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Abstracts In this paper, the concept of fuzzy order-homomorphism on groups
is introduced and some of its properties are studied. We prove that a fuzzy order
homomorphism on groups can be defined by an ordinary group homomorphism and
a finitely meet-preserving order homomorphism. Using this result we obtain a point-
wise charactrisation of fuxsy order-homomorphism on groups.
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1. Preliminaries

Throughout this paper, L, Ly, Ly always denote the fuszy lattices, i.e. com-
pletely distributive lattices with order-reversing involutions a + o’. 0 and 1 are
their smallest element and greatest element respectively. A fuzzy lattice L is said
to be reqular{5] if the intersection of every pair of non-zero elements of L is not
zero. LX will denote the family of all L-fuzzy sets on X. For A € L, the set
{r € X | A(z) > 0} is called the support of A and denoted by supp A, and
the value V{A(z) | # € X} is called the height of A and denoted by hgt A.
When supp A is a singleton, A is called L-fuzzy point and denoted by z) where
z = supp A and A = hgt A. X(L) will denote the set of all L-fuzzy points on X.
For simplicity, a L-fuzsy set on X which takesthe constant value A on X (or Y) is
still denoted by A. We assume that for the empty family §, V# =0 and A0 =1.

Let X be a group. Using Zadeh’s extension principle, we define the multiplica-
tive operator of L-fuzzy sets on X as follows: for A, B € L*,

(4-B)(2)= V [A(s)AB()].
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In paticular, for L-fazzy points, if L is regular then

z) gy = (2 ¥)inpe

Definition 1.1[5]. A mapping f: L, — L, is called an order-homomorphism,
if the following conditions hold:

(Hy) £(0)=0;

(Hs) f is union-preserving, i.e. f(Va) =V f(a:);

(Hg) f!is complement-preserving, i.e. for each b € Ly, f~'(¥) = [F*(O)],
where the mapping f~!:L; — L, is defined as

@)=\ {beLi: f(a) < b}

Obviously, if f : Ly — L, is an order-homomorphism, then f~'(1) = 1 and
£71(0) = 0 (See [2)).

Lemma 1.1. Suppose that F' : L — L} is a mapping and there exist the
mappings f : X — Y and ¢ : [, — L, such that

F(2:) = [f(2)ley) € ¥ (Ls), for any =, € X(Ly).
(1) If F is union-preserving, then F is a bi-induced mapping¥ of f and o, i.e.
F(A)#) = Vi{e(A()) | f(z) =y}, forany A€ Ly andy €Y. (1)
(2) If F is order-preserving, then
FY(B)(z) = ¢ }(B(f(z)) forany B€ L} and z€ X. (13)

Lemma 1.3. Suppose that F : L¥ — LY is a bi-induced mapping of the
mapping f:X — Y and p : L, — L, satisfying ©1(0) = 0. Then

F(2:) = [f (@)lew) € X(Ly).

2. Fussy order-homomorphism on groups and its structures

Definition 2.1. Let X and Y be two groups. A mapping F : LY — LY
is called a fuzzy order-homomorphism on groups, if it is an order-homomorphism
(i.e. fuzz function [4]) and satisfies

F(A-B) =F(A4)-F(B), forall 4,B € L*. (2.1)
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Remark 3.1. Suppose that f: X — Y is a usual homomorphism of groups
X to Y and L = [0,1], then the function of Zadeh’s type F : LX — LY induced
by f is a fuzzy order-homomorphism on groups.

In the following, we always assume that L, is regular. X and Y are two groups,
¢ denotes the unit element in groups

Proposition 3.1. Let F : LY — LY be a fuzzy order-homomorphism on
groups. Then
(1) F takes fuzzy points on X to fuzzy points on Y, and

supp F(z,) = supp F(z,), for any A, s € L, — {0}.

(2) supp F(ey) = ¢ and hgt F(e,) = hgt F(z,), for any 2z € X and
A€L, - {0},

Proof. (1) See Lemma 2.2 in [5]. (2) It follows easily from Definition 2.1.

Theorem 2.1. Suppose that F : L¥ — LY is a fuzzy order-homomorphism
on groups, then there exist an ordinary group homomorphism f: X — Y and
a finitely meet-preserving order-homomorphism ¢ : Ly — Ls such that Fis a
bi-induced mapping of fand ¢, and (1.2) holds.

Proof. Define the mappings f: X—Y and ¢ : L; — Lj as follows, respec-
tively:
_ _ | hgt F(ey), f A#0,
6) = oupp Fles) aad o) = { 8 F 2170

From Proposition 2.1, supp F(z)) = supp F(2;) = f(z) and Mgt F(z,) =
kgt F(er) = p(A), hence F(z2) = [f(2)]pr) for any z, € X(Ly). Thus by
Lemma 1.1, we know that F is a bi-induced mapping of f and p, and (1.2) holds.
We easily prove that f is an ordinary group homomorphism and ¢ is a finitely
meet-preserving order-homomorphism. '

Theorem 2.3. suppose that f: X — Y is an ordinary group homomorphism
and ¢ : Ly — Ly is a finitely meet-preserving order-homomorphism. Then the
bi-induced mapping F : L¥ — LY of f and p is a fuzzy order-homomorphism
on groups.

proof. Let F : LY — LY be the bi-induced mapping of f and p. By (1.1) and
the union-preserving property of ¢, it is easy to show that F(0) =0 and F is
union-preserving.

By Lemma 1.2, Lemma 1.1 and the complement-preserving property of o1, it
is easy to show that F~'(B') = [F~(B)), for any B € LY. Therefore F is an
order-homomorphism.
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Next, we prove (2.1). When y ¢ f(X), [F(4- B)l(y) = 0 = [F(4) - F(B)|(s);
When y € f(X), since o is union-preserving and finitely meet-preserving, we have

FA-B)w)= V el4-B)@l= V V [p(4W)Ap(BM))]  (22)

1(=)=y f(x)=y wo=x

and

IF(4) - FB)m = VIV oD AV o(BE)))- (23)

ot=y [(s)=s J(o)=¢

(2.1) follows easily From (2.2) and (2.3). This completes the proof.
From Theorem 2.1 and Theorem 2.2, we have the following result immediately.

Theorem 2.3. The mapping F : LY — LY is a fuzsy order-homomorphism
on groups if and only if there exist an ordinary group homomorphism f:X —Y
and a finitely meet-preserving order-homomorphism ¢ : Ly — Lj such that F'is
a bi-induced mapping of f and p.

8. Pointwise characterization of fussy order-homomorphism on groups

Definition 3.1. A mapping f : X(L,;) = ¥ (L,) is called a L-fuzzy homomor-
phism on groups if the following condition holds:

f(”l : ’ﬁ) = f(’*) : f(’r)’ for all 2, y, € X(Ll)-

In particular, when L, = L3 = [0,1], the L-fuzzy homomorphism on groups is
briefly called the fuzzy homomorphism on groups (See [2])

Definition 3.2. A mapping f: X (L1) — ?(Lg) is called a pointwise fuzzy
order-homomorphism on groups if the following conditions are satisfied:
(1) f is a L-fuzzy homomorphism on groups;

(2) f(cvt‘) =V flen); i

(3) hgt f'(ex) =[hgt f~(er)), for A € L, - {0,1}.

Proposion 3.1. Suppose that f : X(L:) — Y(Ls) is a pointwise fuzzy
order-homomqrphism on groups. Then

(1) supp {(z;) = supp f(z,.),'~for any A, pE L, — {0}; i

(2) oupp f(ea) =¢ and Rgt f(e\) = hgt f(z)), for any z, € X(L,).

The proof is similar to that of Proposion 2.1.

Lemma 3.1. Suppose that f : X(L,) —» Y (L) is a mapping which satisfies:
there exist the mappings f : X — Y satisfying f~'(¢c) #0 and ¢ :L, — Ly such
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that f(2)) = [f(2)lpq), for any z, € X(L,). Then
hgt f~(e,) = ¢~ '(n), for any p € Ly — {0}. (3.1)
Proof. It follows from (1.1) and the fact f(23) = [f(@)}p(n-

Theorem 3.1 f: X(L,) - ¥(L,) is a pointwise fuzzy order-homomorphism
on groups if and only if there exist an ordinary gpoup homomorphism f: X —Y
and a finitely meet-preserving order-homomorphism ¢ : Ly — Ly such that

f(@) =1f(@)lppy, for any z) € X(Ly). (3.2)

Proof. Necessity. Define the mappings f: X - Y and o:L; — L; as
follows, respectively:

f(x) = eupp f(z1), and p(A) = hgt f(ex), p(0) =0.
From Proposition 3.1, it follows that supp f () = oupp f (z1) = f(z), and
hgt f(z:) = hgt f(ex) = p(A). Hence (3.2) holds. Thus by Definition 3.2 and
Lemma 3.1 we easily varify that f is a ordinary group homomorphism and ¢ is a
finitely meet-preserving order-homomorphism.
Sufficiency. By the assumption of theorem and Lemma 3.1, it is easy to verify

that f satisfies (1)-(3) of Definition 3.2. Therefore, f is a pointwise fuzzy order-
homomorphism on groups.

Theorem 3.3 Suppose that F : L — L7 is a fuzzy order-homomorphism
on groups. Then the restriction f= leu. ) of Fom X (L1) is a pointwise fuzzy
order-homomorphism on groups. Conversely, suppose that f : X(L,) — ?(L,)
is a pointwise fuszy order-homomorphism on groups. Then there exists a unique
fuszy order-homomorphism on groups F : L¥ — LY such that f = F|g (L)

Proof. Suppose that F is a fuzzy order-homomorphism on groups. By Theorem
2.1 we know that there exist an ordinary group homomorphism f: X — Y and
a finitely meet-preserving order-homomorphism ¢ : Ly — Ly such that F' is a bi-
induced mapping of f and . From Lemma 1.2 it follows that F(z)) = [f(2)le(r)-
Noting that f = F|; %L, and so f f(22) = [f(#)ler). Thus by Theorem 3.1 we
know that f= F|z (Ls) is a pointwise fuzzy order-homomorphism on groups.

Conversely, let f : X(L,) — ¥ (Ls) be a pointwise fuzzy order-homomorphism
on groups. By Theorem 3.1 there exist an ordinary group homomorphism f :
X — Y and a finitely meet-preserving order-homormorphism ¢ : Ly — Ly such
that f(z) =|f (a:)],,(a) for € X (L1). Letting the mapping F : L¥ — LY be
a bi-induced mapping of f and . From Theorem 2.3 we know that F' is a fuzzy
order-homomorphism on groups. By Lemma 1.2 we have F(z,) = [f(2)]p(»), and
so f= F|; #(Ls)- The proof of uniqueness is straightforward.
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