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ABSTRACT

This paper gives concepts of lower cut sets of fuzzy sets and order sets
embeddings, we discuss some properties of lower cut sets and give new
decomposition theorem and representation theorem of fuzzy sets.
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1. Lower cut sets and their properties

Let #(A)={A| A:X—[0,1] is a mapping}. For A€ #(X),A€[0,1],Ai={zlz
€ X,A(x)=2A},Ay={z|x€ X ,A(x)>A}are called as A-cut set and A-strong cut set of
fuzzy set A respectively. In this paper,we call A,,A, as A-upper cut set and A-strong upper
cut set of fuzzy set A respeceively. Now,we give two new concepts as following.

Definition 1  Let A€ #(X),A€[0,1] and |

Al={z|z€ X, A(@)A},A'={z|z€ X ,A(x)A},
A*, A* are called as A-lower cut set and A-strong lower cut set of fuzzy set A respectively.

Clearly , we have the following conclusions.

Proposition 1 (D) A<A=AMC A%, ANWC AN (2) AADAY; (3) ASu=>AYD
A¥,

Propeosition 2 (1) (ANBY»=A"UB, (AUB)*=ANB"In general(‘g_JTA.)‘=
NA5L (N A2 U A
€T t€T t€T

(2) (ANBY}*=A*UB*,(AUB)*=A'N B . In general ([} A)*=U 4}, (U A)?

‘ €T €T €T
= N AN

e _

Proposition 3 (1) (AN =(A)'7, (2) AV = (4D,

Proposition 4 (1) A= A%, (2) ALY =) A%,where V a,=sup{a,|tE
€T €T teT

T)s AN a,=inf{a, |t ET}.
teT
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2. Decomposition Theorem

Let C be a subset of set X,A€ [0,1]. We define AC as a fuzzy subset of X and

_ A, if z€C;

Let A be a fuzzy subset of X ,then we have

Theorem 1 A=xeg l]lA", i.e. » A(@)=inf{A]A€[0,1], € A*}=inf{A|AE
[091]7A(.Z')<)\}.

Theorem 2 A=keg lJAA“, i.e., A(x)=inf(A|AE[0,1], z€ A}}=inf{A]|AE
[0,1],A(x)<<A)}.

Theorem 3 Let H:[0,1]— & X),A+=HQ) satisfies: A’ T H Q) A", then

(1)}\1<>\23H(>\1);H()\z); .

(2)A=A€Q HXH(A).L e. yA(z)=inf(A|AE[0,1],2€E H) };

(NA'=NH@,A'=UH(@.

a>A a<lA
Proof (1) A, <A=>H\)24424A2HAQ).
(DA'THMCTA' =AADAHM)DAAY = ) A2 JXH(DQKH AA?
1

ae[0.1] refo, 0,11
=>A= (] AHQ).
A€ [0.1]

(DNa>A=>H@DA DA DAH(a)QAx. Since DxH (S DAA“=A(.§§') = A, s0
A
A ——QAH(a).

Similarly,A*= U H(a).
a<ld

3. Order set embeddings and representation theorem

Definition 2 Let (X) be power set of set X, H:[0,1]>&X),A+=H(}) be a
mapping and satisfies A<<p=>H (A)S H (). We call H as a order set embedding over X.
2AX) is denoted as a set of all order sets embedding over X.

Definition 3 In 2AX), we define operations U, () ,C as following.
H,UH,:(HUH;)Q)=H,(A\NH;);
HlnHz:(HlnHz)(l)=H1(k)UHz(K);
UH,:.(UH)Q)=NH,Q);
rel rel rel
NH,:(NH)YQ=UH,Q);
rel rel rel

He - HQA)=HA=ND)=HQ—=N)".
Theorem 4 Let T: 2/4X) — #(X), HHT(H)=;€Q l]lH(l), where

(K_Q l])J-I(k))(x)--—=inf{)\l)~é [0,1],z€ H(M)}, then T is a homomorphism from
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(24X),U,N,C) to (#(X),U,NHTsie.
(1) for any A€ F(X)there is a HE 2/(X),such that T(H)=A;

(2 T(’EJPH,)=’E_JFT(H,),V H,.€ 24X);

D TNHHY)=NT(H,),Y H,€ 24X);
rel’ rel’

(4) T(H)=(TEHD)",
and T satisfies
) T(HZWCSHQMSTHM,Y A€ [0,1];
(6) T(H)*=QAH(a).(1#1),T(H)*=.l<JAH(a).(A;’:O).

Proof (1) For any A€ #(X), let HE 2AX) and HQA)=A". By theorem 1,
T(H)=A.

We prove (5) firstly. Let € H(A),then T(H) (z) =inf{a|e€ [0,1],2€ H(a)}
<\, it follows that X € T'(H)* and consequently H(A\) ST (H).

Assume that X & H (1) ,then 2 & H (a) for any a<<),it follows that if 2€ H (a),
then a>A. Hence T(H) (z)=inf{a|z€ H(a)}>Aand z& T(H)?. It foolws that
T(H)*SHQ) ,then T(H)*SHQ)ST(H)* for any A€ [0,1].

By theorem 3, we can obtainT (H )“=.f>]xH (), T(H )*=.L>JxH (a).

Now, we prove (2) (3) (4) of theorem 4.
@Y re0,1, T(UH =N(U H)(@=N NH (@@= N H/ ()=
rél e\ fET A r€lr r&l a>A
QFT(H,)‘=( EJFT(H,))‘. By theorem 1,we have T'( LeJrH')= leJrT(H')'
(D VYre[0,11, T(NHMN=UNH)D=U UH,(=U (UH,(e))=
rel a<d rel’ alA rel rel e<i
UTH) = (N T(H,))*. By theorem 2, we have T((1 H,)= (T (H,).
rel rel . rérlr rel’
() VAE[0,1], T(H)?*= l&JxH‘ () =.l<Jx(H (1—a))= (.QlH(l —a)) =
( N HA—-a))=( >r1]_xH(a))°=(T(H)"*)°=(T(H)‘)"‘. By theorem 2, we have

l=—a>]1—A

T(H)Y=T(H)".
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