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Abstract: In this paper, we will have further investgation on fuzzy measures and
fuzzy integrals on fuzzy sets. Some concepts such as “convergence”, “uniform con-
vergence”, “convergence in integral”, “weak convergence” are introduced for the
sequence of fuzzy measures on fuzzy sets. Then the properties and relations of them
are discussed. Furthermore, various kinds of convergence theorems of fuzzy inte-
grals on fuzzy sets are extended.
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1. INTRODUCTION

Since Dr. Sugeno®! brougt out the concepts of fuzzy measures and fuzzy inte-
grals, the theory has been made deeper by Ralescu and Adams®}, Wang™!, and
many others. But up to now, there is few discussions on the convergence of se-
quences of fﬁzzy measures. It is well known that there is a complete theory of weak
convergence for classical measures. The purpose of this paper is try establishing the
corresponding theory for fuzzy measures on fuzzy sets. Since a fuzzy measure is a
monotone set-function, it has no additivity , of course, the problem is valuable and
important. -

Let X be a fixed set, P(X) is the power set of X, = is a fuzzy o-algebra
formed by the fuzzy subsets s of X, and (X, = ) be a fuzzy measurable space. Let
F(X) denote the set of all .« -measurable functions from X to [0, +o0].

Definition 2.1 A set-function p:.o —[0, +oo] is said to be a fuzzy mea-
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sure if it satisfies the following conditions.

(FD: ple)=0;

(F2): A C B implies p(A)<<u(B);

(F3): An 4 A implies p(An) 4 n(A);

(F): An vy A, and there exists a n,, s.t p(An,) < +oo implies u(An) ¥ p
A).

The triplet (X, = , p) is cgged a fuzzy measure space. Let M (X) denote the
set of all fuzzy mesures on (X, = ).

Definition 2.2 Let fEF(X), A€ = , p€M(X). Then the fuzzy integral
of f on A with respect to p is defined as

Lfd“ = V[a A uCtee N 4]

where Fo={x€ X f(x)>=a}. _
Lemma 2.1 Let gy, p,€MX), A€ . If we define p; V pz5 g3 Atz as

(e A ) (A) = 1 (A) N (A
(1 V 1) (A = (A V 1, (A)
then 1-11VP-29 }11/\#26 M(X).

__ Lemma 2.2 (Transformation theorem of fuzzy integral) Let f€ F(X), A€
= , pn€M(X). Then

400
f fdp = f #(A () Trdda
A 0

400
where a is the Lebesgue measure on [0, +o0], and the right integral L u(A N

Xr.)dais also a fuzzy integral.

2. CONVERGENCE OF FUZZY MEASURES ON FUZZY SETS

In the section, the concepts of “convergence”, “uniform convergence”, “con-
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vergence in integral”, and “weak convergence” are introduced. At the same time,
their properties and relations are discussed.

Definition 2.1 Let {p.} be a sequence of fuzzy measures, i.e {p.} CMX).
We define the inferier limit and the superier limit, respectly as follow:

(limp,) (A) = li_ﬁ,u,.(A)
(Timp,) (A) = limu,(A)

where A€ = . If there exists a set-function p;« —[0, +c0], s.t. p(A)= (;l;r_g

) (A) = (limp,) (A) for each AE; » then we say that {y.} is convergent to p,

n—»o00 ~

simply written by limp,=p or p,—>p. If the convergence is uniform with A€« ,

then we say that {u.} is convergent uniformly to u, which is simply written by .
u

-,
Obviously, if pa—>p, then p is unique.
After the definition, we will naturally ask whether the set-function y, i. e the
limitation of {.} is a fuzzy measure at the case of convergence or uniform conver-
gence, then the following proposition will give the answer.

~

Proposition 2.1 Let {¢.}CM(X), p be a set-function from = to
[0’ +°°] Then

u
(1) po—p implies pE€MX)
(i) pa—>p doesn’t imply p€ M(X)
Proposition 2.2 Let {p.}CMX), peMEX). IfJ-xfdpt.*fodpholds for
all fEF(X), then p—>p. |

Proposition 2.3 Let {pt}CM(X), p€MX), fEF(X), and A€ . If ma
by ices pu (AD<p, (A)<C++- for each A€ , and pa—>p, then

Lfd#. A Lfd#

Proposition 2.4 Let {g}CMX), rEMX), feFX), and Acw . If p,
Vs e (A Z2p, (A) 2>+ for each A€« , and w,—>p, and there exists a n,
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S. t pag(X)<<+o0, then
| ramy| fan.
A A

Proposition 2.5 Let {gt}CMX), peMX), fEF(X), and A€~ . If pa
—>u, and there exists a ng, 8.t pao(X) < o0, then

.[ Afd#" ~ .[ Afd#.

Corollary 2.1 Let {p)CMX), p€MX). If there exists a ng, s. t ptag (XD

< +o0, then p.—>pu iff the equation limJ.xfd,u,. = Lfd;t holds for all f€F(X).
Definition 2.2 Let {gt}CMX), p€M(X). Then {p.} is said to be con-

vergent to p in integral if Lf du,— J.Xf dpholds for all fEF(X). It is simply writ-

1
ten by p,—p.

Definition 2.3 Let {¢t.)CMX), p€M(X). Then {p.} is said to be con-
vergent weakly to p if there exist a non-null fEF(X), s.t Lfd,u,. - Lfdy hold

o~ w
for all A€ . It is simply written by p,—>p.

From above discussions, we can easily obtain the following results, i. e the re-
lations between various kinds of convergences.
-Theorem 2.1 Let {p,}CMX), p€MX). Then

U
(1) po—>p implies pa—>p.

1
(ii) pa—>p implies pa—p.
1 w
(iii) po—>p imlies p—>p.
Theorem 2.2 Let {u}CMX), p€MX). If there exists a ngy s. t png
(X) < +oo, then

U 1
(1) po—p imlies p,—p.

1
(ii) pn—p is equavolient to p,—>p.
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3. GENERALIZED CONVERGENCE THEOREM OF FUZZY INTEGRALS ON
FUZZY SETS

In this section, our purpose is discussing the problem of the convergence of the
sequence of fuzzy integral with respect to the sequence of fuzzy measures. The
main results are the generilized Fatou’ s lemmas and convergence theorems.

Theorem 3.1 (Generalized monotone convergence theorem) Let {tn(n=21),
pCMEX), {(.(n=21), f)C FX), A€ ., ff, A, p, } i1, then

Lf,.d#. 4 Lfd#-

Theorem 3.2 (Generalized monotone convergence theorem)
Let {t(n=1), p}CMIXD), {f.(n=21), f}CFX), A€« , and there ex-
ists a ng, s.t pao(X) < 400, If pa ¥ p» fa ¥ f, then

[ £dm [ fau

Theorem 3.3 (Generalized Fatou’ s lemmas)

Let {p} M), {£}CFX), and { A n}CME, {V m}CMO,
A€

() If limp, €eM(X), then

[ imfadimp) < tim| f.dn

(i) I limp EF(X), and there exists a ng, s. t po(X) < 400, then

lim| fudu < | (imf,) d (limp,)
o) A A w00 n—-co

Theorem 3.4 (Generilized Lebesgue convergence theorem)

Let {s(n=>1), @} CMX), {f@>1), )CFX0, and { A ), {V m)C
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M(X). Further, assume there exists a ng, s. t oo (X)<+oo, If f,—f, p.—>pu,
then

[ £au—~| fan.
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