59

RELATIONS BETWEEN THE QUANTORS AND THE MODAL TYPE OF OPERATORS IN
INTUITIONISTIC FUZZY LOGICS
Krassimir T. Atanassov

Math. Research Lab. - IPACT, P.O.Box 12, Sofia-1113, BULGARIA

Following the ideas and using the notation from [1-3], we shall
introduce the basic relations between the quantors (see ([4,5]) and
modal type of operators (see [1-3,5,6]) in the Intuitionistic Fuz-
zZy Mcdal Logic (IFML).

Initially, following (4}, we shall define the quantors "v" and
"3r,

Let us assume that the language 1is without functional symbols

(for simplicity of presentation), i.e. atomic formulae are of the
Kind P(X, X, ..., X)), where P is an n-ary predicate symbol, x ,
i el n i
X, ..., ¥ are n individual variables. Predicate logic formulae
2 n

are built up from 'atomic formulae Dby means of the propositional
operations nem, omyn e—w naw o omzk gnd by application of gquanti-
fiers, i.e., 1if A is a formula, x - a variable, then VXA .and 3xA
are formulae.

Truth values of prediéate formulae are obtained, if a domain of
interpretation E is fixed, usually called the universe o©of the
interpretation, Atomic formulae get their meaning through inter-
pretation functions 1 which assign to each variable X an ele-

ment i(x) € E. The truth value of a given'atomic formula P(x , X ,
: i 2

.., ¥ ) under the interpretation function 1 1is determined by an
n

evaluation function V which assigns to each n-ary predicate sym-

n
Dol P a function Vv(P): B --> [0, 1] x [0, 1]. The pair (B, V) 1s
called a model. In this situation wg have {for a given 1Y)
VIP(x , 2 ,..., X)) =VP)(i(x ), 1(x ), ..., 1(x)).
i 2 n i 2 n

The evaluation V can be extended for arbitrary formulae by the in-

ductlve clauses for "&"' "M", "D"' "—‘"' 'l:_—_".
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Tne definition for the gquantifiers is as follows:

V(VZA) = <min p(A(i(x):=a), max r{(A(i(x)=a)>
acE aclk

V(3xA) = <max pA(i{(x)=za), min r(A(i(x)=a})>
acEl a€cl

which can be denoted simpler (where "X Iranges over E"):

V(¥xXA) = <min p(A), max 7r{(A)>
X X

V{3xA) = <max p(A), min 7v{A)>.
X X

For the formula A and for the variable X, by analogy with the
operations over 1IF logic (See {7}), it will be convenient to de-
fine the following:

V(VXA)

VXV (A)
V(3xA)

IXV(A).

Predicate IFTs can be defined just as their propositional co-
unterparts: these are the formulae which get the valuation with
p 2 7 for every model and interpretation. The logical axioms of
the theory K (see [8]):

A D> (B D A),

(A D {(BD>C))y 2 ((ADB) > (ADC)),

(7A D> 1B) O ((1A D B) O A)

VXA(X) D A(t), for the fixed variable t,
YX(A D B) D (A D VXB),

are IFTs (see [4]). The same .is alsoc valid for

(VXA{(x) D B) = 3Ix(A(X) D B),
IXA(xX) DO B

VYX(A(X) DO B),
B O VXA(X)

VX(B D A(X)),
B 5 3IxA(X)

]

Ax(B D A(X)),
(VXA & vZB) = vX(A & B),
(VXA Vv VXB) D VX(A v B),

IVXA = 3XNA,
13XA = VXA,
VYXVYA = VYYVXA,
Jx3yvA = 3y3xA,

IXVYA O VY3IXA

YX(A D B) D (VXA D VxB),
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The 1inK between the interpretations of quantifiers and the to-
pological operators VC (closure) and I (interior) defined over IFS
[9) is obvious. Thus, the equalities from [10Q0] can be transformed
for the IFML. At the result, we can prove'the following

THEOREM i: Let A be a formula and X be a variable. Then

(a) V(VXDA) = V(OVXA),
(b) V(3xDA) = V(D3xA),
(¢) V(VERQGA) = V(OVXA),
(d) V(IXCA)Y = V(03xA).

Proof: (a) V(VXOA) = <min p(A), max i - p(A)>
X X

<min p(A), 1 - min p(A)Y> = V(OVXA).
X X,

THEOREM 2: Let A be a formula and X be a variable. Then

(a) V(D3xDA) = V(03XDA) V (OVXOA) V(OVXQA)

(b) V(D3X0A) = V(03x0A) = V(DVXDA) = V(OVEDA)

(¢c) V(OVEDA) = V(OVXDA) = V(D3IX0A) = V(Q03xQA)

(d) V(OVXQA) = V(QVEQA) = V(D3XDA) = V(OBXbA)

(e) V(D3XODA) = V(03XDA) = V(OVXQA) = V(QVXOQA)

(£) V(DO3X0A) = V(03x0A) = V(OVEDA) = V(QOVXDA)

(g) V(OVEDA) = V(OVEDA) = V(D3XQA) = V(03Ix0A)

(h) V(DVEQA) = V(0VXOQA)

vV {(D03xpA) V(03XDA)
Proof: (a) V(O3xXDA) = 0O3xOV(A) = Dax<p(A),>i-p(A)>

- p<max p(A), min(i-p(A))> = <max p(A), 1 - max p(A)>;
X - X X X

V(¢3xXpA) = ¢<max p(A), min(i-p(A))>
X X

- <i-min(i-p(A)), min(i-p(A))> = <max p(A), 1-max p(A)>:
X X X X

V(DVxOA)A: DVEO<Y (A), V(A)Y> = DOVX<i-p(A), P(A)>

= p<min(i-p(A)), max p(A)> = <min(1-ﬂ(A)), 1 - min(f - p(A)>
X X b4 X

- <1 - min(i-p(A)), min(1 - p(A)> = <max p(A), 1-max p(A)>;
X b4 . b4 X
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V(oVX0A) = o<min(i-p(A)), mak p(A)Y> = <1 - max p(A), max p(A)>
X X X

= <{Imax
X

{e) V(O3IxpA)

= <min
X

e.t.c,
All
Let

S(A) =

T(A) =

U(A) =

V(A =

W(A) =

X(A)Y =

Y{A) =

Z(A)

X

P(A), 1-max p(A)>.
X

V(DEXDA) = <1 - min 7(A),.min T{A)>
X X

Y(A), 1 - min v{(A)>
‘X

other assertions are proved analogically.

for a fixed formula A and for a variable x:

{D3X0A, 03XDA, DOVXQA, OVEQA},

{D3xQA, 03xQA, OVXDA, OVXDAL,

{OVZODA, OVXDA, OVYXQA, OVXQA],

fOVXO0A, OVXQA, D3xDA, ¢3x0Al,

{D3%DA, O3X0A, OVXO0A, OVXOA],

{03x0QA, 03IxXQA, OVXDA, OVXDAJ,

{OVEDA, OVEDA, O3%0A, 03x0Al,

(OVXOA, OVXOA, D3IXDA, 03XDAJ.

THEOREM 3: Let A be a formula and x be a variable. Then:

(a) if PeS(A) and Q€T (A), then V(P) < V(3XA) < v(Q),
(b) 1f PeU(A) and QeV(A), then’V(P) L4 V(VXA) $ vV(Q),
(c) if PeW(A) and QGX(A). then V(P) < V(VXA) < V(Q),
(d) if PeY(A) and Q€Z(A), then V(P) < V(3xA) < V(Q@),

where V(X) < V(Y) for the formulae X and Y iff p(X) ¢
p(Y) and v(X) 2 7(Y). ‘

THEOREM 4: Let A be a formula and x be a variable. Then for every

a, B € [0, 1):

- V(VXG (A)) = V(G (VYxA))
«B «, B

THEOREM 5: Let A be a formula and X be a variable., Then for every

x, B € [0, 1], such that a + B ¢ 1{:
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(a)y V(3xP (A)) V(P (3xXA) )},
x, B anB

(b) V(VEQ (A)) v(Q {VXA)).

a, B a, B
Proof: (a) V(3xP (A)) = 3x<max(a, p(AY), min{(B, 7r{A))>
«, B
= max¥(maxXx (g, p{A))), min(min(B, r{A)))>
X . X

- <%, max(a, max p(A)), min(B, min T(A))> = V(P (3xA)).
X X alB

The other relations having the above form between dquantors and

modal type of operators are not valid.
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