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Abetract
The notion of fuszy Archimedean ordered fuzay subgroup is introduced.
It is proved that every fuzsy Archimedean ordersd fuzgy subgroup with finite
number of values is fuzzy order isomorphic to a fuzzy subgroup of the additive
group of real numbers with its natural ordering,
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1 Introduction

Fuzzy partially ordered fuzzy subgroup was defined and some
of its fandamental properties were obtained in [1). The ob-
ject of the present note is to introduce the notion of fuzzy
Archimedean ordering and to establish the validity of
some results in the case of fuzzy Archimedean ordered fuzzy
subgroups analogous to those obtained for fuzzy partially
ordered fuzzy subgroups. Also Halder’s theorem is used to
prove that every fuzzy Archimedean ordered fuzzy subgroup
with finite number of values is fuzzy order isomorphic to a
fuzzy subgroup of the additive group of all real numbers
with its natural ordering,

Unless otherwise mentioned the notions and no-
tations are same as in [1].
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2 Fuzzy Archimedean ordered fuzzy sub-
groups

Let G be a group with e as the identity element.
Let N denote the set of all pogitive integers.

Definition 2.1: A fuzzy partially ordered fuzzy sub-
group (A, R) of G is said to be fuzzy Archimedean or-
dered if for all a,b € G such that a # e,b # e, there exist
n € N satisfying a"b! # e and

R(a"b7',e) > M (R(a,€), R(b,e)).

Theorem 2.2: For any fuzzy subset A of G and a fuzzy
relation R on )\, (A, R) is a fuzgy Archimedean ordered fuzzy
saubgroup of G if and only if (\,, R,) is an Archimedean or-
dered subgroup of G for allt € (0, 1].

Proof: (A, R;) is a partially ordered subgroup of G (by
Theorem 3.11 [1]). We now show that (), R;) is Archimedean
ordered . Let ¢ € (0,1]. Let a,b € G be such that a # e,b #
e and (a,e),(b,e) € R, Then R(a,e),R(be) > t. Since
(A R) is a fuzzy Archimedean ordered fuzzy subgroup of G,
there exists n € N such that a"b~! # e and

R(a"b™,e) > M(R(a,e), R(b,e)) > ¢,

ie, (a"b7',e) € R,. So (A, R,) is Archimedean ordered.
Conversely, let (), R;) be an Archimedean ordered subgroup
of G for all £ € (0,1]. Then A is a fuzzy subgroup of G and
R is a fuzzy partial order relation on ). Let z,y,t,v € G
and R(z,y) > 0, R(t,v) > 0. Let m = M(R(z,y), R(t,v)).
Then (z,y),(t,v) € R,,. Since (A, R,,) is a partially or-
dered subgroup of G, (2t,yv) € R,, and thus

R(zt,yv) > M((R(z,y), R(t,)).
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So (A, RR) iz a fuzzy partially ordered fuzzy subgroup of G.
Let a,b € G be such that a # e, b # e. If possible, let for all
n€ N, suchthat a"b ™! #e,

R(a"b™") < M((R(a, €), R(b,€)).

Choose ¢ such that R(a"b~',e) < t < M(R(a,e), R(b,e)).
Then a,b € A, a # e,b # e and (a,e),(b,e) € R,. Since
(Ae, Re) is Archimedean ordered, there exists n € N such
that @b~ # e and (a"b",e) € R.. ie. R(a"bl,e) > ¢, a
contradiction. So there exists n € N such that a”b~! # e
and-R(a"=},e}.> M{R(a, e); R(b;e)}: Therefore (\,R) is a

fuzzy Archimedean ordered fuzzy subgroup of G.

Theorem 2.3: Let (Hy, Ri) C (Ha, Ry) C ... C (Hpmy Bim)
be a chain of Archimedean ordered subgroups of G where
H,, = G. Then there exists a fugzy Archimedaen ordered
fuzzy subgroup of G whose level subgroups are precisely the
members of the chain.

Proof: Let (A, R) be the fuzzy partially ordered fuzzy
subgroup as defined in Theorem 3.14 [1]. We now show
that (A, R) is fuzzy Archimedean ordered. Let a,b € G
and @ # e,b # e. Let k be the smallest positive inte-
ger such that (a,e),(b,e) € Ri. Then a,b € Hi. Since
(Hg, Ry) is Archimedean ordered, there exists n € N such
that

a*b~! # e and (a"b~',e) € R, and hence
R(a"6 ,€) > M(R(a,e), R(b,e)).

So (A, R) is a fuzzy Archimedean ordered fuzzy subgroup of
G.

Theorem 2.4: Let H be a group with & as the identity
element and f : G — H, a monomorphism.
(i) Let (p, R) be a fuzzy Archimedean ordered fuzzy sub-
group of Hand R: G x G — [0,1] be defined by
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K(z,y) = K(J (=), 1 (y))
for all(z,y) € GxG. Then(f (n), R) is a fuzzy Archimedean
ordered fuzzy subgroup of G.
(ij) Let (A, R) be a fuzzy Archimedean ordered fuzzy sub-
group of G where )\ has the "sup property ",
IfR: f(G) x f(H) — [0,1] is defined by
R(f(w)r f(y)) = R(mv ?f)
for all (f(z), f(y)) € J(G) x f(G).
Then (f(A), R) is a fuzzy Archimedean ordered fuzzy sub-

group of f{G).

Proof: (i) (f~1(u), R) is a fuzzy partially ordered fuzzy
subgroup of G (by Theorem 3.15 [1]). Let a,b € G be such
that a # e and b # e. Let f(a) =z and f(b) = y. Then
x # & # y, since f is a monomorphism. Since (u, R) is
fuzzy Archimedean ordered there exists n € N such that
2"y ! # & and R(z"y 1, &) > M(R(z, &), R(y, &) and hence
R(a™b71,e) > M(R(a,e), R(b,e)).

Also since f is a monomorphism, a*b~! # e. So (f~1(u), R)
is a fuzzy Archimedean ordered fuzzy subgroup of G.
(ii) The proof is similar to (i).

Definition 2.5: Let A and p be two fuzzy subgroups
of G and H respectively.” A is said to be fuzzy isomor-
phic to u if there exists an isomorphism f : Xp — o
such that p(y) = AMz) where f(z) = y for all y € puo.
Let (A, R) and (p, R) be fuzzy partially ordered fuzzy sub-
groups of G and H respectively. Then (A, R) is said to be
Juzey order isomorphic to (u, R) if X is fuzzy isomorphic
to p and

R(z,y) = R(f(2),f(y)) for all (z,y) € Ao x Xo.

Lemma 2.6: Let (H;, R:) be an Archimedean ordered
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subgroup of GG fori = 1,2 such that Hy C Hy and Ity C Ii,.
By Holder'’s theorem (H;, R;) is isomorphic to (K, S;) where
K; is a subgroup of the additive group of all real numbers
and

S; = {(a,b) eKixK; ;a> b}
fori = 1,2. If f; is the order isomorphism of (H;, R;) onto
(K, 5i), then fo|Hy = fi.

Theorem 2.7T: Every fuzzy Archimedean ordered fuzzy
sabgroup with finite number of values is fuzzy order iso-
marphic to a fuzzy sugroup of the additive group of all real
numbers with its natural ordering.

Proof: Let (A, R) be a fuzzy Archimedean ordered fuzzy
subgroup of G with non-zero values ¢y,¢y,...,&, where ¢t; >
t2 P > tm- Let

Hi=X), Ri=R, for i=1,2,...,m.

Then

' (HI,RI) g (Hz, R2) g tet .C. (Hm’Rm) (1)'
is a chain of Archimedean ordered subgroups of G. By Holder's
theorem there exist an order isomorphism f; of (H;, R;) onto
(K, S;) where K; is a subgroup of the additive group of all
real numbers and

S; = {(a.,b) € K; x K; o 4 b}
fori=1,2,...,m ByLemmaZ;Gfm|H¢ = fifori =1,2,...,m—
1. Now .
(Kb Sl) - (K2: 32) c... c (Kmysm) (2)'

is a chain of Archimedean ordered subgroups of the additive
groups of all real number with its natural ordering. Let
(1, R') be the fuzzy Archimedean ordered fuzzy subgroup
of the additive group of all real numbers determined by the
chain (2) and numbers ¢y, ...,¢,. We note that

Ao=Hm, po=Kn
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and fp, : H, — K,, is a group homomorphism. Also it fol-
lows from the comstruction of (s, B) that

#(f(z)) = X(z) and
R (fm(2), fm(y)) = R(z,y) Y2,y € Hp.
S0 fm is an order isomorphism of (), R) onto (u, R).

Theorem 2.8: Let (A, R) and(p, S) be two fuzzy Archimedean
ordered fuzzy subgroups of two groups G and H (with & as
the identity element of H) respectively. Then (Axp,RxS) is
a fuzzy Archimedean ordered fuzzy subgroup of Gx H where

(R x S)(((b‘, ¥), (us 0)) = M((R(.’B, “)’S(y’ v))
forallz,u€ G andy,v € H,

Proof: (A x u,R x S) is a fuzzy partially ordered fuzzy
subgroup of Gx H (By Theorem 3.17 [1]). We now show
that (A x g, R x §) is fuzzy Archimedean ordered. Let
(z,9), (u,0) € G x H and (z,y) # (e,€) and (u,v) # (e, &).
Then since (A, R) and (p, 5) are fuzzy Archimedean ordered
there exists n,m € N such that

t"u Tl Fey"v 42  and
R(z"u™, e) 2 M(R(z, e), R(u, e)),
S(y™,8) > M(S(y,8), S(v,2)).
Let n = maz{n,m}. Now

(2,9)"(u,0) ! = (e"u L,y oY) % (e,€). Also
(B x 5)(((z, 1)"(%,v) ™Y, (e, &)
= M(R(z"u"}, e), S(y"v71, é))
2 M(R(z,e), R(u,e), S(y v}, &)).
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Again
S v, &) = 5@y ), &)
2 M(S(y" ™, &™), S(ym”_ls é))
> M(5(y, &), 5(y, ), 5(v, &)
= M(5(y,€),5(v, &)). (3)
So from (3)

(R x 8)(((z,9)"(wv) "), (e 8))
2 M(M(R(z,e), S(y,8), M((R(u, e}, S(v,&)))
= M((R x 5)((2,¥), (e, ), (R x 5)((u,v), (&, 8)))-
So (A x p, R x S) is fuzzy Archimedean ordered.
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