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Throughout this paper L will denote a fuzzy latlice. Let 0, 1
denote the least element and the greatest element in L
respectively, Let 8 be a topology on L Then (L, 8) is
called a fuzzy topological space , or briefly fts , The elements
of & are called open elements and the elements of &' are
called closed elements, where &' = {A’ |A € 8}. Let A°, A~
donote the interior and the closure of A respectively. A elenent
BE L, is called a semi-open element of 8, if there exists O€ &
such that O<B<O0~ where O~ expresses the closure of O
FSO(L, 8) will denote the family of all semi-open element in
(L 8). If B is semi-open element of & then B" are called
gemi-closed element of & . FSC(L, &) will denote the family of
all semi-closed element in (L, 8) (See [2]).

For each element A in L, let Ao=\/ {BE FSO(L, &) | B<A} called
the semi-interior of A, and let A.=A{BE FSC(L, &) | A<B} called
the semi-closure of A, and let Aa= \/ {a¢ M| a<<A. and a<d Ay}
( See[ 2] ) called the fuzzy semi-boundary of A

Definition 1{2] Let f: (L;, 8,0 = (L2, d 2 ) be an order



-homomorphism (see[1]). If for each BEFSO(Ls , 85), f*(B €
FSO(L,, 8,), then f is said to be irresolute. If for each A €
FSO (L,, &,) (FSC(L,, & 1)), f4) € FS0(@Lsg, 8g) (FSC(Lg, 832)) , then
f is said to be semi-open (semi-closed). |

Theorem 1 [2] Let f: (L, 8,) > (L 83) be an order-homomorphism.
Then the following conditions are equivalent:

(1) f is irresolute,

(2) For each CE FSC(Lg, 82), £ 1(C)€ FSC(L,y, 8 ,),

(3) For each A€L,, fA(TW))-,

(4) For each BE Ly, f *(Bo) < (f*(B))o.

Theorem 2 [2] Let f: (Ly, 8,)—(Lz 82) be an order-homomorphism,
Then the following conditions are equivalent:

(1) f is irresolute,

(2) For each A€ Ly, f(As) < (f(A) .,

(3) For each B€E L, (f*(B)) «a<f*(B.).

Theorem 3 [2] Let f: (Ly, 82)—>(La 82) be an order-homomorphism.
Then the following conditions are equivalent:

(1) f is semi-open,

(2) For each A€ L,, f(Ax) < (f(A)),,

(3) For each A€ L;, f(Ao)=(f(Ao))o.

Theorem 4 [2] Let f: (L., 8,)—>(La, 82) be an order-homomorphism.
Then the following conditian are equivalent:

(1) f is semi-closed,

(2) For each A€ L;, (fQ))_-< f(A),

(3) For each A€ L,, (f(A))_-=f(A.).

Definition 2 Let f: (L, 8,) > Lz, 82) be an order-homomorphism,
Then
(1) f is said to be semi-boundary-irresolute iff for each



AC L, we have fAa)< (f(4) o,

(2) f is said to be semi-boundary-closed iff for each A€ Ly,
we have (f(A)) a<fAs),

(3) f is said to be semi-co-continuous iff for each AC L,, we
have (f(A))o<f (Ao).

Theorem § Let f: (L, 8,) > (Ly, 85) be an order-homomorphism, Then

(1) if f is semi-boundary-irresolute, then f is irresolute,

(2) if f is semi-boundary-closed, then f is semi-closed
Proof. (1) Suppose that f is semi-boundary-irresolute. For each
Ac L, it follows that fAa)<(f(A)) o< (f(A))_ by Definition 2
and Theorem 5 in [2]. Hence f is irresolute from Theorem 2.

(2) Suppose that f is semi-boundary-closed. For each A € L, ,
it suffices to show that (fA)) =fAV fQ)) a<f A VFfAa)=
f(AVAS)=f(A.) by Theorem 7 in [2] and Definition 2. Hence f ig
semi-closed from Theorem 4.

Theorem 6 Let f: (L,, 6,)—>(Ly, 64) be an order-homomorphism and
a bijection Then the following statements ate equivalent:

(1) f is irresolute, '

(2) f is semi-boundary-irresolute,

) f°* is semi-boundary-closed,

) 7' is semi-closed,
(6) f* is semi-open,

) f is semi-co-continuous.
Proof. (1) ==>(2) For each A€ L,, if Aw=0, then it follows that
fAs) < (fA)) o. If Ao520, then for each a€ [A]l.We have a<CA.
and a<{Ao hence f(a) <fA.)<(f()). by (1) and Theorem 1, we
claim that f(a) <Ao. In fact, if not then f(a) < (fA)) o, sinec f
is a bejection, f*' is also an order-homomorphism and (f-%) -1-=f,
Hence (f(A)°<((((fA)D")' = (A ))J)_< (F(QA’)))’ =
FOCAT )" )=f((A) o) 8o we have f(a) <f(Ao).This impossible a<
f=* (f (Ao)) =Ao, but this is impossible otherwise we know that an



order-homomorphism maps molecules into molecules so f(a) <
fW) o hence fAa)<(fW)

(2) ==>(3) For each BE L, there exists A€ L, such such that .
B=f (A) and A=f*(B). It follows that f((f'(B) ) = f(Aa)<
(fA) = from (2) and hence (™' (D)) o<f! (Bw).

(3) ==>(4) By theorem 7 in [2] and (3) for each BE L, it
follows that f'(B) o= f "BV E'®) o< £ B VI (Ba)=
f~*(BVBas)=f"*(B).

(4) ==>(5) By (4) and Theorem3 for each BE Lo, we have f=1 (Bo) =
7087 ) D= (72 (B ) ) <((E 2@ ) )’ = ((F* @ ) )=
(' (B))o. This implies that f-* is semi-open for Theorem 3.

(6) ==>(6) For each A€ L;, let B=f(4), then A=f~*(B). Hence we
have 7 ((f(A) o=f"* (Bo) < (f*(B)) o=Ao and so (f(A)o<f (Ao).
Thus f is semi-co-contintious, |

(8) ==>(1) For each BC L, there exists AC L, such that B=f (A)
and A=f"*(B), By (6) it follows that f*(Bo)=f*((fA))o) <

T {f (Ao)) =Ao=(f~" (B)) o and hence f is irresolute by theorem 1.

Definition 3 Let f: (L, 8,) > (s, 82) be an order-homomorphism.
then

(1) f is said to be semi-boundary-preserving iff it satisfies
the condition (f(A)) o=f(Aw) for each AC L;.

(2) f is said to be semi-interior-preserving iff it satisfies
the condition (f(A))o=f (Ao) for each Ac L,.

(3) f is said to be ' semi-closure-preserving iff it ssatisfies
the condition (f(A))_=f(A) for each A€ L,.

Theorem 7 Let f: (L,, 8,)—> (Lo, 85 be an order-homomorphism Then

(1) f is semi-boundary-preserving iff it is ‘semi-boundary-
irresolute.

(2) f is semi-interior-preserving iff it is semi-open and
semi-co-contintots,

(3) f is semi-closure-preserving iff it is semi-colsed. and



irresolute,
proof. It follows immediately from theorem 2-4, definition 8, 4.

Theorem 8 If an order-homomorphism f: (L;, 8, —>(Lg &, is
semi-boundary-preserving, then f is semi-ciosure-preserving.
Proof. It follows immediately from Theorem 5 and Theorem 7.

Theoem § Let f: (L;, 8 ) > (La, &5) be an order-homomorphism and
a bijection. Then |

() If f is semi-boundary-preserring than so is f°2,

(2) If f is semi-interior-preserring then so is f1.

(8) If f is semi-closure-preserring then so is -1,
Proof. (1) Suppose that f is semi-boundary-preserring. Then for
each B¢ Lo, There exists A¢ L,, such that B=f (A) and A=f-1 (B),
80 we have f((f"'(B) o) = flla) = f(A)) o = Bo and hence
(f7*(®) o=f"'(Bo). Thus f! is semi-boundary-preserving,

In parallel way we can prove (2) and (3).

Definition 4 Let f: (Ly, 8,)—>(Lg, 82) be an order-homomorphism
and a bijection. Then f is said to be semi-homomorphic order-
homomorphism if it satisfies the condition: A€ FSO(L,, &, iff
f4) € FSO(Las 8 5).

Theotem 10 Let f: (Ly, 8;)—>(Lg, 83) be an order-homomorphism,
and a bijection. Then the following statement equivalent:

(1) f is a semi-homomorphism,

(2) Either f or f! is semi-boundary-preserving,

(3) Either f or f°* is semi-interior-preserving,

(4) Either f or f™! is semi-clousure-preserving,

(5) Either f or f™* is irresolute and Semi-open,

(6) Either f or f~' is irresolute and Semi-closed,

(7) Either f or f~* is semi-co-cotinuous and semi-open,

(8) Either for f~*! is semi-co-continuous and semi-closed,.



(9) Either f or f~' is semi-boundary-irresolute and semi-open,

(10) Either f or £~ is semi-bounddary-irresolute and semi-
closed,

(11) Either f or f~* is irresolute and semi-boundary-closed

(12) Either f or f~* is semi-boundary-irresolute and semi-
boundary-closed,

(18) Either f or f~' is semi-co-continouns and semi-boundary-

closed,

(14) Both f and f~* are semi-open,

(15) Both f and f~* are semi-closed,

(16) Both f and f~! are semi-boundary-cloused,

(17) Both f and f~* are semi-boundaary-irresolute,

(18) Both f and f~* are semi-co-continuous,

(19) Bither f or f-' is semi-open and the other is semi-
¢losed, | ,

(20) Either f or f~' 1is semi-open and the other is semi-
boundary-closed,

(21) Either f or f~* is semi-closed and the other is semi-
boundary-closed,

(22) Eithey f or f~* is irresolute and the other is semi-co-
continous, .

(23) Either f or f~* is irresolute and the other is semi-
boundary-irresolute, |

(24) Either f or f~* is semi-co-continuous and the other is
semi-boundary-irresolute,

Proof. The equivalence of (1)-(24) can be shown from theorem 6-9.
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