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Abstract: In this paper, we discuss the relationship between a given fuzzy
semigroup and its level subsemigroups, and investigate the conditions under
which a given semigroup has a properly inclusive chain of subsemigroups. In

particular, ve formulate how to structure a fuzzy semigroup by a given chain

of subsemigroups,
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1. Preliminaries

Zadeh, along with the notion of a fuzzy set in his classical paper [1] also
introduced the concept of level subsets, In {2], Rosenfeld demonstrated the
utility of the notion of levél subsets of a fuzzy set By establishing that the
level subsets of a fuzzy subgroupoid or fuzzy (left, right) ideal are subgrou-.
poids or(left, right) ideals in the usual algebraic sense, The idea of level
éubset was later uséd by Das in [3] and Dixit et al in [4] to study fuzay grohpé;
respectively, In the present paper, we use the notion of levél subsets to study
fuzzy semigroups, which were introduced by Kuroki in [5] first, For convenient,
we show some basic definitions and results in the following,
. Definition 1,1, Let S be a set, A fuzzy set of S is a function A : S—>[0, 1],
Definition 1,2, Let A be a fuzzy set ofl a set S, For té~[,0, 1], the set

Ay = {xéS l A(x) 2 t}

is called a level subset of A,



Proposition 1,3, Let A be a fuzzy set of a set S, Then two level subsets At_l

and Atz (with t1<t2) of A are equal if and only if there is no x €S such that

t1$ A(x) < toe

Proofs Let Ay = Ay o If Ay = Ay = @, then there is no x€S such that t,<
1 2 .

A(x) <t, obviously, If A, = A; ¥ @, suppose there exists x€S such that t.E
1 2

A(x)< tz; then xéAt1, but x¢At2. This is in contradiction with At1 = Atz.
Conversely. By Ay 2 Ay, since t1<ty, 1f At1 = ¢, then Atz =¢-= Ag,e 1f

At1:,‘:¢, then we must have At1 = Atz. Othervise, there exists xéAt1, but

x¢At » then t1S A(x)<t2. That is, there is x€ S such that t1£A(x)<t2, vhich
2 ) )
contradicts the hypothesis,

Proposition 1,4. Let A be a fuzzy set of a set S, If Im(A) = {t1, oy see , t ]

with .t1 >ty > ees >tye Then {At1, Atz, cee Atn} contains all nonempty level
subsets of A,

Proof, Let At be a nonempty level subset of A, Then by Im(A) = {t1, tz, see, tn}v..

we can let
t; = min {a(x)| A(x)Zt, xes} (1)

tj- .t

since tht. Now let yeAt, thus A(y)Zt. Let A(y) = t; for some i, 1S1isn,

for some j, 1< j<n. Therefore there is x€ A, such that A(x) = tj’ so A

Then y€A, . By (1) it must have ty » thus y€A, €A, , That is, y€A, ,
ty j ty tj tj

Hence A CAt o Thereby A, = At for some j, 1€j<n,

t= .
J
Definition 1:5. A fuzzy set A of a semigroup S is called a fuzzy semigroup of

S if A(xy) 2 min {A(x), A(Y)}

for all x, y€S,
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The folléwing proposition is obvious (cf. {6]), its proof is omitted,
Proposition 2,1, A fuzzy set A of a semigroup S is a fuzzy.semigroup if and
only if every nonempty level subset At' t€[0, 1], of A i a subsemigroup of
S |
Definition 2,2, Let A be a fuzzy set of a semigroup S, The subsemigroups At’
t€[0, 1], are called level subsemigroups of A.

By Proposition 2,1, the proof of the following two propositions are immediate
from Proposition 1.3, 1.4, respectively,
Proposition 2,3, Let A be a fuzzy semigroup of a semigroup S, Then two level

subsemigroups At and At (with t1< tz) of A are equal if and only if there is
_ 1 2 .

no x€ S such that t1SA(x)<t2.
Proposition 2,4, Let A be a fuzzy subsemigroup of a semigroup S. If Im(A) =

{t1, s soo y ]} with ¢, >t, > eee >t , then {At1, Atz, *ee , Ay } contains
. n

all level subsemigroups of A,

Proposition 2,5, Any subsemigroup H of a semigroup S can be realised as a level
subsemigroup of some fuzzy semigroup of S,

Proof, Let A be a fuzzy set of S defined by

t, if x€H
A(x) ={

0, othervise

for all x€S, Then At = H, In the following, we shall prove that A is a fuzzy

semigroup of S, Let x, y€S, if x, y€H, then xy€H since H is a subsemigroup
of S, So

t = min {A(x), A(Y)}.

0 or A(y) = 0, It is clearly that

Alxy)
If x¢H or y¢H, then A(x)

A(xy) 20 = min {A(x), A(¥)}.



So far we have proved ,
A(xy) 2 min {A(x), A(y)}

for all x, y€ S, Thereby A is a fuzzy semigroup of S,

Propoasition 2,6, Let A be the collection of all fuzzy semigroups of a semigroup
S and B be the collection of all level subsemigroups of members of A, Then there
is a one-to-one correspondence between the subsemigroups of S and the equivalence
classes of level subsemigroups (under a suitable equivalence relation on ﬁ).

Proof. Similar to Theorem 3.3 of [3].

3. The chain of level subsemigroups

Definition 3,1, A nonempty subset T of a semigroup S is called a proper subsemi-
group of S if a €T and bE€T imply ab€T, and TES ( that is, TES but T#S),

Proposition 3,2, Let A be a fuzzy semigroup of a semigroup S, If Im(A) = {t1,
tz, see , t.n} with t1> t2 > *ee >t,, then there exists a‘unique finite chain

of level subsemigroups of A: ,
A, C A C ess CA = S,
t1 t2 t,

vhere every Ati, i=1,2, ees , n-1, is a proper subsemigroup of S,

Proof, Since Im(4) {t1, tz, ese , tn} with t1 >t2 > eee > t,., we have that

every At y 1 =1, 2, eee , n, is a level subsemigroup of A by Proposition 2.1,
i ’ .

and At c At C eee C At = S If 15} <isn, then there must exist x€ S such
1 2 n

that A(x) = t, since t,€ Im(A), That is, t; = A(x)<t,, Hence A, #+ A, by
i 1 1 j £, e,

Proposition 2,3, Thereby At C A, . Therefore we have

j b4

A, CA

t C ses CA, =8,

S, ty

By Proposition 2,4, Ay 9y 1 =1, 2, eee . n, are all level subsemigroups of A,



Hence

fo Cley € o Sy = 8

is the only chain of properly inclusive level subsemigroups of A,

Proposition 3,3, Let A be a fuzzy semigroup of a semigroup S. If Im(A) = {t1,

t2"-°'° A ...} with t,1>t2> eee >t , 2 eee 20, then there must exist a

chain of level subsemigroups of A:

A CA CC.. CA C ...CS,
bt t,

where every Ati, i=1,2, ees , is a proper subsemigroup of S.

Proof, It is immediate from Proposition 2.1 and 2,3,
Proposition 3,4, Let S be a finite semigroup and f: S—*T be an onto homomorphism

o Let A be a fuzzy semigroup of S with Im(A) = {to, t1, see , tn} and to7t >

1
eee > the If the chain of level subsemigroups of A is

< PP CA =-.S,

then the chain of level subsemigroups of B, the homomorphic image of A under f,

vill be - :
f(A, YSf(A, ) € eee CF(A, ) =T,
t, t, ty

The proof of above Proposition 3.4 is similar to the proof of Theorem 4,6
in [4]. | o
Proposition 3,5, If one of the following for a given chain of proper subsemi-
groups of a semigroup S holds:

(1) 5pCS8; Ceee C5 =8 and 12t,2t, > oo >t,20;

1
(2) s = 8928, > *+e DS and 0sty<t, < vee & t S
(3) SOCS1 C oo CSn C ese €S and 1?to>t1 P eee >tn D see ZO;

(4) 8 = 5,35, ces D5 > sue 2 5pand 0S4,<t, < sos <t < see <t g,



Then there i3 a fuzzy‘ semigroup A of S such that At =3
i

1 for all i,

Proof, For (1), (2), (3), (4), we respectively define a fuzzy set A of S as

followings:
(1) tyr if x€8;
A(x) _={
ti, if XGSi\Si_1, i= 1, 2’ e . n
(2) {ti, if x€5,\S, ., 1 =0, 1, sss , n-
A(x) =
ty, if xESn
(3) tys if x€8,
A(X) = ti’ if xesi\Si_1, i = 1’ 2’ Xy

[« -]
0, if x€s\\Us,
1=1

(4)‘ tyy if xesi\siH, i=0,1, 2, eee
A(x) =
tw s 1f XES

for all x€ S, We only prove (1), the proof of other cases are similar, First

we show that Ati = Si for all i =0, 1, ses, n, Obviously, Ato = SO' For i 21,

we have

g
1}

N {xGSl A(x))ti}

i
=jk={){xesl A(x) = ¢}

CRICAEVAVEIEIVECACAN

= Si'
Let x, y€5, If A(x) = t, or A(y) = t_, then

A(xy) 2t, = min{A(x), A(y)}.
If A(x)#t,, and A(y)¥t, also, Let A(x) = by Aly) = tj, and t < tistj. Then

yeAt C_'-At since tistj, and xéAt o Thus xyeAt since Si is a subsemigroup
h] i i i o '



of S, Hence
A(xy) 2t = min {t,, t;} = nin {a(x), a(y)}.

Therefore
A(xy) 2 min {A(x), A(y)}

for all x, y€S, That is, A is a fuzzy semigroup of S, This completes the

proof,
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