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Let E be a fixed set, Following the notations in [1] an |IFS
A in E is an object having the form:

A = <X, “A(X)' YA(X)> / X€E 3,
where functions p,: E—>[0, 1] andg Yot E—*(0, 1] define the
degree of membership and the degree of nonmembership of the
element x € E to the set A, which is a subset of E and for every
X € E O ¢ UA(X) + TA(X) LO

For every IFS A the function nA(x):i—uA(x)—TA(x) defines the
degree of indeterminancy.

For every 1two |IF88 A C E and B c E the following relations
are valid:

A CB , if (VXEE uA(x)suB(x) & 7A(x)sz(x))

A =B, if (VXEE Mp(X)zpg(x) & TA(X)=TB(X))

For every |IFS A and for every o, B € [0,1) the following
operators are defined:

Dax(A) = ([<x, uA(x)+a.nA(x), TA(x)+(1-a).nA(x)> / XEE]

Fag (A) {<x, pA(x)+a.nA(x), TA(X)+5.HA(X)> / X€EE]), a+piid

Gap (A) = {<x, G.UA(x), a.TA(x)> / XEE]

Hap (A) = [<x, a.uA(x), TA(X)+B.WA(X)> / XE€E]

Hap (A) = {<x, G'UA(X). TA(X)+B-(1—G.UA(X)-TA(X))> / X€EE}
Jap (A) = (<x, uA(x)+u.nA(x). B.TA(X)> / X€EE]
Joap (A) = {<x, UA(X)+G'(1-UA(X)-B-TA(X)). B-YA(X)> / XEE}

C(A) = {<x, K, L>» / X€E}, where K=max p,(x) & L= min v, (X)
X€E A x€E A
F(A) = [<x, K, 1> /. X€E}, where Kzmin p,(x) & 1= max ¥, (x)
XEE A X€EE A
D(A) = {<xn uA(x)r 1’UA(X)> / erl
0(A) = [«x, 1-7A(X). YA(X)> / XEE]
Theaorem 1. For every 1two |[IFSs8 A CE and B c E and for every
operator Y € 8§ = { Fap, Da, Gap, Hap, Hap, Jap, Jag, C, |, O, 0]
when A C B the relation Y(A) Cc Y(B) is true.
Proot:

For ¥ = Fap:
from

HFGB(A)(X) = UA(X) + G.UA(X) = o + (1-—«).UA()() - G-YA(X) ¢



o+ (1-&).UB(X) - Q.TB(X) = UB(X) + a.wW_(x) =

B Veap (8 %)

and

TFaa(A)(X) T TAX) 4 B.W,(X) = B + (1-6).7A(x) - Bp, (X))
1B+ (1-8) . vg(x) - B Wg(X) = Bg(x) + B.Tg(x) = VFaa(fo)
follows Fap(A) c Fap(B).
Analogically for all other operators.
Let E1 and E2 be two universes and let
A = {<x, uA(x). TA(X)> / X € E1},
B = {«vy, bgy), voly)> / v € E2)
be two IFSs over them. Cartesian products over IFSs A and B are

defined by:

A Xy B = f<x, uA(x).uB(y), T (X).Tg(Y)> / X€EE1 & YEER2 }
A Xp B = {<x, UA(X)+UB(Y)-UA(X)-UB(Y). YA(X)-TB(Y)>
/ X€EEY & YEEZ ]}
A X3 B = [<x, UA(X)-UB(Y). YA(X)+YB(Y)‘7A(X)~TB(Y)>
/ X€EE1 & Y€EEZ 1}
A Xg B = [<X, min(uA(x).uB(Y)). max (v, (%) Tp(y))>
/ XEE1 & y€E2 ]
A Xg B = {<Xx, max (b, (¥, vg(y)), Mmin(y, (x),r,(v))>

/ XEEN & YEEZ ]
Following definitions of cartesian products over I|FSs
and definitions of operators noted above next two theorems can be
easily proved.
Theorem 2. For every two IFSs A C E1 and B C Ea2:
(a) C(AxpB)
(b) | (AXpB)

1]

C(A)XpC(B), where xp € [X4,Xg,X5]}
F(A)xpl (B), where xp € (x4,Xg4,X5]
(¢) D(AXpB) = O(A)xpO(B), where Xp € (Xp,X3,X4,Xg)
(d) ¢ (AxpB) O(A)Xp0(B), where Xp € [Xa,X3,X4.X5]
(e) Gap(A)xpGap(B) = GuB(AxpB), where xp € {xg4,Xg]
(f) Gup(Ax4B) = GuB(A)x4B = Gap(B) XA
Theorem 3. For every two [IFSs A C E1 and B c E2 and for every
operator Y € {Fap, Da, Hap, Hap, Joap, Japj}:
(a) Y(A) x4 Y(B) D Y(A x4 B)
(b) Y(A) x5 Y(B) € Y(A xg B)
Let A C EzE1XE2x...XEn be an IFS and q=(iq,ig,...,ix) be an

"

n

fndex sequans, q’ be the compliment of q whith respect to 1, 2,
N}, Let E(Q)=Ei xEigx...xXEix and E(q’) be the compliment of



E(q) whith respect to E. Let x(g)=(xiq,Xipg,...XiK) and x(q’) bpe
the compiement of x(q) whith respect to (x1,x2,...,xn).

Similarly to the projections of fuzzy sets introduced by
Zadeh [2]) the first and second projections of |FS A over E(9q)

1 2
il t i A A d i by:
Wi be noted with E(q) and E(q) an defined Y
1
A = C(Ri g, Xio, o, Xi ' 1,0 s
E(q) {<( i Xip Xig) Q?SI)UA(N ¥xn)
min T, (X1,...8%n)>» / (Xig,...Xir) € E(q)}
x(q’) A 1 K
and
2 X . , , . .
AE(q) = {&(Xc1,X|a,...XcK), TEQ’)UA(X1""xn)'
max ¥, (X1,...%Xn)> / (Xiq,...%ig) € E(Q)]
x(a’)

It can be easily checked that first and second projections
are still IFSs,

Let A C E1XEZ and B ¢ E1XE3 be two IFSs8, Following the nota-
tibn in [3] of IFS8 over different universes we shall define the
intersection and the union of A and B by:

ANB = [<(X,Y), min(FA(x.y).HB(x.y)). maX(?A(x.y).TB(x.y))>
/ X € E1 &y € E2 U E3})
A UB = [<(X,Y), max(ﬁA(X.y),HB(X.y)). Min(7A(X.Y).7B(X.Y))>
/ X € E1 &y € E2 U E3}
where:
_ Py y) v € EZ _ TAlX.Y) v € E2
Pplx,y) = r Yplxay) =
Q y € E3 - E2 1 y € E3 - E2
and
— UB(x.y) Yy € E3 _ TB(X.Y) y € E3
Pglx,y) = v Yglxay) =
0 y € E2 - E3 y € E2 - E3

For fixed y € EQUE3 we shall construct the IFSs A(y) and B(y)
respectively as follows:

Aly) = f<x, UA(x.y), TA(x,y)> / X€EY & YEERUE3, y i3 fixed]

B(Y) = [<x, Tg(x,¥), Tg(X,y)> / X€E1 & ZEERUE3, y is fixed]
Theorem 4., (a) A1 = U Aly) & A2 =N A(y)
E yEE2 E1 YEER
) (AnBl = U (AY) nB(Y))
YEE2UES3
(¢c) (AU B)§1 - N (Aly) U B(Y))
y EEBUE3

Proof:



For (a):
from
b o1 (X)) = max P (X,¥) = max p (x) = p (X
g AlY) U _ Aly)
AE1 yeEEZ yeE2 yEER
and
T 4 (X)) = min v, (X,y}) = min ¥ X) = 7 (x}
A A(y) U A(y)
AE1 vyeEE2 YEER yEED
fol lows A? = U A(y).
E1 yEER

{(b) and (¢} are proved analogically,.

Let €1, E2, ...., En be n universes, let E(q)=EiyxEipx...Eiy
and let B Cc E(q) be an |FS. The <cylindrical extention of the IFS
B in the universe EzE1xE2x...xEn will be denoted ¢B and defined
Dy :

CB={<(Xy,....%p}, pcB(x1,...xn), Yce(x1,...xn]>/(x1,...xn)€E;
where:

KB(x1...,xn):ps(xi1,...xlk) and YCB(x1,...xn):78(xi1....x,k),
where the 14, 12, ...,1 arguments of Vep and Tep 27° equal res-
pectively to the first, second, ..., K" arguments of vg and ¥

The IFS B will be called a base of the IFS ¢B.

B*

Theorem 5. For every |FS A ¢ EzE1xE2x...xEn:

e 1
] A ’
(ay <t E(q]’ CcC AC C(AE(Q))

n
tb) U':-, C({A

) A o nvaq Al

e

Ei Ei

n =4 c 2 e

() Urzq ¢lAg ) = ApyXsApoXs: . XsAp,
1 1 1 1
Ei

N
(d) M, -1 C(A E1X4AE8x4I'Z.x4AEn

) = A

Proo+f:
For (a):

from

C(_Aa )(K1,...,Xﬂ) pAe (Xt q,...,x1K} =
E(q) E(q)
= min go(xt, ..., xn) P, (x4, ...,xn)
x(g”’) A

max p
x(q’) A

(PN
o~

g~

(X1, ...,xn) = Y (xt,...,%xXn}

C(A1. )
E(q)
and

c(AZ yExtexn) =y (Xig,...,%XiK) =

E¢q) E(q)
max Y xt, ..., xn oy, (XY, ..., XN 2
%) Al ) Al )

it



2 2;31)7A¢x1....,xn) TC(A1 )(x1....,xn)
5 ,  E(a)
folliows C(A C A C C(A_ .
“Pe (@)’ Be ()
(b) - (d) follows directly from (a) and from the definitions of

union, intersection and cartesian products x4 and xg.

The IFS A Cc E=zE1XE2x...XEn will be called (p,q)-separable if
1t ¢can be present as xp—cartesian producis over its g-projections
over Ei, i = 1,...n, Xp € {X4,%Xp,X3,X4,Xg} and q € {1,2},.

Now it is easy to prove the validity of
Theorem 6. (a) If an IFS A ¢ E=EixE2x...En is (4,1)-separable,

then every of its first projections will be (4,1)-separable,.

{b) tf an IFS A c E=zE1xEZ2x...En is (5,2)-separable,
then every of its second projections will be (5,2)-separable.
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