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ABSTRACT

In this paper,the equinumeraus relation and the powers of fuzzy sets are defined,

and some propositions about them are discussed. Then the countable fuzzy cardi-
nals(ordinals) is defined on the natural number set N. The method to find the

fuzzy cardinals of a fuzzy set defined on a countable universe of discourse X and

the properties of this kind of cardinals are offered at last. All of these definitions

coincide the relative definitions in classical set theory respectively.

Keywourds;  power of fuzzy set, countable fuzzy cardinals, countable fuzzy cardi-
nals of fuzzy set.

Power and cardinals are the essential concepts in classical set theory D. Duboist'loffered
the definition of scalar cardinals of a fuzzy set on finite universe of discourse. L. A. Zadeh de-
fined the fuzzy cardinals by a fuzzy number (see [1]),H. X. Li and other authors(z-3] gave
two kinds of fuzzy cardinals by using the equinumerous relations of A-cuts and strong .-cuts
separately. In this paper, new definitions of power and cardinals of fuzzy set are given. They
are compared with the former definitions.

Definition 1( Suppose 4 &€ 5 ()L) A(z)=)\. The fuzzy point z“ on X is called the fuzzy
shell point of 4, denoted 2 € A. Ar={z|2 € 4} ={z|A(z)=)1,2€ X} € SZ(X) is called the

>-shell point set.

Obviously . A= (7" |z € X} ,Kerd=4, s A =Supp4d = Uxe(o 1147

Definition 2 Let 4,5 be fuzzy sets. 4 and 8 are called equxmrmerous fuzzy sets if ¥ X
€ (0, 1], there exists a bijection f7: Ai— U5, denoted A=D5. B is prior to A if ¥ € (0,1]
there exists a injection f7.Ar— Ur,denoted A<B The equivalent class of fuzzy sets family,di-
vided by the equ1valent relation = ,is called the power of fuzzy set A if A belongs to this equi-
valent class. We denoted: the power of 4 by A.

Theorem 1 (The Cantor-Bernstein Theorem for Fuzzy Sets) 4 and B are fuzzy sets.
A=TDiff 4<B and B<A.

Proof  Use the Cantor-Bernstain Theorem for Av and U5 (omited).

By Theorem 1, relation << is anti- -symmetric. Obvxously < is transitive and reflexive,
then << is partial ordering.

Theorem 2 4 and B are fuzzy sets. A= 0 iff there exists a bijection g¢; A,,--Bo , and g is
satisfied (Y z€ 40) (B(g(z))=A(2)).

Proof  Let 9= {J,e.17/7 and J7=g| .. to prove (omited).

Lemma 1 4 and B are fuzzy sets,Then Zg'ﬁ iff there exists an injection g;A?——B? ’
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and ¢ is satisfied (VY zGAe)(B(g(z))=A(z)).
Lemma 2 4 ,B€ % (X),and Ag=DBs. Then A= iff there exists a transformation g
of X which is satisfied (V¥ z€ X) (B(g(z)) =4(z)). ,
Lemma 3 A4 €5 (X),g is a transformation of Ao, and g (A)EF (X):
(g7 (z)), T€ Ag;
(g<A>)<z>=1I ’

otherwise,
then A=g(4). ,

Lemma 4  Let 4 and 8 be fuzzy sets, 4, and B, be finite,then A==135 implies | 4o | =
[Bo|=n and =_,4(z:;)=%3=1B(y,). The converse.is not true.

Remark 1  In Reference [1] the power, or cardinals, of a fuzzy set A is defined as
A =04, According to Lemma 4, it shows that the condition of this definition is wea-
ker than that of Definition 2. But it is difficult to extend the former into the case of fuzzy set
on infinite support set and to keep the extention coinciding with the classical definitions.

Theorem 3 Let A, be fuzzy sets, If A=] then

(1) V ~€ (0,17, there exists a bijection S Ay=—=D,;

(2) ¥ 1€ (0,1],there exists a bijection f, ; A,—B,.
The converse is not true.

Proof To Prove using A, = {Jizudiand A, = J > 4; respectively (omited). The fol-

lowing example shows that the converse is not true. Let X=[0,2],A=X,BE 5 (X),B(z)
=1 when z€ [0,1] and 8(z)=0.5 when z€ (1,2]. 4,8 are satisfied (1) and (2),but
A%D. _

Remark 2 The above example shows that the condition of Definition 2 is more stritic
than those in Reference [2] and [3] ,but the former could not result the equinumerous of a
classical set and a proper fuzzy set.

Theorem 4  Let 4, B be fuzzy sets, then A=103 impties RanA=Ran8,The converse is
not true. Where RanA= (1| A(z) =),z€ X} €22 ([0,1]).

Lemma 5  Let 4, be fuzzy sets. If (1)Rands%Ranl,or (2) Hgtd=HgtB,0r(3)
DphA45£Dphl then A% 53, Where HgtA=Sup.¢ x4(z) and DphA=Inf.¢ xA(z)

Lemima 6  Let AEJ (X).,B€ 5 (Y) and RanA=RanbB.

(1) If A(z) and B(z) are strict monotone membershxp functions then A=205.

(2) If A and B are strict convex fuzzy sets, the branches of their membershlp functions
are continuous and strict monotone then 4= [.

(3) If the branches of the membership functions of A and 3 are continuous,stritic mono--
tone and the ranges of corresponding branches are the same respectively,then A=10.

Definition 3 ={0,1.2,}. AE S (V) is called a countable fuzzy cardinals if the
membership funcuon A(u) is decreasing over N. Fuzzy cardinals 4 is called finite if SuppAd is
finite.

Suppose the universe of discourse X is countable or finite, A€ 5 (X),the fuzzy shell
points of A= {z* fz€ X} are countable or finite,then we could ordering them according to the
value of » as following .

Ih Tt e 2h, eee,
Where 12>/, 4, 2+ 24 >--->>0. Obviously,z, € 4o. The mapping
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fA;A‘?—'N ’fA(IO)=O’fA(I|)=] 2" 'fa(-l'f)'=i"“
satisfies one of the two propertiés 'as following .
(1) If Ag={zq 214"~ »Tm—1 } sthen f, is a bijection from A9 to f(A?)= {0,1,2,%,m— _
1}=M. '
(2) 1If Ao is (infinite) countable,then fais a bijection from A9 to f(A9)=N.
The mapi)ing fais rcal'ly the mapping to permute the points of A9 onto ¥ according to the

value of X from big to small. We call f, the decreasing permutal mapping from A4 to N(DP
mapping). We also denote the mapping f, by f in short.
Definition 4  Let X be a countable or finite universe of discourse. ACEF (X).fisa
DP mapping from A4 to N.Card4 € 5 (N) is called the-fuzzy cardinals of 4,Y nE VN,
AT (), n€ [(Ae);
(CardA).(u)={ o

’ -otherwise. :
According to the rule of DP mapping f and Definition 1,CardA4 is a fuzzy cardinals. By
using Theorem 2,it is easy to prove that A=CardA. At last,Card4 is the unique fuzzy cardi-
nals determined by A. Thus_ Definition 4 is reasonable.
Property 1 (1) If A€ $2(X) then Cardd is a classical cardinals (ordinals).
(2) ¥ 2€ (0,1], (Card4), =4, , i. €., the natural number (ordinals) presented by
(CardA), is just the number of elements in 4;.
(3) A=DB iff CardA=CardD.
(1) A.B€ 3 (X),AZ B implies CardAC Card 3.
The proof is omited. .
Remark 3 The following definition offered by L. A. Zadeh (introduced in Reference
lA};=Xa/| A.| ={(n.a) ,uEN,a=Sup{>, |4 |=u'.
Where Supp4 is finite,CardA»and Al; are ‘both the fuzzy sets on V. But Definition 4 keeps
up and extends an essential demand in classical set theory, i.e., the cardinals of a set is the or-
dinals (set) which is equinumerous to the set. There exists the difference between the two
kinds of cardinals in formal. For example,A=1/z,40. 7/2,+0. 7/z;1, then
Cardd=1/040.7/14+0.7/2,
(CardA) g7=1{0,1,2}=3=1, 7.
Other problems such as the fuzzy cadinals calculus will be discussed in another paper.
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