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Abstract: In this paper, we show that the fuzzy number valued function on
n-dimensional fuzzy number space Fcc(Rn)’ induced by a uniformly continuous
real number valued function on n—dimensional Euclidean space R" through Zadeh's
extension priciple, is continuous with respect to Haudorff metrics on Fcc(Rn)

1
and FCC(R ).
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The thecry and applications to mathematics and real-problems of fuzzy
numbers have been studied by many researchers. Some of these studies can be
found in the papers listed in the References of this paper.

In this paper, we consider the problems concerned with the continuity of
fuzzy number valued function on n~dimensional fuzzy number space. We shouw
that the fuzzy number valued function F on n—-dimensional fuzzy number space
FCC(Rn), induced by a uniformly continuous real number valued function f on
R" through Zadeh’s extension principle, is ccntinuous with respect to
Hausdorff metrics on FCC(Rn) and FCC(R1).

Throughout this paper, R" is the n-dimensional Euclidean space, the

continuity of the function from R" to R1

is in the sense of Euclidean metrics
on R" and R': dE[RnJ and dE[R1].
Definition 1. An n=dimensional fuzzy number (1=dimensional fuzzy number is

simply called fuzzy number) is a fuzzy set on R" with the membership function



pA(x) which satisfies
(1) A, = {x € pp(x) = 1] # &5
(2) A= {xeRn; pA(x) éol} (& € (0, 13) is a convex, compact subset of R"
(i.2., A¢ is a convex, bounded closed subset of Rn) with respect to
Euclidean metric d [R"].
We denote Fcc(Rn) = {A; A is an nedimensional Puzzy number}.
Definition 2. VY A, B€ FCC(RV) the Hausdorff metric'dHErcc(R”)] of A, B
is defined via

6, F (AMI(a, 8) = Vo, R"(4,, 8y)

oe (0,11

= V  nax {max d [R"1(x, By ), max d [R J(A , y)},
oke(0,1] xéA* y€B,

where dHCRn] is the Hausdorff metric on the class of all compact subsets
on R,

If n =1, we have

) 1
a.lr__(RN)3(a4, 8) = 3 (\0/1][““- 8 (v (g - 8all

* &
where A, B are determined via

Ax = [A:' A:]

and
-+
By = [Bx» Bule
In this paper, we obtain
Theorem 1. If f: RN —> R1 is a uniformly continuous function, then the

function F: Fcc(Rn)-—¥ FCC(R1), induced by f through Zadeh’s extension
principle, is continuous with respect to Hausdorff metrics on FCC(Rn) and
1
Fo(R).
PROOF,  First, we show that \/A€ F__(R"), F(A)¢ FCC(R1)-
Indeed, from Nguyen [[7], we know that Velée (0, 11,
[F(A o = F(AY)
and then

(FCR, = f(a) # 4.



Since A4 is compact, then so is (F(A)]d = F(A,).
| ASTIL clrm)l, = f(Aol)’ P, < fy there exist x,, x, ¢ A, such that
f(xi) = f
i=1, 2,

As f is continuous on the connected subset K = {xeﬂn; X = tx,‘ + (1—t)x2,
0%t £ 1}, and, the convexity of K implies that K A&’ theréf’ofe, vfe
[-f"i, f,]» thers exists X €KC A, such that

R =*
which shouws [F(A)Io( = f(A) is convex.

Second, we prove that F is continuous with respect to Hausdorff metrics on

n 1
FCC(R ) and FCC(R ).

/€ >0, since f is uniformly continuous, then there exists §=8)>0
such that VY x, yé R", dE[Rn](x, y) £ Y implies

1
de[RI(F(x), f(y)) = |f(x) = F(y) | £ €.

As VAC-F“(R“), [F(A)]d= F(Ad) is convex and compact, then it is a

bounded closed interval on R1, and it can be written by

[F(A)]el= P(A) = [min F(x), max f(x) 1.
2 X€Ay X€Ay

For € »0 given above and A, BEFCC(Rn), if
dH[Fcc(Rn)](A, B) £ § , we can verify that
d,[F.(RNI(F(a), F(B)) £ E.

Indeed, from thes fact that

a(FoRDT (R, Fe)) =V o R, (Fe)]a)
oLé(0,1]

=V R, 78,

oLe(0,1]
we know that it is sufficient to show that Vele (0, 1],

1
ayRICr(R), 7(B)) £ €,
i. ec,

dH[R1]([min F(x,l), max f“(y1)], [ min f’(xz), max F(yz)]) <E,
x1€A°L y16Ad x2,_€B°L yz"B.L



or equivalently,

l min ?(x ) = min f(x )[ £¢
xeA xzeB

and

l max f(yq) - max F(yz)l €€
Y,€A, y£ 8y

We only give the proof of (i), The rest is similar.

Denote Cy = A,UBy. Then Cq is a bounded closed shtrset of R™.

(1) If the minimum of f on G, reaches at RGAQ( and 968'1, we have

min f’(x1) = min f(x ) = min P(x)
1€'A %68, x€C,
and hence
l min f(x. ) = min f(x )\é 3
x,EA 1 X,€B
1 d Xy

(11) If the minimum of £ on C, reaches at X €A = B, and Vxe€B,

‘(i)

(i1)

’ P(X) >

f(X) = min P(x), we can select yeB such that f(y) = min f(x ), and then

x€C, xzéB*

P(X) = min f’(x )< min f’(xz) = P(y)

x16 A xzeB

Sincs
d [R"J(A,, 8,) £ a, [F_(R))1(A, B) & )
we have, for x €A, = B,,
ae[R"I(%, 8) £ &,
which yields that there exists Z €8, such that
Nyj= = Ny, =
dE[R ](x9 z) = vdeca ](xs B‘() <§ ’
and thsrefore,
£p(2) - r(x) € £
(iii) and (iv) imply that

0 < min t’(x ) = min f(x )& £(y) - P(X) £ £(Z) - £(X) €€,
xzea& x1€A

and hence,

(iidi)

(iv)



min f’(x,]) - mig_wf(xz)' €&,
x1_eA‘L xzc-a“L :
(III)  If the minimum of  on C, reaches at ";Eeia.t - A and \/x €A, f(x) >

P(x), we can similarly show that
l min £(x,) = min f(x)l £¢ .
A ' x,68 2
*1€Ax 2¢5%

The conclusions obtained in (I), (II) and (III) ensure that (i) holds, and
the proof is complete.

Lastly, we point out that, in Theorem 1, if f is replaced by a function f
from R” te R" (m 3>1), it may appear that F(A)§ Fcc(Rm) for AE Fcc(Rn), 1. e.,
f may not induce a Punction from Fcc(Rn) to Fcc(Rm)’ as the following @xample
indicated,

Example 1. Let P Rz -— R2 be

P(x) = P(p, #) = (xy sing)

and let A¢ Fcc(Rz) with

Palx) =1, if x = (y, z) e[~x, &]x[-1, 1],
=0, else,
Then
F(A)(x) = 1; if x = (y, Z)é{(y. siny); -néy €,
= 0, alse,

and hence, \Va¢ (0, 1],
CF(A) 14 = 4(y, siny); =T€ y €7} is not convex, and thersfors,
F(A) ¢ F__(R?).
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