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Abstract

In the series papers, we will further investigate generalized fuzzy integrals on fuzzy sets given
by Wu'), This paper is discussing the convergenoe of sequences of generalized fuzzy integrals on
fuzzy sets which include the sequences of fuzzy measures on fuzzy sets. Various kinds of generalized
convergence thegrems are obtained.
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1. Introduction

Since Sugeno*] brought out the concepts of fuzzy measures and fuzzy integrals,
the theory has been made deeper by Ralescu and Adamst', Wang!*}, and many others.
It is worth reminding that the generalized fuzzy integral on fuzzy sets (in short, (G)
fuzzy integral on fuzzy sets) introduced by Wu{"l is a much wider one. In ref [6, 7],
we have established convergence theorems of fuzzy integrals with Sugeno’ s sense or
Ralescu’ s sense. In this paper, we will extend the convergence theorems of (G) fuzzy
integrals on fuzzy sets, by using the theory of convergence of fuzzy measures given in
[6, 7]. It can be viewed as an extension of what in [6, 7].

2. Fuzzy measures and generalixed fuszy integrals on fuzzy sets

Let X be a fixed soty P(X) is the power set of X, - _i5 a fuzrzy c-algebra formed
by the fuzzy subset of X. Let F(X) denote the set of all .« -measurable functions from
X to [0y +oo].

Definition 2. 111, A get-function p;-« ~=[0,4-o0] is said to be a fuzzy measure
on fuzzy sets if it satisfies the following conditions:

(F,) u(g@)=0,

(Fy) A C B implies u(A)Su(B)

(By) A} A implies u(A,) § (A),

(P A ¥ A, there exists & nos st (A, )<+oo impiies u(A,) ¥ u(A), The
triplet (X, , u) is called a fuzzy measure space.
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Let M (X) denote the set of all fuszy meagyres on (X, ).

Lemma 2. 10} Let pyy ps€EM(X)y A€ . If we define i3 Vg w1 Aps by

(HlVHz)(X)—xﬂj(x)VMz(x)o (i up)(A)=; M(x) A Hz(x)’ then p, V
Bes lhAHzEﬁ(X)'

Definition 2. 204, Let {u,)CM (X). We define the inferior limit and the superior
limit, respectively as follows:

(limint Ha) (A) = liminf Ha(A),

(limsup u.)(A)-:limsup ua(A),

n".w~

where A € . . If there exists aset-mnotinnu d ~+[0, +00] s. t. u(A) (lim inf

A> 00

.....

u,)(A)—liminf ua.(A) for each AEJ (resp. uniform with AG«-’ ), then we say
that {u.} oonverges (resp. uniformly) to u, simply written as lim p,==u (resp. u,

U

Lemma 2.2} Let {u.}JCM(X), and u be a set-function from - to [0, +°°]
Then

(1) w,—y implies w €M (XD,

(ii) p,~p does not imply u € M (X).

Proposition 2. 1. Let {u.) CM(X), and u be a set-function from o to [0.
oo]. If each w,.(n>>1) is null-additive (resp. subadditive, superadditive,)™!, then u,
—»u implies u is nuil~additive (resp, subadditive, superadditive). ~

Proposition 2. 2. Let {p.} CM(X), and s be a set-function from <+ to [0, -+
o0]. If each p,(n>>1) is autocontinuous (resp. from above, from below )1¥J, then

W u.iu implies p is autocontinuous (resp. from above, from below);

(ii) p,~p does not implies u is autocontinuous (resp. from above, from below).

Definition 2. 3. Let D"'[Oa +°°]XEO. +°°J\{(0’ +o00), (400, 0)}-

IfS: D - [0, 4+ oo] satisfies the following conditions:

(1) 8(0, x)=0, for each x€ (0, +0o0), and there exists a e € (0, +00], 5. t.
S(x» e)=x, for each x€ (0, +00], e is called identity of S)

(ii) a<<b, c<d implies S(a,0) < S(b,d)y

(ﬁi) S(a. b)ES(b.a);

Uv) {(Xa» TR ICT D, (x» Y)ED, if x, £ Xy ¥a ¥ ¥» then S(X,.y ¥a) = S(x, ¥)»

then S is called a generalized triangle norm.

Definition 2. 4. Let € M (X), £€ F(X), A€-' . Then the (G) fuzzy integral
on A is defined as

J‘ fd[l_g v S(a’ﬁ(z n 1’, ))
) a0 *

where B.= {(x€ X. f(x)=>a}, Xs_is the characteristic function of F..
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Lemma 2.3. (Trangformation theorem of fuzzy integral).
Let f€ #(x), A€« , pEM(X). Then

f fu-r”a(z N % )ia 2.1
i 0 r.

+o0
where a is the Lebesgue measure on [0, +°0], and the right-hand mtesral.r“ u(Af)

Xr )do. is also a (G) fuzzy integral on fuzzy sets.
Remark. If u(A)=M<+oo, Eq (2. 1) can also be as

J.zfdﬁ -_[:' s 7%)da (2. 2)

3. Generalized convergence theorems

Proposition 8. 1. Let {u.(n321), un}CM(X), t€F(X), AC ; Then
W) pabuio e p1(A)Kps(A) = for each A€~ , and y,~u) impliesj':

sas [ sim
(ii) pa ¥ u» and there exists a ng» 8. t. p,..(x)<+°<: implhsJ.z féxn, QJ'Z fén
Proposition 3. 2. Let {u,})CM (X), t€ #(X), A€~ . Then
(1) Uminf u,€ M (X) 1mpuan'z fa(limiafs,) < lim a'afL fin,,
() limsup pa€ M (X) implies .zﬂmj' In< J' 4 Gimaig s,).

n~+00

Theorem 3.1 (Generalized monotone convergence theorem).
Let {u.(n21), u)}C M(X), {f.(n321), t)CF(X), A€« . Then

W4t pbe impliecjz,f,dﬁ, fj.zfiﬁ,

(i) £, ¥ £5 p. ¥ 1, and there exists a ngy 8. t. p,°(x)<+°°, impnesj.zf,d B, {J-

Fd s
Theorem 3. 2 (Generalized Fatou’s lemmas). Let {u.} CM (XD, {f.) cCF(x),

and { A m})CM (X)), {kV b )CR(X), A€o .

(1) If Uminf u,€ M (X), then

z

Sllmisf £,) d (limianf B) K Liminf | f.8 K

a—>00 o0 N-=00
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(1) If limsup p,€ M(X), and there exists a nys.t. B, (A)<+oo, then

iy [ 1.8, <L<f§:~r £04 Ummp 5.

fA=*00

Theorem 3. 3 (Generalized Lolmaue convergence theorem). Let {u.(n2>1),u}C

M (X), {f.(n>1), }CF(X), AGJ 14 (V He}s ( A u.)Cﬁ(X): and there exists
angs s t. u.,(A)<+°°. then £,~=f, u,""H implju

Jan= o

Concluding remarks:

In a subsequent paper, we will show the generalized fuzzy integrals of fuzzy-valued
functions on fuzzy sets.
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