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ABSTRACT

In this paper, the multiple objective linear programming problem with
imprecise objective and constraint coefficients is studied based on the fuzzy set
theory. Using the method of ranking fuzzy number with total integral valves,
we propose an auxiliarg multiple objective linear programming model to re-
solve the imprecise nature. Further, We develop an extended Zimmermann’s
approach to solve theauxiliarg multiple objective linear programming problem,
and the a—Pareto optimum solution of the original fuzzy multiple objective
linear programming is derived.

Keywords: fuzzy programming, multiple objective programing, Pareto
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1. Introduction

In practice, there are many multiple objective programming(MOP)problem that
cannot be modeled in a classical way because the different elements of the problem are
vaguely defined. Thisimprecise nature has long been studiedwith the help of probabili-
ty theory.However, probability theory might not give us correct meaning to solve
some practial decision making problems. In addition, applying probability theory to
some optimization problems has negative effect on the computational efficiency.
Zadeh's fuzzy sets theory appearrs to be an ideal approach to make the problem more
realistic and human—consistent and hence more applicable. Thus, fuzzy multiple objec-
tive programing (FMOP) is a tool to deal with this fuzziness which causes difficulties

in modeling [1, 3, 6,9, 10]. A survey on approaches, problems and methods of FMOP
can be found in [3].
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In this paper, we will study the multiple objective linear prograniming problem
with imprecise objectives and constraints coefficientts which have trapezoidal
membershipfunctions.In order to propose an crisp auxiliarg multiple objective linear
programing model to resolve this fuzzy nature, we will first investigate the properties
of trapezoidal fuzzy numbers and the method of ranking fuzzy numbers with total in-
tegral value in section 2.Then, in section 3, an auxiliary multiple objectivwe linear pro-
gramming model is derived, and the concept of a—Pareto optimum solution is intro-
duced. Last, an extended version of Zimmermann’s approach is developed to solve the
auxiliary multiple objective linear programming problem and the a—Pareto optimum
solution is derived in the section 4.

2. Fuzzy Numbers And Ordering With Total Integral Value

The concept of fuzzy number is introduced in [2, 8].
Definition 2.1 A fuzzy number 4 is a fuzzy subset of the real line R with mem-
bership function u ;(x) which posseses the following properties:
(1) theo—cut 4 = {xeR:u;(x)>a} is a closed interval for ¥ « € (0, 1).
(2) supp 4 = cl{xeR:p ;(x) > 0}—is also a closed interval.
(3) there exists x€ R such that u ;(x) =1
and we will denote the set of all fuzzy numbers for F(R).

Proposetion 2.1[8] A fuzzy subset 4 of R is a fuzzy number if and only if its
membership function u ;(x) can be denoted by

L(x), if x<m
u;(x)={ 1, if mgx<n 2.1)

R(x), if x>n
Where L(x) is a continuous, strictly increasing function for x <m and there exists m |
m such that L(x)=0 for x < m, R(x) is continuous, strictly descreasing functon

for x>n and there exists n, >n such that R(x)=0 for x >n . Symbolically, 4
= ([m,n];L(x),R(x)) and L(X), R(x) are called the left reference function and right
fSference function, respectively.

For decision making in a fuzzy environment. a very important procedure is to
rank fuzzy numbers . Many method of ranking fuzzy number have been developed by
researchers. In this study, we employ Liou and Wang’s approach of ranking fuzzy
numbers with total integral value[7]. By their method, for any fuzzy numbers 4 and B

,A®B ifand only if I?(D@ I (;) (B). The symbol @ denotes the operators <, =,

T

or >, 1 (;’ (A4) is the total integral value of fuzzy number 4 defined via
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I =al () + (1 - I, () 2.2)

Where I, (A), I R (A) are the left integral value and right integral value of 4 defined
as

L@ =[L"'0dy 1 .(D)=[R"(»)dy 2.3)

respectively. The parameter « € [0, 1] is the index of optimism which represents the de-
gree of optimism of a decision maker. A larger « indicates a higher degree of optimism.

There are many different classes of fuzzy numbers, but in practice it is convenient
to describe a fuzzy 4 by the parametric functions

X — al a Pl x

L(x)=max 0] R(x)=max ,0 (2.4)
a,—a, a,—a,

Let A = ([az,dsl,L(x),R(x)) and call it trapezoidal fuzzy number. A trapezoidal

fuzzy number 4 can be also denoted by a quadruplet (a,,a,;a 4»@,), and its member-

ship function is defined as

r 0 ifx<a, or x>a,

x—a, .

a,—a, zfal<x<a2
py(x) =1 . 2.5)
4 o1 ifa,<x<a,

a,—x ]

2, —a, ifa,<x<a,

and we denote the set of all trapezoidal fuzzy numbers for TF(R).
Note that if a,=a,, the 4 =(a,,a,;a,,a,) is reduced to a triangular fuzzy
number.Ifa, =a, =a,=a,,the 4 =(a ,a,;a,,a,) isreduced to a real number.
For a trapezoidal fuzzy number 4 = (a,.a,;a,,a,)eTF(R), it can be calculated
via Eq.(2.3) that

@, ~ 1
I;(A) =3 [ua, +a,)+(1—a)a, +a,)] (2.6)
for ¥ « € [0, 1]. Also we can prove that

() T 5 (@, = @ &
I, (kA)+k,By=k I (A) +k,I. (B) 2.7
for % 4,BeTF(R) andk,k, >0.
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3. The Derived Crisp Model Of FMOLP

Consider the following FMOLP problem with trapezoidal fuzzy number
parameters:

[ Max FO=[%0, £(X), .. 7,00

Min G(X)=[§,(X), 7,(X), .. §, (X" 3.1
sa. XeD={ X: AX®B, X=0}
Where

X=1[x,x,.x,1 eR", F0=Ye"%,, §x=Ydx,
kmi k=1l

mxn -

A=@),, . e[TFRI""", B=15,5,.51" e[TFR)"

and”, d“,a ., b ,€TF(R). The symbol ©® denotes the operators <, =. or>.

ITH

Symbolically, let
D) =D (Fx0, 197X, .. I9(F,000"

PG =UFE @, 17X, .. I7E, 0O

I A)=uy@,),, ™"

DB =6, 196, .. I9E )N eR™
D)={ XeR": I7(Dx@Iy B, x>0}

Thus, using Liou and Wang’s method of ranking fuzzy number with integral val-
ue [7], we can derive the following auxiliary crisp MOLP model from the model (3.1):

Max I¥ (FO0) =9 (F,00), 12F00), .. 19,0007
Min I3 60 =G (X)), IPEX), .. 19F, N (3.2)

st XelpgD)={x: I2Dx@IY®, x>0}

The model (3.2) takes into consideration the decision maker’s degree of optimism
by the index « € [0, 1].
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For a given « € [0, 1], the index of optimism, XeR" ia calleda a—feasible solu-
tion of FMOLP (3.1), if XeI? (D).A a—feasible solution Xely (D) is said to be a
a—Pareto solution (e—nondominated solution or a—efficient solution)of FMOLP (3.1),
if there is no ther a—feasible solution XeI” (D) such that

{1‘;"(7;(X»>1‘;’<7,(A"»
IDE V<7 E D)

for all 1,j and

{1“’(7 (X0)> I, (%, (2)
()

I; @, O)<I; @, (X)

for atleastone i, j, .

4. Two—Phase Approach To The Pareto Solution

If the index of optimism, « € [0, 1], is given, we derive a crisp MOLPmodel (3.2)
from FMOLP model (3.1). To solve model (3.2), we may useany MOLP technique [4]
such as utility theory, goal programming orinteractive approaches. However, in this
study, we suggust using theextended version of Zimmermann’s fuzzy approachis, 6,
11] toget the a—Pareto optimum solution of model (3.1).

For given a € [0, 1], by solving single—objective linear programming problem, we
obtain the Ideal Point (7", ... 7%; z°, 25, . 7)) and th Anti—ideal Point

) ) Al@) L@ A()
7‘ 7’ o By 8y - B ) Where

P =MaxIP (G, 7= MinI9Fx)

Yer'(5) Xer'S ()

7, = MinI7Z (X)), £ =MaxI EX)

xe (5) xe(5)

For the objective function I (;)( Z(X)) and I (;.') (g j(X)) , we define the membership
functions of fuzzy sets u (I (7,(X))) and v (I} ( (X)) by, respectively



32

0 if I7(Gon< 7’
TG00 = I:)(;,(Xi) ;,, 1 if 7<19Gon<

1 | | if 17z 7

0 if IDE >8]
VP& (0N = I:)(ﬁi,(xi) ;(.,gjﬂ if &) <I7G00<E

1 j j if 13 @ (X0) <z,

Then, we solve Zimmermann’s following equivalent single—objective linear pro-
gramming model:

(@)

Max A

st pA7(FEON21°  (<i<p)
vUIPE @D (1<i<q) @
xeI® (D)

T

Where the extra variable 1% is introduced by the aggregation operator ‘min’:

A = Min {02 G00N, +,00 & N}

1€icy
1€/<e

(a)
[+ b4

()

Assume that the solution of model (4.1) is (4 0

X.”) , where ).f,“’e[o, 1] denotes

the degree of compromise to which the solution X :‘) satisfies all of the objectives at
the index of optimism a.

The result obtained by the operator ‘Min’ represent the worst situation and can-
not be compensated by other members which may be very good. Due to this
non—compensatory nature there may be multiple solution X’s which will end up with

the same ).f;') . That is, a solution selected randomly might be dominated by‘ another

solution with the same satisfaction level ).:" , and the solution of (4.1) might not be

unique nor efficient, which is not desirable.
To convercome the above mentioned disadvantage, Li and Lee [5, 6]propose a
two—phase fuzzy approach. Zimmermann’s fuzzy approach described above is used as
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Phase I in which a solution (l?’, X ::)) is obtained. Then, a fully compensatory

aggregation operator ‘weighted average’ is used in the second phase, and a further
constraint by using Ag‘) which was obtained in Phase I is added. Thus, in Phase II, we

solve the problem:

rta

Max 19 = Yw 22

k' 'k
kwl
| ost p AP GEN=A7 240
vIPEM2AD 217

XelI? (D)

P) (4.2)

Where w,_  are the weight (relative importance) among thecorresponding objctive
rta

functionand Y w, =1.

kml
Model (4.2) is essentially trying to use the weighted average operatorto allow for
possible compensation among objectives and guarantees thatthe overall satisfactory

degree of the compromise of the objectives isat least ta ).f:') . Also, model (4.2) should

yield a «—Pareto solution.
In order to illustrate the proposed approach, we consider the following numeric
example (omitted).

5. Conclusion

In this study, we have discussed a linear multiple objective programming problem
with trapezoidal fuzzy numbers in the objectives and constraint coefficients. An auxil-
iary MOLP model is derived based on the ranking fuzzy number with total integral
value. Furthermore, an extended version of Zimmermann’s fuzzy approach has also
been proposed to solve the auxiliary model for getting the a—Pareto solution. One of
the advantage of the proposed approach is that the decision maker’s degree of opti-
mism has been taken into consideration.

Using the method of ranking fuzzy numbers with total integral values and the two
phases fuzzy approaches proposed in this paper, we slaocan solve the multiple objec-
tive programming problem with imprecise objective and constraint coefficients as well
as with the fuzzy equlities and fuzzy inequalities in the constraints.
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