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Abstract

In thils paper first it is shown that if a fuzzy subset is algebraic over a fuzzy field
of a given field then the fuzzy field generated by that fuzzy subset is itself algebraic.
Then the maximal fuzzy intermediate subfields which are respectively algebraic, purely
inseparable and seperable algebraic are constructed.
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1. Introduction

The concept of fuzzy subfield was introduced by Nanda {S1 Mordeson [3] defined
the concepts of fuzzy algebraic, purely inseparable and separable alge§raic field
extensions, and obtained some interesting results in [3,41 Also he proved th:é existence
of the following maximal fuzzy subfields under some conditions, purely inseparable
and separable algebraic [3, Proposition 2.4, Theorem 2.8] _‘

In this paper we follow Mordeson and give some related results about the above
mentioned concepts. In this regards first it is shown that the fuzzy subfield generated
by a fuzzy subset algebraic over a given fuzzy subfield which satisfies the sup property
condition, is itself algebraic (Theorem 3.5). Then the maximal intermediate subfields
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which are respectively algebraic, purely inscparable and separable algebraic are exactly
constructed (Theorem 4.8).

2. Preliminari

In this paper F denotes a field with characteristic p>0, unless otherwise is
stated.

Let x€ F, rel0,1] Then by a fuzzy point x, of F, which is denotéd by
x, € F, we mean a fuzzy subset of F, which is defined by

r , if y=x
x(y) =
0 , otherwise.

If x,€F and A be a fuzzy subset of F such that x, C A, then we write
x; € A . The addition and multiplication of two fuzzy points x, and y, are given by
X+ ¥s = (X + Yinintr)

*Xe ' ¥e = X Vi)

Definition 2.1. Let A be a fuzzy subset of F. Then A is called a fuzzy
subfield iff
@® Ak-y) 2 min (A® , AlY)
(i AG-y")2min{AG, AR} . y=0
Gid) AQ) =1
From now on A and B denote then fuzzy subfields of F.

Definition 2.2. The product of A and B is defined by
(ABYXx) = sup (min (min {A(y),Bz)} i =12,...n)
n

x= 2 yiz;, neN
i=1

Notation: If Bc A, then we write A/B and call A/B is a fuzzy field

extension.



Definition 2.3. Let A/B be a fuzzy field extension and C a fuzzy subfield of
F suchthat B Cc A. Then C is called a fuzzy intermediate field of A/B.
Let Y(A/B) denotes the set of all fuzzy intermediate fields of A/B.

Definition 24, Let ce F and t€[0,11 Then
(i) ¢, is said to be fuzzy algebraic over B if and only if there exists ne N ,
k; € F, and A €[0,1] with (k;)N €B for i=l,..n and k, =0 such that

kay, (€0 + ..+ Kkip € + Koo = 0: .

(ii) c, is said to be fuzzy purely inseparable over B if and only if there exists a
nonnegative integer ¢ such that (q)"e €B.
(iii) ct. is said to be fuzzy separable algebraic over B if and only if for all D €
¥(A/B), either D(c) 2t or D(c) = D(cP).

Definition 2.5. Let X be a fuzzy subset of F. Then X is called fuzzy algebraic
over B if and only if x, is fuzzy algebraic over B for all x; € X.

Definition 2.6. A/B is called fuzzy algebraic extension if and only if A is
fuzzy algebraic over B. |

Definition 2.7. A/B is called fuzzy purely inseparable (separable algebraic)
extension iff c, is fuzzy purely inseparable (separable algebraic) over B, for all ¢; € A.

3. Fuzzy algebraic extension generated by a fuzzy subset

In this section we let X be a fuzzy subset of F such that X(1) = 1. And it is not
necessary that the characteristic of F be prime.

Lemma 3.1. (i) Let x, € X. Then x, is fuzzy algebraic over B if and only if x is
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algebraic over B,.
(ii) If X is fuzzy algebraic over B, then X, is algebraic over B, for all t € [0,11
(iii) If X, is algebraic over B for all t € Im(X), then X is fuzzy algebraic over B.

Definition 3.2. By a fuzzy field extension generated by B*and ‘X, which is
denoted by B(X), we mean B(X) =N C, where the intersection is taken over all fuzzy
c .
subfields of F containing B and X.

Theorem 3.3. Let B and X satisfy the sup property condition. Then
BX)), = B(Xy), for all t € [0,11

Remark 3.4. Although Mordeson in [4, Proposition 2.4] has proved a similar
results, but here we replac~ the sup property condition on B and X instead of .B(X)

which is used in {4]. And our proof is different form it.

Theorem 3.5. Let A = B(X), and B, X satisfy the sup property condition. If X is
fuzzy algebraic over B, then A/B is a fuzzy algebraic extension.

Theorem 3.6. Let B,, B, be fuzzy subfields of F and B, B, and X satisfy the
sup property condition. If B, is fuzzy algebraic over B, then B\(X) is fuzzy

algebraic over By(X).

4. Maximal fuzzy algebraic (purely inseparable, separable algebraic)
intermediate field

Notation. From now on we let B € A, and @ = Im(A) U Im(B).

Lemma 4.1. (i) [3,Proposition 1.7] Suppose ¢, € A. ¢, is fuzzy purely inseparable



over B if and only if c is purely inscparable over B,.
(ii) [3,Theorem 1.8] A/B is fuzzy purely inseparable if and only if A./B, is purely
inseparable for all t € Im(A).

Lemma 4.2. (i) [3,Proposition 1.13] Suppose c; € A. If c, is separable algebraic
over B,, then c, is fuzzy separable algebraic over B.
Conversely, if B has the sup property and c, is fuzzy scparable algebraic over B,
then c is separable algebraic over B;.
(ii) [3.Theorem 1.14] If A,/B, is separable algebraic for all t € Im(A), then A/B is
fuzzy separable algebraic. Conversely, if B has the sup property and A/B is fuzzy
separable algebraic, then A,/B, is separable algebraic for all t € Im(A).

Lemma 4.3, Let tsel0,1), tss,c,€ A and ¢ is fuzzy purely inseparable
over B. Then ¢, is also fuzzy purely inseparable over B.

Lemma 4.4. Let B satisfies the sup property condition and ¢, € A. Then
c. € B if and only if c, is fuzzy purely inseparable and fuzzy scparable algebraic

over B.

Lemma 4.5. Let x € F and

t,=sup({teIm(A)ixeA,l
Then t, = A(x). Moreover if t € [0,1] and t > ¢,, then x & A,

Lemma 4.6. Let x € F and
t’; = sup { t € Im(B) | x is algebraic over B, ).
Then x is not algebraic over B, for any t > t',, where t € [0,11

Lemma 4.7. Let x € F and

¢’ = sup { t € Im(B) i x is purely inseparable (separable algebraic) over B; );
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then x is not purely inscparable (scparable algebraic) over B, for any t > t’;, where
t€[0,1]

In the following A and B satisfy the sup property condition.

Theorem 4.8, (i) Let E= U c, where t € @, and c; is fuzzy algebraic over B.
CGEA

Then E is a fuzzy subfield of F and E/B is a fuzzy algebraic extension.

(ii) Let A/B be a fuzzy algebraic extensionand P= U ﬁwhere?te(p.and ‘Cy 18
C €

fuzzy purely inscparable over B. Then P is a fuzzy subfield of F and P/B isa
fuzzy purely inseparable extension.

(iii) Let A/B be a fuzzy algebraic extension and S= U c, where t€ @, and ¢, i
. GEA

fuzzy separable algebraic over B. Then S is a fuzzy subfield of F and S/B isa
fuzzy separable algebraic extension.
Hereafter E, S and P are defined as in Theorem 4.8.

Theorem 4.9. () Let E' = U c, where t € [0,1] and c, is fuzzy algebraic over
GEA

B, then E=E,

(@ Let = U c, where t€(0,1]and c, is fuzzy purely inseparable over B, then
GEA

P=P

(iii) Let = U ¢, where t €[0,1]1 and c, is fuzzy separable algebraic over B, thea
GEA

§ =8

Theorem 4.10. E, S and P are maximal fuzzy intermediate subfields of %(A/B),
which are respectively fuzzy algebraic, fuzzy separable algebraic and fuzzy purely
inseparable over B.

Theorem 4.11. () PNS =B,



Gi) A/S is a fuzzy purely inseparable extension,
(iii) A/P is a fuzzy separable algebraic extension if and only if A = SP.

Theorem 4.12. Let G e Y(A/B) and G satisfies the sup property condition.
Then the following statements hold,
() A/G is fuzzy purely inseparable extension if and only if S < G,
(ii) If A/G is fuzzy separable algebraic extension, then P < G,
GDISNG=B,thenGCP.
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