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{.Introduction

The N-compactness in fuzzy topological spaces introduced by Wang [2]
is the most reasonable fuzzy'compactness in various kinds of fuzzy
compactness. Zhao [I] has generalized it to the general L-fuzzy
topological spaces (L-fts”s,for short),and given some characterizations
of N-compact L-fuzzy subsets.Based on. this, a series of works have been
launched [4,5).But it is necessary to point out that N-compact L-fuzzy
subsets have no the characterizations by means of covers and the family
of (closed) L-fuzzy subsets which has finite intersection property.The
purpose of this note is to give this three kinds of characterizations

of N-compact L-fuzzy subsets.
2.Preliminaries

Our terminology and symbols follows [1].Specifically,L always denote
a fuzzy lattice,its smallest element and greatest element are 0 and |
respectively.X always denote a non-empty crisp set.The collection of
all the L-fuzzy subsets on X,denoted by L*,can be naturally seen as a
fuzzy lattice %, <,V,A,’ ),its smallest element and greates element

are Ox and Ix respectively,where Ox (%) =0 and Ix()=! for any x€X.The
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set of all the nonzero union-irreducible elements of L 1is denoted by
M().The elements in M(L,X)=(Xa:x€X,a €M)} are called points.Put pl)
={p€l:l#p is prime elements of L} It is easy to check that aeM()
iff a2 €p().For A€EL* and xa €M({L,X),Xa is called the point in A ,if
Xe €Ayic60,aKAQ) . For each QCL*,we define Q’ = { A (AEQR ) ,VQ =
VIAAEQI,NAQ=AA:ACQ}.For A€LX and a €L, Aray={XEX:AX =a}. Let
( 1%, 8) be an L-fts,A €L%X, QcL*.We denote by A~ the closure of A in
(L*, 8),and define Q-={A":A€ Q}.

Definition 2.1 [3]. A subset B of L is called & maximal set of a €L ,
if AB=a and for each subset C of L with AC<a and each x€B,there is
y€C( such that y<x.The union of all the maximal sets of a is denoted
by a (a),and put a*(a)=a (@) Npd).

Lemma 2.2 [3]. (1) For each a € L, there always exists a maximal set
a (a) of a.

(2) For any r€p),Aa™() =t .

(3) For any rep), a™(n) = (B*(r’ )’ , where B*(r’ ) = B(r’' )N
ML), B(’ ) is the minimal set of r €M) . -

3. Some characterizations of N-compact L-fuzzy sets

Definition 3.1. Let (1%, 8) be an L-fts,A€L*, r€p(l). QL is
called an r-cover of A,if for each Xx€A¢,- ; there exists U€EQ  such
that x€ v (ID.Q is called an r*-cover of A,if there exists t € a*(r)

such that Q is an t-cover of A.

Definition 3.2. Let ( L%, 8) be an L-fts,A€LX, r€pl). QC L¥ is
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called the family which has finite r*-intersection property ( dr
briefly,f.r*-i.p.) in A,if for each P €2<**> and every t€ a*(r),there
is X€Ape- 7 such that AP)X® =t .

Theorem 3.3. Let (LX, 8) be an L-fts,A€LX.Then the following are
equivalent:

(1) A is N-compact;

(2) For each ré€p(l) and every r-cover Q of A there exists 1 €2¢%>
such that ¥ is an r*-cover of A;

(3) For each r&p() and every family QC 8’ which has f.r*-i.p.in 4,
there is X€Ac.- 7 such that (AQYX =1’ .

(4) For each r€p(l) and every\family QcCL* which has f.r*-i.p. in A,
there exists x€A¢,» 7 such that (AQHY® = 7 .

Proof. (1) ==> (2) Suppose that A is N-compact and Q is an r-cover
of A (ré€p(l) ).Then ©®=Q’ is an r’ -RF of A ( see Definition 4.7 of
[i] ).1n fact,for each point x.- €A, we see that XGA[,; J.Thén there
is UEQ such that x€ v . (U), thus U’ €n X ) (see Definition 2.3 of
[1] ).This shows that ® is an r* -RF of A.From the N-compactness of A,
there is b= { Uy,eeayUn } €2¢> sych that D=’ €2¢® {5 an (r’ )~
-RF of A,i.e.,there is t € B=(r’ ) such that @ is an t-RF of A.Now we
will prove that 4 is an r*-cover of A.Put s=t’ , then s € (B*(t' )’ =
a*(r).For each X€Ars- 1=Are1,Xe Is a point in A,thus there is U, €4
such thalt U"; € n (x+),50 x€ t s(U;).This shows ¥ is an s-cover of A,
and hence P is an r*-cover of A.

(2) ==> (3) Suppose that (3) is untenable,then there exist r€p(l)
and some QC 8’ which has f.r*-i.p. in A such that (AQ) () #* r’
holds for each x€Ar,r 1,1.64,X€ L (VQR’ ),and so there is PEQ such
that x€ v (@ ).This shows that Q/ — 8 is an r-cover of A.By (),
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there is $={P,,...,Pn} €2¢%> suych that ¥’ is an rr-cover of A,.i.e.,
there is t€ a>(r) such that 9’ 1is an t-cover of A,Hence for any x€
Are- j,there is P; €4 such that x€ v+ (P"1),50 XE€E L (VY ), (AY)
) 2 t’ .This contradicts that Q has f.r*-i.p. in A

(3 ==> (4) Suppose that QCL* has f.r*-i.p. in A,then it is clear
that Q- 8’ has f.r*-i.p. in A.From (3) we see that there is X€Arr 5
such that (AQ)® = 17 . |

(4) ==> (1) Suppose that A is not N-compact,then from definition 4.4
in [1],there exist a €M() and some a-EF ®c 8’ of A such that any
b €2°°> is not an a~-RF of A,i.e., ¥ is not an y-RF of A for any v €
B*(a).Hence there is some point x. €A such that P€ n (x) for any P
€d,i.e., y<P®,and so v < (Ad) ). Note that x €Ar,; and v’ €
(B*(a))’ = a*(a’ ).From this we see that @ has f.(a’ )*-i.p. in A, .
By (4) there is X€Are such that (AP ® = AND)X = a,and
thus P =a holds for each PE€ ®.This shows that P€ 1 (xa) holds for
each P€ ®,this contradicts that ® is an a-RF of A,and hence A is an

N-compact set,and the proof is completed.
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