COMPATIBILITY AND SUMMABILITY OF
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ABSTRACT. Using ideas of fuzzy set theory, we study the property of com-
patibility and the possibility of defining a sum of observables in fuzzy quantum
spaces.

1. Introduction

In the last period, it appears an axiomatic model, fuzzy quantum spaces |8,
10, 2], which may serve, for example, as a new basis for description of quantum
mechanical events. It connects two different areas of mathematics: quantum logic
theory, and fuzzy set theory. For quantum logic theory [14], an important exam-
ple is a q- 0 -algebra, suggested by Suppes [12], that is a non-empty collection Q
of subsets of a non-void set X which is closed with respect to the complemen-
tation and to the countable unions of disjoint subsets. On the other hand, for
fuzzy set theory, Piasecki [6] suggested a model of a soft- o -algebra, which is a
non-empty system M of fuzzy sets of a set X # @, that is, M is a system of
functions defined on X with values in the interval [0, 1] such that

(1.1) M contains the constant function 1(z) =1, z € X;
(1.2) if f€ M, then flt:=1— f€ M;
(1.3) if 1/2(z):=1/2,z € X, then 1/2 ¢ M,

(1.3)* if fo € M, n>1, then |Joo, fn :=sup, fn € M.

Due to [6], two fuzzy sets f and g are called weakly separated if f <1 —g;
and we see that in both above models there are many remarkable similarities.
Therefore, Riecan (8] and one of the present authors [10], using (1.1)-(1.3)*,
proposed to study a model of F-quantum spaces, and Pykacz [7] suggested to
assume that M is closed only with respect to union of separated fuzzy sets.
Therefore, by a fuzzy quantum space we shall understand any couple (X, M),
where M C [0, 1]X, which fulfills the conditions (1.1)-(1.3) and

if fn <1— fm, n#m,then | Jfa € M, (1.4)
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and the set M is said to be a fuzzy-q- o -algebra.

In particular, if Q is a q-o-algebra, and M = {I4 : A € Q}, where I4 is
the indicator of a subset A, then (X, M) is a fuzzy quantum space.

2. Fuzzy Quantum Spaces

In the present, fuzzy quantum spaces are intensively studied by many authors
[4, 5, 8, 10, 13]. They mainly investigate problems which are important namely
from quantum logic point of view. Therefore, there are introduced such notions
as states, observables, compatibility, summability of observables, mean values,
etc. :

Due to the terminology of quantum logic theory, we say that two fuzzy events
(= fuzzy sets) f and g from M are orthogonal, and we write f L g, if they
are weakly separated. By an orthogonal complement of a fuzzy set a we mean
the fuzzy set a’ := 1 —a. The complementation “ L” connects the fuzzy union
U and the fuzzy intersection N, which is defined as (), a; := inf;a;, by the
following manner

(U a'n)-L = ﬂa#,
(ﬂ an)'-L = arJ{v

which means that if one side exists in M, so exists the second one, and both are
equal.

Let (X, M) be a fuzzy quantum space. A non-empty set A C M is said to
be a Boolean o -algebra of the fuzzy quantum space (X, M) if

(2.1) There are minimal and maximal elements 04 and 14 in A such that,
forany f€ A, 04 < f <14 and fU ft=14.
(2.2) With respect to U, N, L, 04, and 14, A is a Boolean o -algebra (in
the sense of Sikorski [11]). '
It is clear that 04 # 14.

If a is a fuzzy set belonging to M, then M, = {aNa', q, al,aUal} isa
Boolean o -algebra of (X, M) with the minimal and maximal elements a N at
and a U a't, respectively.

If A and B are two Boolean o -algebras of (X, M) with a non-empty
intersection, then 14 = 1p and 04 = O0p. Indeed, let a € AN B, then
la=al al =1g.
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Let B(R) be the Borel o -algebra of subsets of the real line R. By an ob-
servable of (X, M) we mean a mapping z : B(R) — M -such that

(2.3) z(A4°) = z(A)*, A€ B(R), (A°:=R\ A);

(24) =z(A) Lz(B)if AnB=4#§, A, B e B(R);

(2.5) =z, 4i)=U,;z(Ai), if AinA; =0 for i #j, A; € B(R), : > 1.

If a is a fuzzy set from M, then the mapping z, defined via

aNat if 0,1¢E,
L if 06 E,1¢E,
zo(E)={ ° if 0eE,1¢ (2.6)
a if 0¢ E,1€E,
aUat if 0,1€E,

for any E € B(R), is an observable of (X, M), and it plays the role of the
indicator of the fuzzy set a € M. )

It is simple to verify that if & is an observable of (X, M) and f: R— R is
a Borel measurable, then f(z):=zo0 f~! is an observable of (X, M), too.

Denote by R(z) the range of an observable z, that is R(z) = {z(E): E €
B(R)}. Then R(z) is a Boolean o-algebra of (X, M) with the minimal and
maximal elements z(#) and z(R), respectively, and z(|J; E:) = |, z(E;) for
any sequence {E;} of Borel sets.

Let @ be a g-o -algebra of subsets of a set X andlet ¢ : X — R be a
Q -measurable mapping, that is ¢~1(E) € Q for every E € B(R). The trans-
formation z: B(R) - M ={I4: A € @} defined via

:l!(E) = Id)“(E), E e B(R), (27)

is an observable of the fuzzy quantum space (X, M). Conversely, for every ob-
servable z of (X, M) there is a unique real-valued mapping ¢ : X — R such
that (2.7) holds.

A state of (X, M) is a mapping m : M — [0, 1] such that

(2.8) m(fU fL+)=1 for every f € M;

(2.9) m(U; fi) = >; m(fi) for any sequence {f;} of mutually orthogonal
fuzzy sets from M.

It is simple to justify that if z is an observable of (X, M) and m is a state,
that m, :— m(z(E)), E € B(R), is a probability measure on B(R), and we
define a mean value of z in the state m as the expression m(z) = [zdm

defined via
m(z) = /m £ dm (t) (2.9)

(if the integral on the right-hand side exists and is finite).



ANATOLIJ DVURECENSKIJ, FERDINAND CHOVANEC

3. Compatibility

In accordance with the theory of quantum logics, we say that two elements
f,g € M are (i) compatible, and we write f < g, if fng, fNgt, fAnge M,
and f=fNguUfngt g=fNgu f1 Ng; and (ii) strongly compatible, and
write f S g, if fege flo gl o f. It is evident that if f < g, then
fUgeM, and f S fL fNfESfo fuft S Fn fr. We note that if
f e g, then it does not imply f & g, in general [2].

We say that two non-empty sets A and B of M are compatible (strongly

compatible) if @ « b (a & b) for all a € A,b € B. For Boolean algebras A and
B of (X, M) both kinds of compatibility coincide.

A non-void subset A of M is said to be f-compatible if, for all fi,..., fnt1 €
A, we have (i) by := fiN---N fa D fay1 € M; by := f ﬂ---ﬂfnﬂf,;"+1 € M;
(i) biNbe = fiN-- N fn. The subset A of M is strongly f-compatible if AuAt
is f-compatible, where A+ = {f1: f € A}.

The following principal result for compatibility has been proved in [2]:

THEOREM 1. Let A be a non-empty set of a fuzzy quantum space (X, M).
The following statements are equivalent:

(i) A is strongly f-compatible.
(ii) There is a Boolean o -algebra B of (X, M) containing A.

In [2, 3, 10], it has been proved that if M is closed with respect to union of
all sequences of fuzzy sets, then A C M is strongly f-compatible iff

aUat =buUbt, a,b€A. (3.0)
The following criteria will be useful for us:

LEMMA 1. (i) Let a1,...,a, be mutually orthogonal elements of M. Then
{ai,...,an} is strongly f-compatible iff

aIUaiL-—-agUaiLz-u:anUa,J;. (3.1)
(ii) Let by <--- < bp. Then {b1,...,bn} 1s strongly f-compatible iff

biUbE =b,Uby =---=byUbj,. (3.1)

Proof. It is evident that the strong f-compatibility entails (3.1) and (3.2),
respectively.
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(i) Suppose (3.1), and put 0, = ay Nai and 1, = a; Uai. Then 0, =
0,N---N0; = (a1 ﬂa%)ﬂ.--ﬂ(anﬂa#)zalﬂ---ﬂan— € M. Forany be M
we define 4° = b1 and b' = b. Therefore, for any (¢1,...,1,) € {0,1}" we have

(@ U---Uay)t ifij=1,7=1,...n,
ai‘ﬂ---ﬂaf{': ak if 2k =1and ¢; =0 for j #k,

0. if at least two'ij,ik =1.

Therefore, ai' N-- -ﬂai"_‘f NairUailn--- ﬂaf{‘_‘f N(air)t =aitn--. ﬂai":ll .

(i1) Define a; = by, ax = bkﬂb;cl'_l, k=2,...,n, and put 0y = by ﬂblL, 1, =
by U bi. Then ay,...,a, are mutually orthogonal, and for any i = 2,...,n
a,'Ua,-J‘ = b;ﬂb;l_'_l U b1 Ub;L =ObUbi_1Ubf‘ = b,'_IUbiJ' < b,'Ub;L = 1y,
and simultaneously b;_; Ubt > b;_; U b 1 = 1, so that (3.1) holds. Therefore,
{a1,...,a,} is strongly f-compatible.

Calculate by = by N1y = bo N (b UbL) = by Uby N b = ay U ay. Using
the mathematical induction, we have by = b N1, = b N (bg—y U by,) =
br_1 Ubkﬂb;c"_1 = a1U---Uag_1Uag. Therefore, by,...,br € B, and {b;,...,b,}
is strongly f-compatible.

The same result may be also proved more elementary: It is simple to see that
for any (71,...,in) € {0,1}" we have’

b if =1 k=1,...,n,
b;" ﬂ---ﬂb:{' ={ 0y if there are 1y = 1 and 7, = 0,
bt if x=0,k=1,...,n,

which entails the strong f-compatibility. B
The simple corollary of the last criterion is the following:

EXAMPLE 1. Let {a;}2, be a sequence of mutually orthogonal strongly f-

compatible elements from M. Put a, = ({Jio, ai)t. Then a mapping z defined
via

L 1 N
a(B)={ "% OOL g
U{ai: i € E} otherwise,

is an observable of (X, M).

E € B(R),

Now we present a characterization of observables of (X, M).
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THEOREM 2. Let z be an observable of a fuzzy quantum space (X, M), and
let :
B.(t) = z((—o0, t)), t € R. (3.3)

Then the system {B,(t): t € R} fulfills the following conditions:

(3.4)  Bg(s) £ Bg(t) if s <t

(3.5) U,B:(t) =«

(3.6) e B=(t) = at;

(3.7 Uy Bz(t) = Be(s) for any s € R;

(3.8)  B.(t)UBy(t)t =a for any t €R,
where a = :c(R) Conversely, if a system {B(t) : t € R} of fuzzy sets from
M fulfills the conditions (3.4)—(3.8) for some a € M, then there is a unique
observable x such that B.(t) = B(t) for any t € R and z(R) = a.

Proof. The necessity is evident. For sufficiency it is easy to see that ac-
cording to (3.4), (3.8) and (ii) of Lemma 1, {B(t) : t € R} is a system of
strongly f-compatible elements. In view of Theorem 1, there exists a Boolean
o -algebra B of (X, M) containing all B(t)’s, and now the proof follows the
same ideas as that of Theorem 2.3 in [5]. MW

We say that a system of observables, {z; : t € T}, is compatible, strongly

compatible, f-compatible, strongly f-compatible if |J R(z¢) is such.
teT

THEOREM 3. A sequence {z,} of-observables of (X, M) 1is f-compatible if
and only if there is a sequence of Borel measurable, real-valued functions {fn}
and an observable x such that

Tn = fu(z), n 2> 1L (3.9)

Proof. The necessity implies easily the f-compatibility of {z,}. Converse-
ly, let {z,} be any sequence of f-compatible observables. In view of Theorem 1,
there is a Boolean o -algebra A of (X, M) containing all ranges of z,, n > 1.
Due to the result of Varadarajan [14], we obtain (3.9) W

This theorem enables us to built up a so-called calculus for f-compatible
observables. Therefore, we may define, for example, the sum z;+:--+z, of
f-compatible observables via

ot dan = (fi ke fa)(@) (3.10)

or multiplication 1 - z3 = (fi - f2)(z), etc.
We recall that these expressions do not depend on the choice of z and

fiy-oos fn.
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4. Summability of Observables

In classical probability theory, it is simple to define the sum of two random
variables. Since for us observables are analogues of random variables, we try to
present the definition of sum of two observables.

We say that two observables ¢ and y are summable with a sum z =z +y
if, for any ¢ € R, the element

Bayy(t) = [J(Ba(r) N By(t - 1)), (41)
reQ

where Q is the set of all rational numbers in R, exists in M. In order to be
this definition correct, it is necessary to show that a system {B;4,(t): t € R}
fulfills the conditions (3.4)—-(3.8) of Theorem 2.

THEOREM 4. If, for two observables x and y, the elements B,1,(t) ezist in
M for all t € R, then {B;44(t): t € R} determines a unique observable z of
(X, M), moreover, 2(R) =z(R)Ny(R), and z +y =y +z.

Proof. It is same as that of Theorem 2.3 in [5], and it uses the following
lemma:

LEMMA 2. Let S be a countable dense set in R and let  and y be summable
observables of (X, M). Define

Br1y(t) = [ J(Ba(s) N By(t - 9)), (4.2)
LT

then B§+y(t) € M for any t € R, and

Bi_,_y(t) = By4y(t) for any t € R. (4.3)

Proof. We may show that if t, /¢, t, € S, then B§+y(t) =, B§+y(tn).
Indeed,

UBSsy(t) = J U(Ba(s) N By(ta — 9)) =

n seS

UBa(s) n{J By(tn = 5)) = |J(Ba(s) N By(t - ).

SES n €S
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Now let n be any integer, then, for each s € S, there is r = r(s) € Q such
that s < r < s+ 1/n. Therefore, B;(s) N By(t —1/n —-s) < B,(r) N By(t — )
and BE,(t = 1/n) < Bouy(t), BLayl®) = Uy B4yt — 1/m) < Bl (1),

Similarly we show that B,4,(t) < B§+y(t). [ |

In [5], it has been proved that if M is closed with respect to the union of
any sequence of fuzzy sets, then any two observables of (X, M) are summable.
In below, we show that, for general fuzzy quantum spaces, this is not true, in
general.

EXAMPLE 2. Let X = {1,2,3,4} and let M consist of the characteris-
tic functions of all subsets of X with an even number of elements. Let ¢ =
I1,2y, 1= I{1,3). Define two observables z and y via z(E) = Iz-1(g), y(F) =
I-vr), E,F € B(R). Then x and y are not summable observables of (X, M).

PROPOSITION 3. If  and y are f-compatible observables of (X,M), then
they are summable, and

sty =z +y. (4.4)

Proof. Due to Theorem 3, there exist an observable u of (X, M) and two
Borel real-valued functions f and g such that ¢ = f(u), y = g(u). Calculate

Boty(t) = [ J(Ba(r) N By(t — 1)) = | J u(f(=00,m)) Nu(g ™! (~o00,t — 7))

reQ reQ
= u(|J(F 7 (=00,r) N g7 (—00,t = 1)) = u((f + 9) 7 (—00,1))
reQ

=B,;,(H)eM n

Let x be an observable of (X, M). The spectrum of z is a set o(x) defined
via

o(z) = n{C : Cis cldsed and z(C) = z(R)}. (4.5)

Then o(z) € B(R) and z(o(z)) = z(R). An observable z is simple if o(z) =
{t1,...,ta}.

THEOREM 5. Suppose that either z and y are compatible or (1.3)* holds in
M. Let m be a state on (X, M). Then the following mean value additivity holds

m(z +y) = m(z) + m(y) (4.6)
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whenever m(z) and m(y) ezist and are finite.

Proof. For the first case, (4.6) holds due to (4.4) and the following con-
siderations

m(z +y) = m(zty) = /m tdm,y,(t) = /m tdm(sg)w(t) =
L@+ s amae = [ feama® + [ oty ama) =
/ tdma(t) + / tdmy(t) = m(z) + m(y).

R R

For the second case we define two new observables T and ¥ via

Z(E) = z(E) ny(R) U z(9) U y(0),
¥(E) = y(E) Nn=(R) Uz(0) Uy(P),

for any E € B(R). Then Z(R) = z(R)Ny(R) = g(R). Put 1 = z(R) N y(R)
and 0, = 1#. Calculate

Bziy(t) = |J (Ba(r) N By(t — 1)) =

reQ)

| (Ba(r) N1, U0R) N((By(t — 1) N1 UOR)) =

re@

J(B(r) N By(t —r) N1, U0, N By(t — 1) N1 U By(r) N1, N0, UOR) =
reQ)

U@B=(r)nBy(t=r)) U 0w By(t—r)U | J 04N B.(r) U0, =

reQ reQ reQ

B:yy(t) U0 Ny(R)UO0R Nz(R)UO0s) = Beagy(t) UOp = Boyy(t).

This yields that m; = mz, my = my and m;4y = mzyy. Using the first part
of the present assertion for compatible observables (see (3.0)), we have (4.6).
|

The second part of the present theorem has been also proved by different
methods in [5] and [9].
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5. An Open Problem

For q- o -observables the additivity of mean values has been solved for many
years. Dravecky and Sipos [1] found an example of two summable observables
(=random variables) for which the additivity of mean value does not hold:

Put X = R?, and, for any n = 0,+1,4£2,---, define f, = Itn,ns1)xRy gn =
I]Rx(n,n—i—l]» Hij = (Z,Z + 1] X (.7?.7 + 1], H, = U{Hl] ity = n}, hn = IH"-
Let M be a fuzzy-q- o -algebra generated by all f,,g,h,. Let m be a state
such that m(f,) = m(go) = m(h;) = 1. Define observables z,y,2 via z({n}) =
[, y({n}) = gn, 2({n}) = hn, n =0,41,42,.... Then z and y are summable
with the sum z =z + y, but m(z) =1, and m(z) = 0 = m(y).

We recall that their spectra were uncountable. For long time the additivity
for summable simple variables has been solved. Definitely it has been proved by

Zerbe and Gudder [16] (see also [15]).

PROBLEM. Inspiring above-said, we suggest to prove (4.6) for any pair of sum-
mable simple observables in any state for a fuzzy quantum space (X, M).
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