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ABSTRACT

In this paper, we propose an extended form of the
extension principle for fuzzy sets and discuss its properties. |
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1. INTRODUCTION |

The extension principle, first proposed by L.A.Zadeh ,is an
important principle for fuzzy set theoryA and is particularly useful in appli-
cations which call for an extension of the domain of a function. It provides
a natural way for extending the domain of a mapping on a set U to the
collection of all fuzzy subsets of U. In this paper, we propose an extended
form of the extension principle, E— extension principle, and discuss its
properties.

We recall some basic concepts and notations of fuzzy set theory
which will be used in the sequel.

The collection of all the fuzzy subsets of a set X is denoted by F(X).
For a €[0,1], the « —level set A‘,l and strong a— level set A, of A€ F(X)
are defined by | a |

A= {xEX;AX)>a }
and »
A,= {x€EX; AX) >0}
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The resolution of identity[1] for fuzzy sets shows that
A= ad,= | ad, (LD

ae (0,1) ae (0,13

If f: X — Y is a mapping, A € F(X), then the fuzzy‘set f(A) on
Y is defined, via the extension principle, by

foreveryyin Y; f(A)y)= V A(x) ~ (1.2)
xef~'0)

- for BE€ F(Y), {'(B) is defined by
f_l(B)eF(X), and for every x in X, f_l(B)(x)=B(/(x)) - (1.3)

2. E-EXTENSION PRINCIPLE

Definition 2.1 If R€ F(X x Y) is a fuzzy relation on X and Y, A€
F(X), then the fuzzy subset R(A) on Y is defined, via the
E—extension principle, by

foreveryyin Y, R(A)(y) = V (R(x, y )\ A(x)) 2.1

xeX

for B€ F(Y), R7}(B) is defined by
R™(B) € F(X), and for every x in X, R'B)x)= V (R(x,»))AB(Y)) (2.2)

yo¥Y

If X — Y is a mapping, the relation R; on X X Y is called the rela-
tion defined by f, where '

1, y=Afx)
R )= {0, y # fix)

The following theorem shows that the E— extension principle is
anextended form of the extension principle. | |

Theorem 2.2 If f:X—Y is a mapping, A € F(X), B€ F(Y), then

R ()= fl4) 23)
R;'B)=1'(B) (2.4)
Proof: ForeveryyinY, |
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R{A)y)= \/X(Rt(x,y)/\A(X))

=( V REDAA)IV( V  RE)AAX))

xef'0) : xeX-1"'0)

= V AQ=fA)Y)

xef~')
Forevery x in X,

R, (BYx) = V (RN B(y)) = R{x,f)) A B(X))

yeY

= B(f(x))="'(B)(x).
~ This complete the proof.

Theorem 2.3 IfR € F(X x Y), A;€ F(X) (€ 1), B;€ F(Y) € J), then
() R(@®)=®,R7'(@)=0.

(ii) R(U A)=UR(A)

iel

(iii) R~ ‘(U B)=UR7'(B)
(iv) R(ﬂ A)c ﬂ R(A)
™ R\ B)s NR'(B).

ieJ ieJ

Proof:
_ (i) Trivial.
(ii) For every yin Y, R(U A)(y) = \/ (R(x,y)/\ U A(x)

lel

V(R(x,)')/\( VAX)= V V(R(x,y)/\A(X))

iel xeX el

= V VRE)NAX)= \/R(A DY) = UR(A.)(y)

iel xeX isl

(iii) Similar to the proof of (ii).
(iv) IfA,A, € F(X), A, € A,, by (ii),
R(A)= R(AIUAZ) =R(A 1)U R(Az)
thatis R(A,) € R(A,). So R({JA)c R(A) (i€I) and hence
R(N 4)c (VRA).

il iel
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(v) Similar to the proof of (iv).

Theorem 2.4 If R € F(X X Y), A € F(X), then
R(A)= U «RA) 2.5)

«¢ (0,1)

R(A)= |J «R(4)) | (2.6)

ae (0,1

Proof. Foreveryyin Y, |J aR(A)(Y)= V aR(AD(®Y)

e (0,1] se (0,10

=V @AV REY) AR

s« (0,1 xeX

= V V (d/\ R(st)/\Aa(x))

«s (0,1) xeX

2V V GARGDAALM)

xsX «& (0,1)

By the resolution of identity, '
V (@ARKIAA,X)=REDA( V (a/\A (x))= R(x,Y)/\A(X),

¢ (0,1 «e (0,1

Sowehave |J aR(A)(Y)= \/(R(x,y)/\A(X)) R(AXY).

«¢ (0,1) xsX
Eq.(2.6) can be proved similarly.
Remark. For a crisp subset A, R(A) is not necessarily crisp.

Theorem 2.5 If R € F(X X Y), A €F(X), « €(0,1), then
R(A),=R(A),SR(4,), € R(4),. 2.7
Proof: Forevery yin Y, if y € R(A,),, then -

RAD®=V RxNN4 ()= V R(x,y)<a

xeaX x64d

So, V RENAAX) V Rx,y)<a,

x6d ch

V RENAAED € V REHDAD<q,

xtA ch
and hence,

R(AXY) =V RENAAX))

xeX

=(V RENANAQNV (Y RENNAG)N<«,

xed xGA

So,y € R(A),. Thatis R(A)y=R(A,),
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ForeveryyinY,if y€ R(A)),, then

RA)Y) =V RENAA) =V R(x.y)>a

xeX ch
and hence,

R(AXY) =V RENAAX)> V (R(x,Y)/\A(X))> V (Rxy)Aa)

xeX ch

=aA(V Rx,y))=a,

x64

that is y € R(A), and hence R(A), S R(A),,this complete the proof.

Theorem 2.6 If R € F(X x Y), A € F(X), « € (0,1), then
R(A),S R(A),SR(A). S R(A),. 2.8)
The proof'is s1m11ar to that of Theorem 2.5.

Corollary 2.7 For R € F(X xY), A € F(X), aE 0,1),

R(A), € R(A),E R(A),S R(A),SR(4).. | (2.9)
R(A),E R(A),E R(AD,S R(A),SRM),. (2.10)

Theorem 2.8 For R€E F(Xx Y), A€ FX), «€ (0,1), if for every y in
Y, V (Rxy)AA(x))is attained, then R(A,),=_ R(A),

xeX ~ A

Proof By Eq.(2.7), it is sufficient to proof that R(A), € R(A),.
Ify € R(A),, then
R(AYY)=V (R(x ,y)/\A )=V Rxy)<a

xeX xﬁA
and hence

V (R(x,DAAX)) <«

xGA

Since V (R(x,y)AA(x)) is attained, there exist x, € X—A such that

xeX—A,

V. RENAA®)=RE,)AAX)

xsX—A.

So, V RENAA)IA(xy) <«

xel’-—.{.

and hence
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RAY) = V RENAAG)=(V RENAAONV( V  (REK,Y)

xeX xeA . x6X -4 .
NA(X)) < a,
| that is y gR(A)a.This complete the proof.
Similar to the Extension principle, we can know the other
properties about R and R
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