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The Countable Additivity of Set-ValuedIntegrals and F-Valued Integrals

Zheng Chongguang

The Second Aviation Institute of the chinese People’s Libration Army

Ai)stract: In this paper, integrals of Set-Valued functions and F-Valued functions are further
investigated. At first, we show the countable additivity of Set-Valued integrals under two kinds
of senses, then we extended these results to the circumstance of F-Valued integrals.
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1. Introduction

Let (X, &, u) be a complate finite measure space, R" be the n-dim Euclidean space. Let
P, (R™), co K be the family of all nonempty subsets, nonempty compact convex subsets of R®

respectively. The countable addition on &, (R®) s defined as follow:

oo

DIB.={2 bt b €B =1 |6, || <oo)

a=] LR am=]

for B.€ &, (R") (n=1), where || b, | is the Euclidean norm.

By using Kuratowski convergence, another addition can be defined as

oo

k
2 B, = Li?:t ZB,.

»e=] a=]
where {B,} C &, (R").
Let & (R") be the family of all fuzzy subsets on R", an element ;Ey (R") s said to be
a fuzzy number iff {rER"; a (r) 2L} €co K, for every A€ (0, 1], we use & " to denote the

set of all fuzzy numbers and further define the addition on & " as;

(D ro@ =sup{ A ra@@diu = S 2wl < oo}
m=1 e =

a=} a=1

where {;.,} CEF, let ;,, ;263"" , we define

d (r1s 1) =sup {d (rns ra): AE (0, 17}

whered (%, =) is the Hausdarff metric on &, (R"). Under the metric convergence for

{;,.} C&F ", we define another addition

£

E;. = Ll.”lz.:;x

n=l " ok=]
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A set-valued function F; X—+2, (R®) is measurable if its graph is measurable, i. e.
GF ={(z,y)tx € X,y € F(z)} € o » BR".

A F-set-valued function is measurable if its A—cut set-valued function F, (x) is measurable

for all A€ (0, 1], where F, (z) = (F (x))yis the A—cut set-valued function. The integral of

F: X%, (R") onaset A€« is defined as;

LFd/z = (Lfd,u:f € S(FY)

where S (F) = {f: fis an integrable selection of F}.

The integral of I;: X—=F (R") on A€ is defined as:
(L%dﬂ)(u) =sup{A € (C,1]:u € LF;dﬂ}

The purpose of the paper is to prove that the integral of set-valued function has the property
of countable additivity and further to show the extended corresponding result on F-valued

integral.
2. On set-valued integrals
Theorem 1. Let Fi: X—>2, (R™) (i=21) be a sequence of measurable set-valued functions.

Let ¢u: X— [0, ©0) (i=21) bea sequence of measurable functions and assume that

DR @ | <é @ for all z€X,
D¢ @ =§_;<pi (z) is integrable;
Then

i) Set-valued function F; X—~2, (R"), F (z) =Z;F; (z)  is integrable bounded;

i) S (F) =28 (F)

im=]

i) J JFdu= Z,J Fdpu

o

Proof: It is clear that |F (z) | <2 IF (x) | <2‘I’a () =¢ (z) theni) is proved.

Obverously. S (F) DZS (Fi), hence to prove ii) it is sufficiently to verify that

20

M

S (F) C2US (Fo.

=]

For this aim, let f€S (F), we need to find a sequence f;; X—R" (i221) such that
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€S (F), f () =§fi (x). Now, we define a set-valued function

> G(x) = {(uy,uyeeeees }iu; € Fi(x)(i 2 1)} € I(R") (the Banach space of sequence

{u;} C R" and the norm || {u;} || = i lu, || <o)

im]

By the measurability of F; (i==1), it is easily that G is a measurable set-valued function
(the definition of measurability is the same for a metric space). Next, let us define a continuous

mapping to the following

H.JIRY =X, H{u)) = Du

imy

consequently, the mapping

x> H'(f(x2)) = KerH + (f(2)/2")
is a measurable set-valued function from X to 1(R"). since the intersection of two measurable set-
valued function is also measurable and f€S (F), then the set-valued function G (+) NH™! ()

is nonempty measurable, therefore there exists an a . e. measurable selection

x> {fi(2)}, fi(x) € Fi(x),s.t. f(x) = ZF,-(J:) a.e.x€X

i=]

consequently. (ii) is proved.
(iii)  is a direct result of (i) Q. E. D))

Corollary 1.  Let F,, F, be integrably bounded set-valued function, then for a. bER
J _(aF, +bFdu=a- LF,dp + bJ;F,d;:

Theorem 2. Let Fi; X—>2, (R*) (iz21) be a sequence of measurable set-valued functions,

by the same conditions assumed as theorem 1. Then

[ SFoau= 3 Fan

im] Cimy

The proof can be easily obtained by using Corollary 1 and the dominated convergence theorem.

3. On F-valued integrals

Lemma 1. Let {;.} CF " be a sequence of F-numbers, E! a, €5 ", then

(X adi=Yaw A€ (0,1]

am=] . nme}
Lemma 2. Let I::., (n221) be a sequence of measurable F-valued functions, ¢.: X— [0, oo)
(nz21) be a sequence of measurable functions, further assume that

@) supiecai! |Fa (@ IS¢ (@) (z€X)
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@ ¢ @ =g, () is integrable.

The mapping I:‘: X—+F", > Zl;n (x) is an integrably bounded F-valued function;

i=1

Proof: It is easy to see that I:‘ is a F-valued function for A€ (0, 1], by Lemma 1 we have

Fi(z) = ) Fu(x),

ne=]

then

supie o lFa(2) || < 2 supic ol Full

nmm]

< Dl (@) = ¢,

nm]

(Q.E. D)
For a€R, bEF ™", define a+b as (a+b)y=asby (A€ (0, 1]

Corollary 2. Let El , l;,: X-+R" be integrably bounded F-valued functions, a, bER, then

Jx(a  F, +bF)dp=a- jx Fdu+6- L Fody

~ oo A

Theorem 4. Let I:;. (n=1) and I.'; be measurable F-valued functions, F= 2,,.,F.. Further as-

sume that the conditions (i) and (ii) in Theorem 3 are satisfied, then

fx< S Fdp = ijxi.dp.

-] =]
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