff b <a <a*<b";

Definition 1.1 Let X be an ordinary set, mapping A:X —> [I] is called an interval valued fuzzy set on X.
Let IF(X) denote all interval valued fuzzy sets on X. For each A € IF(X) . Let A(z) = [A~

(2), A" (2)]. A ()<< A* (z) ,where z € X . Then ordinary fuzzy sets A": X —>Tand A" : X
— I are called a lower fuzzy set of A and a upper fuzzy set of A respectively.

Simply write A = [A7, A"].

Especially, A is called a degenerate ordinary set, whenever A~ (z) = A* (z)=1o0orA " (z)
= A" (z)=0

For any A, B € IF(X),x € X .We define

(ANB)z)=A(z) A B(z) (AUB)(z)=A(z)V B(z).

A(x) = (A(z)) = [1-A"(2),1 -A"(2)] = [A" (2), A" (2)]

Especially, A = BiffA” (z) = B™ (z), A (z) = B" (z). forallz € X

Definition 1.2 Let A€ IF(X), arbitrary [4,,2,] € [I], ordinary sets



Ap oy =lz € Xt A7 (z) = 2,A" (2) = 4,15
Ap,ay = 1z € Xi A (z) > A, AT (2) > 4,15
Apa, = lze Xt A” (z)=2,,A" (z) > /\zlandA“"Az] =z €X: A (2)>4,A" ()
12
> 2,1 are called [A;,1,] - level set of A, (1;,4,) —strong level set of A, [A;,2,) - right Strong
level Set of A and (A, A, ] — left strong level Set of A respectively. Where (1,,1,),[4,,3,) and (2,
A, ] are not intervals. They are only signals. Here we allow A; = 1,. Clearly, we have A(y 4; = X,
Aun =Aun=Aun=29 Aoy = Aw.00C Ao CAgoor A[a‘.;’] = A;, N A:,»
Aoy = AL NAL Apay = A5 NAL Ag )y = AL N A
whereA;I ={zx € X: A" (z) > A,l,AIJ =z € X: A" (z) > a,}

2. Interval valued fuzzy numbers and their correlation

Definition 2.1 Let R be the set of all real numbers. A€ IF(R). If the following conditions are satis-
fied:
(1)A is normal. i.e., there is at least an z, € R such that A(z,) = [1,1];

(2)A is convex, i.e., A(Az + (1 = 1) y) = min(A(z),A(y)), foreachx, y € Randd €
(0,11;

(3) A” and A" are upper semi — continous;
(4) The cloure of A, 4, is compact.

Then A is called an interval valved fuzzy number on R. And we denote all interval valued fuzzy
numbers on R as IF" (R)

proposition 2.1 A € IF"(R)iff A” and A" are ordinary fuzzy numbers.

proposition 2.2 If AEIF" (R). Then forany [2,,4,] € [I] - {[0,0]|.A“"A2] is a closed inter-

val on R.
The proof refers to {6]

Lemma2.1 If A be an ordinary fuzzy number. Then there exists a closed interval [d;, 8,] , such
that A, C [, 8,].
The proof refers to (6)

Theorem 2.2 If A€ IF" (R). Then there exists a closed interval [a, ], such that Ay ) Cla, 8]
proof. By proposition 2.1, we can get that A~ and A" are ordinary fuzzy numbers.
By lemma 2.1, we know that there exists closed intervals [8;, 8,1 and [8,", 8," ], such that A,
c8,8,1,A;,c[8,8,] )
Hence by the normal of A, there exists an z, € R ,such that A” (z,) = A* () = 1> 0
ice., 2g € Ay N A; .ThenA; N Ay # o
Leta = 8 A8 ,b =38V 8 . WeobtainAg,y =A;NA;Cla,bl.

Because of it, for given an interval valued fuzzy number A€ IF * (R): we need only consider the
interval valued fuzzy numbers defined on some closed interval [a, 5] .

Let IF* ([a,5]) =|A:A is an interval valued fuzzy number with A, ¢) C [, b1}



Definition 2.2 let A, B € IF"([a,b]) . We define
m(A,B) = [m~ (A,B),m" (A, B)] where

m (A,B) = G—{—ZSI:(A— (z)B (z) + A" (z)B™ "(z))dxz,
m® (A,B) = Gf;—)f(A* (z)B* (z) + A" (z)B" "(z))dxz.

m”~ (A, B) m* (A,B) ]
m~ (A, A)m (B,B) ¥m" (A,A)m" (B, B)
an interval corelation coefficient with respect to A and B.
It is easy to show 0 < A” (£)B™ (x) + A (z)B™ "(z)

=1-A(z)(1-B (z))-B (z)(1-A"(2))<1
Similarly, 0 < A* (2)B* (z) + A* (2)B* (2) < 1 forall =z € [a,b]

Furthermore, we call p(A, B) = L/

property 1. If A,B € IF"([a,b]) . Then we have
(1) m(A,A) =1[0,0]; (2)[0,01< m(A,B)<[1,1];
(3)m(A,B) = m(B,A), p(A,B) = p(B,A)

property 2. KA € IF*({a,b]) . Then m(A,A) = [1,1]iff A is a degenerate ordinary set.
proof. Sufficiency is obvious.

Necessity: Suppose A isn’t a degenerate ordinary set. Then there is at least an z, € [a, 5],
such that A(zy) = [A;,4,) and A; < A, < 1.i.e, A”(zy) = 2; <24, = A* (z).

We choose 1y, and 17, which fulfillA; < y, < 1, and, < y, < 1.

Clearly, we have [4;,2,] < [9,,79,] € [I].

By the normal of A, we can get

A, = A;‘ ] A;z #* ¢ and A;‘.A:2 are both closed intervals on R.

]
welet A, =[c",d'), A, =["d"), c=c'Vd=d Ad". S= [a,c] U [d,8]
Then they follow that Ay, ,, ;) = [c,d]and z, & [c,d]

Thusz, € S.i.e., SF# 0.
Therefore, for any z € S, A(z) < [y,,y,] holds.

Without loss of generality, we assume that 0 < A™ (z) < y; < 1
Then (A™ ()2 + (A™ (2))? = 2(A" () - Dy? v L < 1.

Hence, we obtain

b
m™ (A, A) = b—ll—-;L((A' (2))? + (A™"(2))))dzx
d
= (AT @ AT @D + [ (AT @)+ (A7 (@) )d)
< I)—%‘—E(J‘,dx + de.z) = 1 . This is contradiction with assumption.
property 3. Let A,B € IF*([a,5]). Then [0,0]1< p(A,B) <[1,1].

proof. First, from m (A, B) => 0 implies directly p(A,B) = [0,0]
Second, from Schwarz ineauality,

5
we have m~ (A,A). m~ (B,B) = E—'b—_‘_l—a—)—z‘[b((A- (z)? + (A” (2))V)dz 'I (B~
(2))? +(B™ (2))*)dx



>ﬁijb((A‘ (2))? + (A () « (B (2))? + (B "(2))")idz}?
- a a
- U{—;;{f((f (EN2(B™ (2))2 + (A~ (2))2(B™"(2))? + (A~ (2))}(B™ "(2))? +

(A™(2)?(B™ (2)))idz)?
1 b - - - - 2 L 2 - 2
> L[ (A7 (2B (=) + A7 (@B (@)Hdzl? = (m™ (4,B))
Similarly, m* (A,A) » m* (B,B) = (m* (A, B))?. Thus we have [0,0] < p(A,B) < [1,1]

property 4. Let A,B € IF"([a,b]) .Thenp(A,B) = [1,1 JiffA =B
proof. Sufficiency is obvious. By property 3, we can implies necessity. So omit it

property 5. Let A,B € IF"([a,5]) .Then m(A,B) = [0,0]iff A and B are degenerate ordi-

nary sets.
proof. Sufficiency is obvious.

6
Necessity: Ifg-l—;j (AT (x)B  (z2)+ A" B" (z))dz = 0

Since integrand funcition is non — negative and upper semi — continuous.
Then it follows that A” (z)B™ (z) + A” "(z)B™ "(z) = 0 holds, forallz € [a,b].

Which implies that A™ (z)B~ (z) = 0 and A~ "(z)B™ "(z) = 0. Hence, following facts
hold:

HA (x)=0,then A (z) = 1sothatB” () = 0and B” (z) = 1

Similarly, if B” (z) = 0, we shall get A~ (z) = 1
Therefore by definition 1.1, A and B are degenerate ordinary sets.

Corollary 5.  p(A,B) = [0, 0] iff A and B are degenerate ordinary sets.

3.The information energy of interval valued fuzzy numbers.

Definition 3.1 Let A € IF(X), anyx € X . Then A is called an interval valued fuzzy set which its
fuzzy degree is maximum, if A(x) = [ZL’ 2L] s A is calied an interval valued fuzzy set which its fuzzy

degree is minimum, if A(x) = [0,0] . At this time, A is a degenerate ordinary set.
ForA € IF"([a,b]), anyx € [a,b]

since,zi < (A7 (z)? + (A~ (z))?

- 1y2 L
L@ @+ @ @) = 24" () - P+ <1
or 0K 2(A™ () +2(A7 (@) - 1<1, 0<2(A" (2))* +2(A* (2)’ -1<1
Sowelet E(A ™, z) = 2(A™ (2))? +2(A™ "(z))* -1,
E(A*,z) = 2(A* (2))* + 2(A* (2))? - 1,
E(A,z) = [E(A",z) A E(A*,z), E(A,z) V E(A%, )]
Note: where E(A”, z) << (A”, ) doesn’t certain hold.

Then we call E( A, z ) the interval valued information energy of A at x .
obviously, we have [0,0] < E(A,z)<[1,1]

b
Definition 3.2 Let A € IF"([a,8]), E(, ;,)(A7) = g—_{——JJE(A_,x)dx,



b
E[a,b](A+) = b—%‘zjaE(A+, z)dzx.

E[a.b](A) = [E[a.b](A—) A E[n.b](A+)’E[¢.b](A_) v E[a.b](A+)]
Then we call E, ,)(A) the interval valued information energy of Aon[e, ]
obviously, we have [0,0] < E, ,;(A) < [1,1] and Ef, ,,(A) € [I]

Theorem3.1 Let A € IF"([a,5]). ThenE(, ,;(A) = [0, 0] iff A is an interval valved fuzzy set

which its fuzzy degree is maximum.
proof. Sufficiency is obvious.

Necessity: By E, ,j(A) = [0,0], we can get E[, ,;,(A”) = Ef, ;;2(A") =0
b b
Ifb—_’:j (2(A" (@) +2(A" (2))? - 1)dz = 0.i.e., j (2A7 (z) - 1)%dz = 0

Then it follows that (24~ (z) - 1)2 = 0.i.e., A~ (z) = ';—,anyx € [a,b]

Similarly, for any z € [a,b], we can prove A* (z) =

N

Therefore A(zx) = [51-, 51-] Consequently necessity holds.

Theorem 3.2. Let A € IF"([a,56]). Then E, ,;(A) = [1, 1]iff A is a degenerate ordinary set.
proof. Sufficiency: f A" (z) = A" (z) = 1 .ThenA™ "(z) = A* (z) = 0;
IfAT(z) = A" () =0ThenA™ (z) = A*(z) = 1.
Hence, however we have (A™ (z))? + (A7 "(2))? = (A* ()  + (A" (z))? = 1.

. Ny RO B
ey Eqagy(A7) = Ep (A7) = del =1
b
Necessity® If 7=—[ (2(A” (2))? + 2(A” (2))* - Ddz = 1

Thenjb((A‘ (2 + (A" (2)? - 1)dz = 0.
For arbitrary z € [a, 5], by (A" (2))* + (A" (2))? -1 =2A" (z)(A" (z) - 1)< 0 and

A’ is upper semi — continuous,
we obtain ( A" (z))? + (A" (z))?-1=0 z € [a,b]
ie., 2A" (z)(A"(z)-1)=0 Consequently, A" (z) =0o0r A" (z) =1
Similarly, A" (z)=00r A* (z) = 1. i.e., A is a degenerate orainary set.

Definition 3.3. LetA,B € IF"([a,b]).
IfE, ,,(A) < E(, ;,;(B) . Then we call B stronger than A , denote A < B ;

Especially, if E, ,j(A) = E{, ;;(B). Then we call B equals A, denote A = B;
If E(, 41(A) < E(,,,;(B), Then we call B absolute stronger than A, denote A < B.

Definition 3.4. Let A,B€ IF"([a,0]). IfE(, ,,(A) CE[G',,](B). Then we call B wholly in-
cludes A. Written A C B .
Example1. Let A,B € IF"([0,6]) . Look at picture 1 given by

["1—1,,'1—.1:] 02
472

A(zx) = 3 2 3 1 and
[4——5',’2——'4—1] 2< <6



[ z ] 0<< x4
B(x) = 16" 4 ,

[— - .z: 3- ?:c] 4< <6

. . - 1 + 1 11
By calculating, we obtainE, (A7) = 3 Efg.6(A7) = 3 E(y.6(A) = [3’. 3—],

- 1 + 1 I
E[o_g](B ) = 4_, E[o.ﬁ](B ) = ‘37': E[o 5](3) [4 3
Thus E(g,61(B) < Ey4,4)(A). therefore A is stronger than B, i.e., B < A.
1y 1y '

b e
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picture 1 picture 2
Example 2.Let A,B € IF"([0,4]) .Look at picture 2 given by
A(.r)=[—%(x-2)2+2L,—L(x—2)2+1] 0< z<4and

1 1
Bu»=¥‘z“‘ P rg m (=D 1] 0<=z<2

(0,0] 2< B <4
By calculating, we obtain Ef, (A7) = 5 » Etg.)(A%) = 15, Epg,4(A) = [5 15]

- 3 11
E9.0(B7) = 5 E[o.4](B ) = 15’ Eg.0(B) = 5

Therefore Eqy 41(A) < E{g,41(B) . Then B is absolute stronger than A. i.e., A < B.
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