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Abstract ; The concept of anti fuzzy subgroup was initiated by R. Biswas [1]. In this paper , first
we obtain some qualities of the anti fuzzy subgroups, then we introduce the anti extension
theorem and by it we prove that the homomorphic image and the homomorphic preimage of the
anti fuzzy subgroup are anti fuzzy subgroups.

Keywords . group; fuzzy subgroup ;anti extension theorem ;anti characteristic function.

1. Introduction

Since Rosenfeld gave the concept of fuzzy group in his pioneering paper (2], a lot of results on
fuzzy groups appeared . In [1] R. Biswas opened a new road for himself by giving the concept of
the anti fuzzy subgroup. In this paper we try to transfer some resuits of fuzzy subgroups on the
anti fuzzy subgroup. Then in case of the extension theorem playing an important role in the fuzzy
group theory, we define the anti extension theorem and prove by this theorem the homomorphic

image and the homomorphic preimage of an anti fuzzy sbugroup are still anti fuzzy groups.
2. Preliminaries

Definition 2. 1 [1] Let G be a gruop. A fuzzy subset A of G is called an anti fuzzy subgroup of
G if for x,y in G. (DA Gxy)<<max(A(x),A(y)); (A H<AK).

Proposition 2. 2 [1] If A is an anti fuzzy subgroup of a group G, then for any x in G,
HAE)<AR) ; (DA™ =AX).

Proposition 2. 3 [1] A is an anti fuzzy subgroup of a guoup G iff for any x,y in G, A xy™h
<max (A(x)),A(y)) holds.

Definition 2. 4 [1] Let A be a fuzzy set of G. For tin [0,1], the lower level subset of A is the
set

AW)={xin G, A()<t}.
Propsition 2. 5 [1] Let A be an anti fuzzy subgroup of a group G. Then for t in [0,1] suth that
t=A(e), A(t) is a subgroup of G.

3. Some qualities of the anti fuzzy subgroups

Definition 3. 1 Let T be a subset of X. We define a function f{T] on X; f{T](x) =0, x is in
T; f{T] (x)=1,x is not in T. Then we call it the anti characteristic funtion of T.
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Proposition 3. 2 £[T] is an anti fuzzy subgroup iff T is a subgroup of G.

Proposition 3. 3 Let A, be anti fuzzy subgroups of G, tE1, then {JA,,t€&1, is an anti fuzzy
subgroup of G.

Proof. (!%JIAJ (xy“‘)=t\e/lA. xy~! )<:¥1( V(AX),A@)))=V( \{EXI\t (), \‘/é%: (¥)) =max

{(UA), (UAO ()}
Hence L'Je/l\. is an anti fuzzy subgroup.
Proposition 3. 4 A is an anti fuzzy subgroup of G iff A(x)>A(y) following A{(xy)=A(x).
Proof. Let A be an anti fuzzy subgroup. Since A(x)>A(y) it is clear AGxy) << Ax). If A
(xy)<A(x), then AG) =AGyy™D<max{A(x y),A(y ™)} =max{A(xy),A()},
but A(x)>A(y), AX)>A(xy), so there is a construction. Hence A(xy)=A(x).
If A(x)>A(y) following A(xy)=A(x), we come to prove that A is an anti fuzzy
subgroup.
For any x,y in G,if A(x)>A(y) or AG)<A(y),then
Alxy)<<max{A(x),A(y)} holds.
Suppose A(x)=A(y). If Alxy)>A)=A(y), then
A =AGyy  D)=AGY).
But it is impossible. Hence A (xy)<CA(x) =A(y)=max{A(x),A(y)}.
1t is easy to prove A(x~)<CA(x).
Hence A is an anti fuzzy subgroup. )
Proposition 3. 5 Let A be an anti fuzzy subgroup. If A (xy~')=A(e), then A(x)=A(y).
Proof. Since A(xy™')=A(e), then max{A(xy™"),A(y)}=A(y).
A =AGy™'y)<max{Alxy™) AW }=A().
Similarly we can get A(y)<CA(x). Hence A(x)=A(y) holds.
It is clear the lower level subgroup A(A(e)) is a subgroup of G.
Proposition 3. 6 If A is an anti fuzzy subgroup ,then A is constant on every coset xG(A) (G(A)
=A(A(e))).
Proof. For any y in xG(A) ,there exists a y in G(A) such that y=xy’,y’ =x"'y. So
ATlY)=A ) =AC(e).
Hence A(x)=A(y).
Definition 3. 7 Let A be a fuzzy subset of X. If for any T a subset of X,there has a t' in T such
that A(t') =H:_1£A(t) » We call A has the inf property.
Gorollary 3. 8 If G(A) has the finite index ,then A has the inf property.
Proposition 3. 9 Let f be the homomorphism from G onto G’ . If A is an anti fuzzy subgroup of
G, then f(A) is an anti fuzzy sutbgroup of G'.
Proof. For any y/,y” in G, if f(x) =y'y ,then it is clear that x=x'x".
fx )=y, £(x")=y". So
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£(A) vy =suPA(x) =supA (X' x")<supmax{A(x') A (")}
t(X) =y y* 1(x )=y £(x' Ymmy’ t(x") my®

2(X7) my?
=max{SupA (x'), supA (x") } =max {£(A) (¥'),£(A) (y") }

=y 1Dy
£CA) (y~H<E(A) (W)is clear
Hence £(A)is an anti fuzzy subgroup of G’
Propossition 3. 10 Let f be as above . If B is an anti fuzzy subgroup of G’ ,then £~!(B)is an anti
fuzzy subgroup of G. ’
the proof is clear.

4. The anti extension theorem of fuzzy sets

Definiton 4. 1 Let £ be a mapping from U to V. Then we define a—f a mapping from F(U) to F
(V) such that,

(1) a—f(A) (Y)=m£$£§)_,A€F(U),Y€V;
(i) a—f7'(B) (x) =B(f(x)),BEF(V),xEU.
We call the above definition the anti extension extension theorem.
Proposittion 4. 2 'I‘hé following statements hold .
(1) A is empty follows a—f(A)is empty ,AEF(U);
(2) B CA follows a—f (B)Ca—f (A) ,A,B €EF(U);
3 a—f(UADCUa—f(A)),Aiin F(U) ,iinI;
(4) a—f(NAd=Na—£(A),Ain F(U),iin I;
(5) a—f (A)=V iff A=U,A in F(U);
(6) a—f (a—f~'(a—f(B))CB,B in F(U);
(7) a—f"'(@a—£(A))CA,A in F(U).
Proposition 4. 3 Let T be the subset of U ,X the subset of V,Then
a—t(f[T] =f{a—£(T) ],a—f~ (¢[X]) =t[a—£~! (X) Jhold.
Proposition 4. 4 Let f;G~+G' be a homomorphism and A an anti fuzzy sugbroup of G. If A has
the inf property, then a—f(A) is the anti fuzzy subgroup of G'.
Proof, For any v ,y” in G’ ,we have
max {a—£(A) (v’ ),a—f(A) "} =max{“ig§§y €9) ,!i&f_z_ﬁ;.(x) } =max{A(x),A(x")} =

Al x”)>f(i££1;xy ) =a—£(A)(¥'y")

It is clear that a—f(A) (y~')=a—f(A)(y). Hence a—f(A) is an anti fuzzy subgroup of G.
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