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In the paper [1] the upgrade of the structure of groups has been

considered, in which the concept of HX group has been raised. In this

paper we will discuss the direct product of HX groups and HX gruops

on direct product group.
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8 1. Prepare knowledge

The paper [1] gived the concept of HX group. The so-called HX

group is a group which is formed on the power set P(G) of a group 6.



Definition 1.1. Let (G, +) be a group. The binary operation of
the group G:
GX6 -6 , (a,b)—>a- b=ab
can be naturally induced to P(G): for any A,BeP(G),
AB={abla€A,beB} (1.1)
Let & €B, (6)=P(6)-{0}, §#¢. ¢ is called a HX group on G iff it
forms a group for the operation (1.1), which its unit element is

denoted by E. Let A€& , the inverse element of A is denoted by A™.
Obviously, E is a sub-semigroup of G.

Definition 1.2. Let § be a HX group on 6. & is called a regular

HX group iff its unit elemente E is a monoid of G.

Theorem 1.1. Let@ be a HX group on G. Then
1) (vAe®) (1Al=IE])
2) (VA,Be®) (ANB# ¢=>|ANB|=|E|)

The paper [2] gived the concept of uniform HX group. For

Ae Po (G) £
B={x"|xe A}

is called inverse set of A.

Definition 1.3. A HX group g on G is called the uniform HX group
iff for any Aeg , P=a".

Theorem 1.2. Let & be a HX group on 6, ¢ is uniform iff the

unit element E of & is a subgroup of G.



Theorem 1.3. Let § be an uniform HX group on G. G*=U{A[A€§}.
Then
1) 6* is a subgroup of G.
2) E is a normal subgroup of G*.

3) €=6*/E.

§ 2. Direct product of HX groups and HX groups on

direct product group

First of all, we will deal with the case of external direct
product. Let ¢, and 9, be respectively HX groups on G, and G,. The
direct product of ¢, and &, is

6, X%,={(A ,A,) 1A, €9, A, €%},
Let g be a HX group on the direct product group G, XG,. In this paper

we will discuss the relation between &.x%, and§.

Theorem 2.1. Let 6, and ‘9, be respectively HX groups on G, ahd Gy .

Then '
U{A, XAal (4 ,A,) €9,% 6,1}

is a sub-semigroup of G, XG,.

Proof. Suppose (a, ,a,),(b ,b,) € U{A, XA,|(Ai,A,) €9, xG,}. Then
(a, ,8,) €A XAe, (b,,b,) €B, xB,, where (A ,A;),(B ,By) €G, x&,.
We have a, €A, ,a, €A, ,b, €8, ,b, €B,. Therefore,

(a,,a) (b ,b,)=(a, b ,a, b, ) €A, B, XA, B,

where (A, B,,A,B.) €&, x§,. So, it is proved that



U{A, XAzl (A ,A)) €6 X gt}

is a sub-semigroup of G, XG2.

Theorem 2.2. Let %, and &, be respectively regular(uniform) HX
groups on G, and Gz . Then'
§) {A. XA, | (A ,Ag) € 9. ng}

is a monoid(subgroup) of G, XG,.

Theorem 2.3. Let %, and §, be respectively HX groups on G, and G;.
Then
& ={A XAl (A ,A;) €4, X6, }
is a HX group on G, XG=a.
Proof. Suppose A, XA, ,B, szneg, we can prove that
(A, X Az) (B, XB2)=(A,B,) X (AB).
In fact, because (a, ,a:) (b, ,b.)=(a,b,,a2b2),
(a, ,a2) (by ,bs) € (A) XA2) (B, XB) iff (a, by ,a,b.) € (A, B,) X (A,B,).
To take note of (A,B,,A,B:) €%, %%. Therefore,
(A1 XAs) (B XB2)=(A/B,) X (AeBe) €€ .

Thus € is close for its operation.

Let (E,,E,) be the unit element of 9.X§u where E, and E, are
respectively the unit elements of ¢, and 9, . Obviously, E\XEa is the
unit element of §.

The inverse of A, XA, is A} X4A;' .

So, g is a HX group on G, XGz.

Theorem 2.4. Let 9. and ?. be respectively regular(uniform) HX

groups on G, and G,. Then



@ ={A XAz | (Ai,A2) €6 %G, }

is a regular(uniform) HX group on G, XG:.

Let ¢ be a HX group on 6,XG,. For A€,

&c. ={a, |i(a ,a,) €A}

is called the projection of A in G .
Ce=lAe, |A€E)

is called the projection of  in P(6 ).
Ag, ={a,|3(a, ,a,) €A}

is called the projection of A in G .
Ge:={Ag, IA€G}

is called the projection of ? in P(G6 ).

Theorem 2.5. Let % be a HX group on G, XG, . Then
1) ¢, is a HX group on G,.
2) ?eg is a HX group on Gy.
Proof. We prove only 1). For any Ag, ,Bg, e?e, , where A, B‘e? .
we can prove that Ag, B, =(ABX, , where AB€%. That is ¢, is close
for its operation.
It is obvious that Eg, is the unit element of ?5, , where E is the |
unit element of §.
For any A¢, €%, the inverse element of A, is A% , i.e.,
(R ) =K, .

Therefore, %, is a HX group on G,.

Theorem 2.6. Let g be a regular(uniform) HX group on G, XG;. Then

1). 9;, is a regular(uniform) HX group on G, .



2). ?Gg is a regular(uniform) HX group on G,.

Let ¢ be a HX group on G, XG, . By theorem 2.5, we obtain that
G, =(he, IA€G}, Ge={Ag, IACH)
are respectively Hx groups on G, and G.. By theorem 2.3, we obtain a
HX group on G, XG,: |
%' ={Ae XAe, IA€G]
from 96, x %6, .

¥We point out that usually §'# .

Example. Llet G,=G.=(a), where a is a second order element.
¥e let E={(e,e),(a,a)}, A={(e,a),(a,e)}. It is obvious that & ={E,A}
is a HX group on G.XGe. Because g, ={€¢ .Ag }={{e,a}}  and
?&, ={Eq, ,A¢, }={{e,a}}, g' ={{(e,e),(e,a),(a,e),(a,a) }}={6, X G }.
But §' =§.

Gerenally, we have that §'=% iff for any A€§, AsAq, XA¢, .

Theorem 2.7. Let 9, and &, be respectively HX groups on G, and 6 ,
. g ={A, XA, I(A;.A:)E?.ng}-
Then %, =6, . % =4.

Lastly, we will discuss the case of internal direct product. Let
a group G be the internal direct product group of its subgroups G,

and G, .That is
1). 6=G G2.
2). G, NGa={e}
3). For any a, €6G,, az €6 : a a5=2,3,.

Let AGG, A is called be close for direct product decomposition



of G, if
A=(ANG) (AN Gy)

holds.

Theorem 2.8. Let G be the internal direct product group of its

subgroups G, and Gz . % is a HX group on G and for any A€,
ANG #o, ANG#o.
Then
9 =1anG, (A€f), €, ={AnG1Aeh}

are respectively HX groups on G, and G, . If any element ofg. is
close, then (‘; =6.6.

Proof. It is proved obviously that for any A,B€% , we have

(ANG, ) (BNG.)=(AB) NGy .

Let E be the unit element of?. Then ENG, is the unit element of g,.
£' NG, is the inverse element of ANG,. So %, is a HX group on 6 .
Similarly, we can prove that ?: is a HX group on G,. Because any -
element of € is close, i.e., for any A€%, A=(ANG,)(ANG,), $=56e.

The proof is finished.

Since G is the internal direct product of its subgroups G, and 6.,
any element of G is represented for production of elements of G, and
Gy, and represention is only. Let A€P(G), the projections of A in G,
and G, are respectively

Ag,={a, 133, €6,,a,a, €A}, Ag.={a,]3a €6, ,a, 23, €A}.
Let 9 be a HX group on G, the projections of? in P(G,) and P(6G,)

are respectively



gﬁ-. ={A¢, IA€6}, % ={A¢,1A€6},

Theorem 2.9. Let G be the internal direct product of its subgroups
G, and G2, and let ? be a HX group on 6. Then g and Ge, are
respectively HX groups on 6, and G., and § =% 8. holds.
Proof. It is obviously proved that for any A,Be@ we have
AG BG =(AB)g, , AeuB&=(AB)g, , A=A, Ag, .

Thus we can finish the proof.

In theorem 2.8 and theorem 2.9, for the HX group € on G we
obtained respectively HX groups ?. and ¥, as well as %e, and %6, on 6,
and 62,a0d § = 4.6, ., =% % . It is well worth noticing that € is

not the internal direct product of ?, and % or @e. and ?&, .

Theorem 2.10. Let G be the internal direct product of its
subgroups G. and G, and let g be a HX group on G. Then the necessary
conditions that f; is a internal direct product of a HX group §. on G,
and a HX group %, on G, are that any element of € is a set of
simple point and % is unifora.

Proof. Let & be the internal direct product of its subgroups
and gl ,and let ?, and &, be respectively HX groups on 6. and G, .Then

% n%={E}
where E is the unit element of & . We thus have

ES6i NGz={e}
Since E#£ o, E={e}. E is a subgroup of 6. From theorem 1.2, g is
uniform. From ,theorem 1.1, for any A€ 4, |Al=|E| holds. Therefore,

any element ofg is a set of simple point.
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