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Abstract

In this paper, we outline an approach to the fuzzy undominated solutions of group
decision making under fuzzy preferences and fuzzy majority. We also investigate the fuz-
zy degree of consensus of group decision making. The use of fuzzy linguistic variables
and the fuzzy—logic—based operations would help make group decision making models
more consistent with human perception.

Keywords: group decision making, fuzzy linguistic variable, fuzzy logic, fuzzy ma-
jority, fuzzy preference.

1. Introduction

One of the most crucial human activityes is decision making. Among decision
making, group decision making is an important class. Since the process of decision
making, notably of group decision making, is centered on human beings with their
inherent subjectivity, imprecision and vagueness in the expression of opinions, the
fuzzy set theory have been used as a very natural and asful tool in this field. In this
paper we try to outline an approach to the fuzzification of group decision making
and consensus models.

The paper is organized as follows. In section 2, the nations of fuzzy preferences
and fuzzy majority and other relevant concepts are introduced. A brief review of the
fuzzy logical operations of fuzzzy linguistic variables is presented in section 3. In sec-
tion 4, an approach to the sndominated solutions of group decision making under
fuzzy majority is outlined. Last, the section 5 is devoted to the derivation of the una-
nimity of group decision making under fuzzy preferences and fuzzy majority.

2. Fuzzy Preferences and Fuzzy Majority

Let X = {x‘, b SR xl} is a finite non—empty set of n alternatives to be as-

sessed by a group of m individuals E = {e,, e, e_}. Each individual e, e EprO-

vides his or her preferences over the set of alternatives X. Due to the individual's in.
herent subjectivity, imprecision and vagueness in the articalation of opinions, the fuz.
zy preference relations is strongly advocated.
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For individual ekeE , his or her fuzzy preference R , over the set of alternatives X is a

fuzzy set on the direct product X x X with the membership function p, X X xX—-[0,1],ie.a
[ 3

binary fuzzy relation on X. The fuzzy preference R , may be represented by a matrix R

=[ r Jand Ris commonly assumed complementary, i.e. 7, Bir, ® - 1for 1<k<m and 1
<i, j<n with i#iand all diagonal elements r,, ® _ gfor 1<k<m and 1<i<n.

Very often, one may admit that the various individuals who give the opinions are not
equally important. Here we apply a fuzzy linguistic variable of Timportant” to the evalution of
individuals’ weights. The fuzzy linguistic variable of “important”, W, is defined as a fuzzy set
on the set of individuals E={e , ¢,, .. e}, written as

W=wl/e‘+w2/e2+ T wm/e' @2.1)

Where w, =4, (e&)»E [0, 1] is the degree of importance of e, from 1 for definitely impor-
tant to 0 for definitely unimportant through all intermediate values.

Now, we consider the majority. Conventionally, the strict majority rule with 100a%
agreement (0.5<a<1, e.g., gt least half”, “more then 70%”, etc., is employed in group deci-
sion making. But often the required majority is imprecisely specified and it is just a soft major-
ity or fuzzy majority given by & fuzzy linguistic variable, e.g., "most”, "almost all”, etc. The
fazzy majorty, M, can be assumed to be a fuzzy set defined on [0, 1). For instance, M
="most’ may be given as

1: ij ZQXSI
3
B, &Y=1{3x-1, if ;—<x<§ 2.2)
, 1
g, if 0<x<-3-

which may be interpreted as follows: if at least two thirds of the individuals approve a alterna-
tive, then most of them certainly approve it (approve to degree 1), when less than one third of
the individuals approve it, then most of them certainly do not approve it (approve to degree
0), and between one third and two thirds, the more of individual approve it, the higher the de-
gree of approval by most of them.

3. Fuszy—Logic—Based Operation of Fuzzy Linguistic variables

In group decision making, some propositions quantified by fuzzy linguisitic vari-
ables, such as, “most individuals approve the alternative x” and "almost all important
individuals approve the alternative x”, are used often. Generally, a proposition
quantified by fuzzy linguistic variables may be written as

M —e's are P ar M— W —¢'s are M 3.1)
where M is a fuzzy majority, W is a fuzzy linguistic variable of Yimportant”, P isa
property which may possesses some vagueness and therefore it can be defined as a
fuzzy set on the set of individuals. For instance, P = "approve alternative x¥ may be
exemplified by
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P=p /e +p, /e, +..+p /e (3.2)

Which means that individual e, approve alternative x to degree p, (k=1,2,..m).
For our purposes, the p,can be view as the truth of the propostion of ” e, is P’

.Then, according to Zadeh's approach {10],

The truth oj "M —e's are P'= uy(y) 3.3)
Where
l -
— P, (3.4)
m k=t -
is the extent to which all the individuals possesses the property P. Also we have
The truth of "M — W — e's are P" = uy@) 3.5)
Where
L Au,le)
y=" (3.6)
Yugle)
k=l

is the extent to which all the important-individuals possesses the property P

4. Group Decision Making under Fuzzy preferences and Fuzzy Malerity

LetR =1[r, ®1pe the fuzzy preference of individual e, € Eover the set of alter-
natives X = {x , x_, .. x }. For a stroct majority my@m / 2< m,< m) the set of
undominated solutions U is defined as

U={x)eX: there is no x X such that r-no"

> 0.5 holds jor at least m k's}
ie. a set of alternatives not defeated in pairwisw comparisonns by the required strict
ma jority m,.
Suppose now that the required ma)onty is a i'nzzy majority M like “most” de-

fined by (2.4). Let
1
; w1
p“a:)={l, ij r, >2 @1

g, otherwise

for 1<i, j<n and 1<k<m. Obviously, p, ¥ reflects if alternative x; defeats x; or

not according to ek s opinion. Thus

p,* Z " (4.2)

n - l
=Lt
is the extent towhich individual e ,approve alternative x,. Then the property of "ap-

prove alternative x;” is the fuzzy set on the set of individuals E defined as
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5 _ o @ o) m)
P=pB7e +p%/e,+ .. +p, /e 4.3)
Notice that
. 1 »
p "—Zp G . 4.4)
om 2

is just the extent to which all the individuals approve x,, and

The truth oj "M — individuals approve x .’ aym=py(P‘) 4.5)

is to what extent the M —individuals approve x,. Thus the fuzzy M —-undominated so-
lution of the group decision making is now defined as a fuzzy set on the set of alterna-
tives X. '

- ® )] )
§,=a, /Fx +a, /X, + o ay /x (4.6)

Analogously, by introducing a threshold z on the degree of approvalin (4.1), we
can define the fuzzy M —a—undominated solution of the group decision making. First,

we denote

1
: o) 2
p,,“’<a)={l’ Vo2 @.n

g, otherwise

and then, following the line of reasoning {4.2)-{4.6), we get

1 @ ()
S, @=a,%@/x +a, @/ x,+ . +a,"@/x 4.8)

ie., a fuzzy set of alternatives that are sufficiently approved (at least to degree a) by

-~

M—individuals.

5, Fuzzy Unanimity under Fuzzy Preferences émd Fuzzy Majority

In this section we will employ the fuzzy linguistic variables to define a fuzzy una-
nimity. This unanimity is meant to overcome some rigidity of the conventional con-
cept of consensus in which full consensus occurs only when 7all the individuals agree
on all the issues”’ may often not consistent with real human perception of the very es-
sence of consensus. '

We start with the degree of strict agreement between individuals eland e con-

cerning their preferences between alternatives x and x (%)

{1, if r“")=r

g, otherwise

@

d, (e e )= L (5.1)

for 1<<s, t<m and 1<i, j<<n. The degree of agreement between individuals e, and e,

concerning their preferences between all the pairs of alternatives is

LYd e, e)
de ., e)= imliml 3 (5.2)
"
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The degree of agreement between e, and e, concerning their preferences between

M, —pairs of alternatives is
" ,, e,)=u,|(d(e,, e)) (5.3)
For the non—~homogeneous group of individuals, the importance of individuals is a fuzzy
set Won E given by (2.1). Then the importance of pairs of individuals, é ,» can be viewed as a

fazzy set on the direct product Ex E, and it may be defined in various ways among which

g,=X% Z%(u,,(e,)+ p,€ )N/ €, ) G.4)

fmlrml

is certainly the most straightforward.
In turn, the degree of agreement of all the pairs of important individuals concerning their
preference between M . —pairs of alternatives is

T Er, e e A0, )+, )
rui(ﬁ)-"“'l = (5.5)
LYk C)+u )

fmltml

Finally, the degree of agreement of M , —pairs of important individuals concerning their

preferences between M . —pairs of alternatives, called the M l,ﬁ 2,If’)—fuzzy unanimity, is
UG M W) =p, @ OF) 5.6)

Analogously, by intfoducing a threshold @ (1 / 2<a<{ 1) on the degree of strict agree-
ment (5.1), we can define the a—degree of agreement of individuals e, and e, concerning
their preferences between alternatives x; dnd x; by
1, if lr“(s)-r“(t)lsl-—a

0, atherwise

d @, e)={ 6.7)

Then,following the reasoning (5.2)—(5.6), we obtain the a—degree of agreement of M 2
—pairs individuals concerning their preferences between M . —pairs of alternatives, called the «

4.4 l,ll? 2,i"f’)—fuzzy unanimity, given by

UG M) =y €, O, @) 5.8)
Y_Jhere
Y Zr,,x a)e,, e,)/\%(}l’(e,)+pw(e’))
oy O, ==t 65)
LY b, le)+u, )

1mltm]

rul(a)(e,, e,)=u,,l d@e,, e, (5.10)

de)e,. e)=3 Y d @ . e) 6.11)

im]  jml
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6. Conclusions

In this paper we have tried to outline an approach to the fuzzification of group
decision making and consensus models. The fuzzy—-logic~based operations of fuzzy
linguistic variables have provided a usful tool. The fuzzy undominated solutions and
fuzzy unanimity of the group decision making have been devised.

As the restriction of the length extent, we omit the number examples for the ap.
proaches outlined in this paper.
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