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Abstract:  This paper focuses on several aspects of the decision table methodology.
Based on the (crisp) decision table (DT) formalism, fuzzy extensions are made in order
to deal with imprecise and uncertain decision situations. As a result, with crisp DTs as
special cases, fuzzy decision tables (FDTs) are defined, which include fuzziness in the
conditions as well as in the actions. Consequently, the concept of completeness is
introduced in the context of FDTs. Furthermore, fuzzy consultation of decision tables is
discussed, which allows decision making with fuzziness based on the matching between
fuzzy conditions and the concept of fuzzy logical implication. Finally; representing FDT
knowledge in a fuzzy relational database (FRDB) environment is discussed.

1. Introduction

The motivation of fuzzy extensions to decision tables results from the fact that
imprecision and uncertainty is usually involved in the process of decision making and
problem solving. Originally, decision tables were used to construct the logic of programs,
but more recent developments show that the application field is much larger. It is
considered important that (crisp) decision tables should be formulated in a sound manner
such that their usefulness is guaranteed and desirable properties are satisfied (otherwise, if
a table is not complete, for example, then there will exist some possible condition
combination which leads to no action or decision). In this sense, fuzzy extensions can then
be made to serve the purposes of dealing with partial knowledge due to fuzziness and
hence facilitating intelligent and flexible decision making.

A decision table (DT) consists of two parts: the condition part and the action part. The

condition part constitutes the upper half of the table with condition subjects located on the
left and condition states on the right. The action part constitutes the lower half of the
table with action subjects located on the left and action subject values on the right.
Condition subjects express the criteria with respect to the decision making process and
action subjects describe the results of the decision making process. Formally,
Definition 1 (DT): Let CS be a condition subject with domain CD; (i = 1, ..., cnum),
CTi; be a set of condition states S; (k=1, .., ni,i=1, .., cnum) with Sy being a logic
expression, AS; (j = 1, ..., anum) be an action subject; and AV; = {true (x), false (-), nil ()}
be an action value set (j=1, ..., anum), then a decision table (DT) is a function from
CTy; x CTy x ... x CTgpyym to AV) x AVj x ... X AVypum such that each possible
condition combination is mapped into one and only one action configuration.

Notably, the elements of CD; involved in a condition state Sy determine a subset of CD;,
such that the set of all these subsets constitutes a partition of CD;.



Example 1. A crisp decision table.

1. Attitude (CS1) Neg Pos

2. Performance (CS2) [ <10 | 10-15 >15 <10 [ 10-15 |>15
3. Age (CS3) - - <30 |30-45 |>45 | - - -
1.Premium1 (AS1) |x - X - X X - X

2. Premium2 (AS2) |- X - X X X X X

3. Premium 3 (AS3) - X X X - - X X

In the DT, the symbol "-" appearing in the condition part denotes the irrelevance of the
condition state.

DTs can be constructed according to a number of methods such as "direct method
based on simple rules" or via PROLOGA (PROcedural LOGic Analyser) (Vanthienen,
1991). After the DTs are constructed, they will be checked on completeness (for each
combination of conditions states there is at least one action configuration); exclusivity (for
each combination of condition states there is only one action configuration), and
correctness (the DT expresses what was meant by the user. If not, the decision rules need
to be adapted by the designer). ’

As DTs can be viewed (column by column) as a set of decision rules, DTs play roles
in a fast way of executing the knowledge base and in the validation and verification of the
knowledge . They also show significant advantages in the knowledge acquisition phase, in
which all the information has to be transformed into a coherent substance (Santos-Gomez,
and Darnell, 1992; Vanthienen, and Wets, 1993).

Decision making with decision knowledge is realized by consulting DTs. Two major
categories of DT consultation can be distinguished: visual consultation and transformation
of DTs into a representation which is the basis for consultation in an expert system shell
or program. To consult the knowledge visually, the knowledge may be retained in the DT
format, such as in the case of PROLOGA. When transforming the DTs into a suitable
representation for consultation in a shell or program, three options are available:
integrating the decision table formalism in a relational environment (Vanthienen, and Wets,
1994), transforming DTs into decision trees (Lew, 1978), and transforming DTs
into a number of rules (Vanthienen, and Wets, 1994).

2. Fuzzy Extensions to Decision Tables

Fuzzy extensions of DTs are aimed to facilitate decision making with imprecision and
uncertainty which are necessary in many cases. Importantly, recent progress in formal
(crisp) decision table formulation and standardization (Vanthienen, 1991; Vanthienen and
Wets, 1993, 1994a, 1994b; Vanthienen and Dries, 1994) provides a sound basis on which
fuzzy extensions can be made to deal with imprecise and uncertain decision situations.

2.1. Fuzzy decision tables

A crisp decision table may be extended to include fuzziness in the condition part
and/or in the action part, which then gives rise to the notion of a fuzzy decision table
(FDT). Fuzziness in the condition part can be expressed by fuzzy conditions (in the form
of simple predicates) such as "Age is young", "Year of Service is long", etc., while
fuzziness in the action part can be expressed by linguistic terms and fuzzy sets such as
"Discount is high", "Add hot water", etc. In a FDT, these linguistic terms and fuzzy sets
appear with condition states (Sj) and/or with action subjects (AS;). More formally, a FDT
is defined as follows:

Definition 2 ( FDT form 1): Let CS; be a condition subject with domain CD; (i=1, ..,
cnum), CT; be a set of condition states Sy (k =1, .., ni, i =1, .., cnum) with S;
being a fuzzy logic expression, AS; be an action subject incorporated with linguistic
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terms and fuzzy sets, and AV; = {true (x), false (-), nil ()} be an action value set (j =
1, ... , anum), then a fuzzy decision table (FDT) is a function from CT; x CT; x ... x
CTcn to AV x AV, x ... X AVnum such that each possible condition combination is
mapped into ore action configuration.

Apparently, a crisp DT is a special case of a FDT. Note that in definition 2 and

hereafter we assume that any fuzzy set concerned is a normalized fuzzy set, and that any
condition is composed of a simple predicate of such kind as "CS; is A" or "CS§; isin A"
Moreover, when all the decision subjects involving fuzziness are of the form: "Y is B"
(e.g., "Discount is small"), the FDT can be (equivalently) expressed in a form where Y is
an action subject and B is one of the action subject values. In this way, a value of AS; (j =
1, 2, ..., anum) will be not only true(x) or false(-), but also a fuzzy set or a linguistic term.
Thus we have another form of FDTs:
Definition 3 (FDT form 2): Let CS; be a condition subject with domain CD; i=1, ..,
cnum), CT; be a set of condition states Sy (k=1,..,ni,1=1, ., cnum) with S; being a
fuzzy logic expression, AS; be an action subject, and AV; = {av | av is a fuzzy set of AS; }
be an action value set (j = 1, ... , anum), then a fuzzy decision table (FDT) is a function
from CT; x CT, x ... x CTpym to AVy x AV x .. X AV such that each possible
condition combination is mapped into one action configuration.

Example 2. FDTs with fuzziness in condition and action parts.

AFDT in form 1:

1. Type of Book (CS1) hard cover normal

2. Wholesaler (CS2) yes no -

3. Quantity (CS3) L |H VH - L |H VH

1. Discount small (AS1) X |- - x [- |x X

2. Discount big (AS2) - |x X - - |- -

3. Free delivery (AS3) - |x X - - |- X

4. Charged delivery (AS4) |- | - - - X |x -

A FDT in form 2:

1. Type of Book (CS1) hard cover normal

2. Wholesaler (CS2) yes no -

3. Quantity (CS3) L H VH |- L H VH
1. Discount (AS1) small [ big | big small | - small small
2. Delivery (AS2) - free | free - charged | charged | free

In the FDT of form 1, fuzzy sets or linguistic terms (low(L), high(H), very high(VH),
small, big) appear with condition states and action subjects, while in the FDT of form 2,
fuzzy sets or linguistic terms appear with condition states and action subject values. In the
forthcoming discussions, for the purpose of simplicity, FDTs of these two forms will be
referred to interchangeably, otherwise indicated where necessary.

The construction of FDTs can proceed mainly according to the steps of the crisp case,
however, some extensions are needed. For example, extra steps are necessary to specify
fuzzy sets involved in condition or actions, some provisions are needed to handle fuzzy
decision rules, etc. These extensions are currently being incorporated into the PROLOGA
workbench. As far as the properties of DTs (completeness, exclusivity, correctness) are
concerned, it can be seen that both FDT definitions guarantee the completeness because
any possible condition combination will lead to a decision in terms of action configurations.
Moreover, since in general fuzzy sets appear in condition states, the degree of matching
between a (given) possible condition combination and a FDT is not necessarily 0 or 1 as in
the crisp case, but a value in [0,1]. Here, when talking about a condition combination with
fuzziness, we refer to a fuzzy extension of the "AND" operator A¢ : [0,11x[0,1]—[0,1],
such that Ag0, a) = ga, 0) = 0 and ~(1, b) = rgb, 1) = b. Examples of such ¢ are min
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(minimum) and * (multiplication). In addition, the degree of matching between two
conditions can be evaluated by a closeness measure cm: F(D)xF (D)—>[0,1] with cm(A, A)
= 1, cm(A, B) = cm(B, A), and if supp(A) m supp(B) = 0 then cm(A, B) =0, where A
and B are fuzzy sets in F(D) = {F | F is a fuzzy set on D}, and supp(A) and supp(B) are
supports of A and B respectively.

An example of such cm is:
(D sup  min (A(x), B(x))

xeD
More formally, the concept of completeness can be defined in the context of FDTs.
Definition 4: Let FDT be a fuzzy decision table. The condition states S; (k=1, ..., ni) of
a CT; are called complete if and only if the union of all the supports of fuzzy sets involved
in all Sy covers the condition domain CD;. A FDT is called complete if and only if the
condition states of each CT; (i = 1,..., cnum) are complete.

Thus the completeness of a FDT can be guaranteed if there exists at least one column
in the FDT with which the degree of matching a given condition combination is greater
than zero. This is shown in the following theorem.

Theorem 1. A FDT is complete if for any given condition combination, there exists at
least one column in the FDT with which the degree of matching is greater than zero.
Proof: Suppose the FDT is not complete, then according to definition 3 there exists an
element e in CD; such that e does not belong to the union of all the supports of fuzzy sets
involved in Sy (k = 1, ..., n;). Now let a condition combination is merely composed of
"CS; is {1/e}", then the degree of closeness between {1/} and any other fuzzy set F in
any Sy, of the FDT is zero because e has a zero membership degree in F. However, this
is a contradiction to the fact that the degree of matching between any condition
combination and the FDT is greater than zero.

In addition, concerning the constraint for exclusivity, it has been has relaxed in FDTs.
This is intuitive in many cases where multiple solutions would be possible and preferable
for decision makers. For example, if some actions al, a2, a3 and a4 should be taken
merely based on the age intervals [0, 18), [18, 40), [40, 65) and [65, - ) respectively, the
age of "young" may lead to choosing one or more actions depending on how "young" is
defined and how the matching between ages is evaluated. The notion of correctness can be
determined in a similar way to that of the crisp case. That is, it can be checked by the
designer whether the FDT reflects what was meant by the user.

2.2. Fuzzy decision making

Fuzzy decision making is to allow fuzzy consultation of decision tables. On one hand,
fuzzy consultation can be made on crisp decision tables. This is of a great value because
existing (crisp) DTs can then be utilized. On the other hand, fuzzy consultation can
generally be made on fuzzy decision tables. In either case, however, a decision or action
configuration cannot be taken by merely checking with each column of the table to match
(perfectly) a given condition configuration. Instead, the degree of matching between the
given condition combination and each column should be evaluated. As a result, more than
one action configuration may be chosen, each with a degree in [0,1]. There exist various
wa(ys) to derive the degree (o) associated with an action configuration. One way is shown
in (2):

(2)  oy= cm(cy, F(Syp)) ~emlcy, F(SZk)) Mo N em(Cenumy F(S¢hpm K) .
where ¢ = {c1, €, ... , Ccnum) 18 @ given condition combination with each c; being the
fuzzy set invo}ved, F(Sj) 1s a fuzzy set involved in Sy appearing at column 1, cm is a
closeness measure, and ¢ is a fuzzy "AND" operator as described previously. This
setting says that the higher the degree of matching between condition combinations is, the
higher the degree with which the corresponding action configuration is associated. This is
intuitive appealing. In fact, these two degrees are set equal in (2). For example, suppose
that the fuzzy set "young" for age is defined as follows:
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1 0<x<17
?3) Cage(®) = (55-x)/38 17<x<55
0 x> 55

then the degree of matching between cage and the age intervals [0, 18), [18, 40), [40, 65)
and [65,-)is 1, 37/38, 15/38 and 0 respectively, according to (1). Usually, a threshold
A in [0,1] may be specified when choosing actions. For instance, if A = 1 then action al is
chosen; if A = 0.9 then al and a2 are chosen; if A = 0.35 then al, a2 and a3 are chosen.
Notably, a lower A means more tolerance of imprecision and uncertainty. It is worthwhile
to emphasize that the above-mentioned process of fuzzy decision making is to choose
those actions that are tabulated in a FDT, based upon the matching of fuzzy conditions.
Further, fuzzy decision making can be dealt with under the concept of approximate
reasoning, since a column of a decision table may be viewed as an if-then rule. Thus, fuzzy
implication operators will play an important role. Consider the generalized modus ponens
(Kerre, 1991):
ifXisAthenYisB

Xis A'

Y is B'

where A, B, A' and B' are fuzzy sets. In the context of a FDT, "X is A" and "Y is B" are
expressed in the condition part and action part respectively, "X is A' " is a given condition,
and "Y is B' " is an action to take. Note here that A’ and B' are generally different from A
and B. As a matter of fact, "Y is B' " is a new piece of information, knowledge or action
that is derived from the FDT. In a FDT, fuzziness in the action part is modelled in terms of
linguistic terms and fuzzy sets (B;). (¢.g., the person is heavy), B); is determined using a
form of so-called T-norm (e.g., /\fj and a fuzzy implication operator I, depending on (i) the
given condition combination, (i) B;, and (iii) the corresponding column. Concretely, let B;
and B'; be fuzzy sets on D, j=1, .-, anum, for any y in D;, ‘
@ Bim= sw T(AG),  [AG), Bi(Y)

xeCDI1x...xCDenum
where I is a fuzzy implication operator, T is a T-norm (e.g., min, *, W, Z), A'(x) = c1(xy)
Ap CoX9) Af - AF ccnum(xflmg is the degree of vector x corresponding to the given
condition combination with each c; being a fuzzy set involved for CS;, and A(x) =
F(S10(x1) ~f F(Sp)(x2) ~p-ng F(Scoum W (Xcnum) 1S the degree of x corresponding to
the condition states of the column concerned, with each F(S;,) being a fuzzy set involved
in F(S;,) appearing at the column. Usually, a specific I or T can be chosen considering
certain intuitive knowledge. For instance, we would reasonably expect to have B, = B;
when A' = A. This can be satisfied with T = min and I = Ig (ie. Ig(ab) =1 fora<b;
Ig(a,b) = b for a > b). A more complete investigation on T and I can be found in Da
(1991).

When consulting a FDT with fuzziness, an action configuration may be chosen with or
without involving computing B';. If an action subject AS; (or its value) does not involve
any fuzzy set, then the action chiosen is AS; itself (or with its value), otherwise, B'; will be
derived. For example, in a FDT of form 1, if an action subject involves a fuzzy set‘hj, eg.,
"add hot (B;) water", then the action configuration derived will contain an action, e.g.,
"add B'; water" (with B'; = very B;, more-or-less B;, etc.). The degree associated with each
action configuration mdy also be determined using (2). Other alternatives are possible, for
example, I(cm(A, A"), cm(B, B"), but need to be further explored. Finally, we will show
an example with the FDT described in example 2. Suppose the given condition
combination is "Type of Book is Hard cover, and the customer is a Wholesaler, and
Quantity is More-or-less high". Now consider the second column. Assume:
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_ q/20 0<q<20
A3(q) = "high"(q) = _
1 otherwise
. d/0.2 0<d<02
By(d) = " big"(d) = _
1 otherwise

Then, A'(q) = "more-or-less high"(q)
{ (q/20)1/2 0<q<20
1 otherwise

Thus, using Ig for I and min for T, B', can be derived according to 4):
B'y(d)=  sup min (A'3(q), Ig(A3(a), B2(d))

q
It can be checked that B', expresses something like "more-or-less big". For instance,
BL,(0) = 0, B,(0.1) = (0512 = (Bo(0.1)12 | BH(0.15) = (075912 =
(B2(0.15))1/i, and B'y(d) = 1 for 0.2 < d <'1. Therefore, with this FDT, the given
condition combination will lead to an action configuration "Discount is more-or-less big,
and Free delivery". Using (2), the degree (cty) associated with this action configuration is
1.

3. Representing FDTs in a Fuzzy Relational database Environment

Representing DTs in a relational database provides a mechanism to manipulate DTs
using proven database techniques and functionality. The consultation of DTs can then be
realized by means of traditional database queries. This section examines how the
relational approach may be used to represent, store and manage FDT knowledge, which
may further allow fuzzy decision making with extended SQL facilities.

3.1. Fuzzy relational databases (FRDBs)

A FRDB represents imprecise attribute values and close domain elements with
possibility distributions and closeness relations respectively (Chen, Vandenbulcke, and
Kerre, 1991). With the relational scheme R(Ay, Ay, ..., A,), any n-tuple of a relation is of
the form: (a1, Tz, ---» Tan) Where Ty; is a (excluding) possibility distribution of attribute
A, on its domain D;, and a closeness relation (reflexive and symmetric) is associated with
each D;. Based on this framework of fuzzy data representation, a number of related issues
have been discussed, such as data closeness and redundancy, fuzzy functional dependency
(FFD), extended relational algebra, keys and fuzzy normal forms (Chen, Kerre, and
Vandenbulcke, 1992; 1993; 1994a; 1994b).

Example 3. A FRDB relation with imprecise attribute values.

Name Sex Age Height Hair-color
N1 M 25 185 black
N2 F young  {.8/170, 1/175, 1/180/, .8/185} {brown, red}

It is worth mentioning that the imprecision of attribute values in the tuple for N2 is
reflected by a subset ({brown, red}), a linguistic term (young), and a possibility
distribution ({.8/170, 1/175, 1/180/, .8/185}). In addition, closeness relations can be
specified for domains (e.g., for the domain of Hair-color) to reflect the relationship
between domain elements.
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3.2. Managing FDT knowledge with the FRDB approach

Many efforts have been made to integrate (crisp) decision or production rules with
(crisp) relational database systems in the context of decision support systems or expert
database systems. In a recent study, Vanthienen and Wets (1994a) have described two
such techniques. The first technique is to represent each decision table (DT) by a relational
table where condition and action subjects are treated as attributes, and each decision rule
is stored as a different tuple. This technique is easy to use and convenient for consultation
in decision making. The second technique is to represent each DT by three relational
tables for subjects, rules, and rule-parts respectively. It is based on the concept of entity-
relationship (ER) methodology, and more flexible to decision situation changes. In this
study, however, we will only concentrate on a fuzzy extension in accordance with the first
technique. ;

Method (representing FDT in FRDB):  When viewed vertically (column by column),
a FDT can be seen as a set of ordered n-tuples of the form: (cty, ..., Ctenums V1, ---» @Vagum)
represented in a FRDB table with the relation scheme R'(CT;, ..

Asanum)~ '

Example 4. Relational tables representing the FDTs described in example 2.
The FDT in form 1 is represented in a FRDB table (R1) as follows:

2 cnum> I ==

Type-of- Whole- Quantity Discount Discount Free- Charged-
book sale -small -big delivery delivery
hard-cover yes L X - - -
hard-cover yes H - X X -
hard-cover yes VH - X X -
hard-cover no - X - - -

normal - L - - - X

normal - H X - - X

normal - VH X - X -

The FDT in form 2 is represented in the following FRDB table (R2) where the fuzziness
involved in the FDT knowledge is represented as fuzzy attribute values:

Type-of-book Whole-sale Quantity Discount  Delivery
hard-cover yes L small -
hard-cover yes H big free
hard-cover yes VH big free
hard-cover " no - small -

normal - L - charged
normal - H small charged
normal - VH small free

In both cases, each row of the relational table represents a column of the fuzzy
decision table. Therefore the matching of fuzzy conditions in a FDT can be measured in a
FRDB based on the concept of data closeness (Chen, Vandenbulcke, and Kerre, 1992). In
addition, the relationship between conditions and actions in a FDT can be expressed as a
cause-effect relation, to which the concept of functional dependency may apply. Readily,
based upon the notion of identical functional dependency (IFD) introduced for the FRDB
model in Chen, Kerre, and Vandenbulcke (1993), we will have the following IFDs:

(CTI, cees CTcn -—-> id ASJ J =1,2, .., anum.

Furthermore, in analogue to the Case of crisp databases, these IFDs can result in the notion
of relation keys (hereby denoted as I-keys). Apparently, (CT, ..., CT ) forms an I-key
of scheme R'. Likewise, fuzzy functional dependency (FFD) may also play a role in
expressing the cause-effect relation between conditions and actions:

(CTy, ..., CT um) ——¢ AS; j=1,2, .., anum

and (CT,, ..., CT ) forms anJB-key of R' (Chen, Kerre, and Vandenbulcke, 1994).



78

The representation of FDT knowledge in FRDB tables enables us to carry out fuzzy
decision making with extended SQL facilities (e.g., SQLf (Bosc, and Pivert, 1991)).
Usually, a SQL-like fuzzy query may be exemplified as follows:

SELECT Discount, Delivery

FROM R2

WHERE  Type-of-book is hard-cover AND
Wholesaler is yes AND
Quantity is around 30

For more detailed treatments for fuzzy queries, please refer to Bosc and Pivert (1991) and
Bosc and Kacprzyk (1994).

4. Conclusions and Future Studies

Decision tables (DTs) are useful to represent complex decision situations in a simple
fashion. Based on a sound formalism of crisp decision tables, fuzzy extensions have been
made to account for the necessity of dealing with imprecision and uncertainty in decision
making. First, with crisp DTs as their special cases, FDTs have been defined to allow
fuzziness to be represented in both conditions and actions. The concept of completeness
has then been introduced in the context of FDTs. Consequently, fuzzy decision making has
been discussed, which allows consulting FDTs with linguistic terms and fuzzy sets. Some
measures of fuzzy condition evaluation have been proposed, together with the treatment
of action configurations derived from FDTs. Finally, in the context of fuzzy decision
making and fuzzy data modelling, an approach has been proposed to represent FDTs in
the FRDB environment, in that the cause-effect relations between conditions and actions
of a FDT are reflected by IFDs or FFDs in fuzzy databases, and the concepts of I-keys and
O-keys apply. Thus, fuzzy decision making can be realized via fuzzy queries against
FRDRB tables.

Our current research and subjects of future studies include deeper explorations of
closeness measures, fuzzy implication operators, T-norms, and the degrees of action
configurations, in the light of desirable properties. In addition, the FDT modelling and
verification in the FRDB environment with the present approach, and the exploration of
corresponding issues with other representation techniques are in consideration..
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