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The paper based on {4 first defines the concept of fuzzy integrals of
set-valued mappings by the similar way of Aumanni{l}. Then it is discussed,
some results similar as Aumann integral are obtained, these include
convexity, closedness, Fatou’s lemma and Lebesgue convergence theorem, etc.
At last, the fuzzy integral of fuzzy mappings is defined, the extended

results corresponding with fuzzy integrals of set-valued mappings is showed.

1. Preliminaries

In the paper, the following notations and concepts will be used. Symhol
I denotes the unite interval {0,1], PCI) denotes the power set of I, f}(l)
denotes the fuzzy power set of I. The tripiet (X,)4— m) is a classical
complete probability space (non fuzzy), p.A —1 is a fuzzy measure of
Sugeno’s sense, and in addition, p satisfies the following two conditions.

(1) p is nuli-additive, i.e. p(Ad=0 implies p(AUB)=p(B);

(i1) p<<m, i.e. m(A)=0 implies p(A)=0.

Throughout the paper, our dissussion is supposed to be carried on (X, A,m,
1. |

The fuzzy integral of a measurable function {,X——1 on X is defined as
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where (f ay={x£X,f(x)=2a}



19

Lemma. Let f, f, be two measurabie functions, them f(x)=f(x) for x£X
m-a.e implies jSfdpu=/fdp.

A set-valued mapping is a mapping F,X—P(I)\{0 }, and it is said to be
measurabte if its gragh is measurable, i.e. GrF={(x, 1) €XXI,r1€F(x)} is
belongs to ﬂ» QBore (D),

A fuzzy mapping is a mapping F,X-——*»EF(I)\(Q)},and it is said to be
measarable if its A -cutting set-valued mapping F, 1is measurable for

everyA < (0,11, where F.(x)=F(x)],={r € LLFGx)(r)> A I
2. Fuzzy integrals of set-valued mappings

Definition 2.1 Let F be a set-valued mapping, then the fuzzy integral
of F on X is defined as

SRAp=(ffdp.f2SF)
where S(F)={{.f is measurable, f(x)£F(x) for x£X m-a.e}, i.e. the family
of m-2.e measurable selections of F.

Obviously, [SFdp may be empty.

A set-valued mapping F is said to be integrable if fFdpu=¢.

Proposition 2. 1 If F is a measurable set-valued mapping, then F is
integrable.

A set-vatued mapping F is said to be convex-valued, if F(x) is convex
for all x€X m-ae.

Propsition 2.2 If a measarble set-vatued mapping F is convex-valued,
then fFdp is convex.

For a set-valued mapping F, let coF(x) denote the convex hull of F( x)
for x2X m-a.e, then holds the following.

Proposition 2. 3 If F is a measurable set-valued mapping, then
cofFdp=/coFdp.

A set-valued function F is said to be closed-vatued if F(x) is closed
for x<X m-a.e.

Proposition 2.4 If a measurable set-valued function F is closed-valued,

P

then JFdp is closed.
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Coroltary 1. Let F be a measurable interval-valued function, i. e.
Feo={f(x), f(x)], then JFdu={jfdp, jfdu]

Let {A}C P(I) be a sequence, we define

Limsup A,:{x,x:“l_i_g;g, X, fA(n= 1))

Liminf Azix,x=lim x, x, €A (=1}

It had been shown that Limsup A, and Liminf A, are closed sets{5i. If
Limsup AzLiminfA=A, then we say {A} is convergent to A, simply writed by
Lim A=A or A~—A. Using above definition, let {F,} be a sequence of
set-vaiued mappings, we can define Limsup F, Liminf F, Lim F, by
pointwise way.

Theorem 2. 1 (Fatou’s temma) If {F.} is a sequence of measurable
set-valued mappings, then

(1) Limsup SfFdp C /Llimsup Fdp

(ityjLiminf F, dp ¢ Liminf JFdp

Theorem 2.2 Let {F,} be a sequence of measurable set-valued mappings,

F be a set-valued mapping. If Lim F=F, then Lim fFdu=/Fdu.
3. Fuzzy integrals of fuzzy mappings

Definition 3.1 Let F be a fuzzy mapping. Then the fuzzy integral of F
on X is defimed as

CFFdpdCr=supl A £¢0, 11,1 € FFdp)

A fuzzy set T¢€ 9(11) is said to be fuzzy convex ( fuzzy closed) if
r={ rel 0, 1] T(rO)=A} is convex (closed) for each A €(0,1j. A fuzzy
mapping F is said tﬁ be fuzzy convex-valued (fuzzy closed-valued) if F(x) is
fuzzy convex (fuzzy closed) for x£ X m-a.e.

Proposition 3.1 If F is a measurable fuzzy mapping, then

(i) F is fuzzy convex-valued implies f?dp is fuzzy convex;

¢ i) Fis fuzzy closed-valued implies .;“fdp is fuzzy closed, and
(j‘-Fldp),:fodp for A £(0,15.

Corollary 2. If a measurabie fuzzy mapping Fisa fuzzy number mapping,

then fFdu is a fuzzy number.
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Let { T.) be a sequence of fuzzy sets. Its limit superior and limit
inferior are defined as
(Limsup T,)(r>={ A €0, 11,1 € Limsup(T).}
(Liminf T)(ry={ A 20, 1}, 1€ Liminf(T ).}
I Llimsup T, =Liminf T,=F, then we say that {T,} is convergent to T,
simply writed by Lim §,5T or T,~T.
Simitarly, for a sequence of fuzzy mappings {F),Limsup F, Ligin{ F,
and Lim F, are just defined with pointwise (m-a.e).

Thecrem 3.1 (Fatou's lemma) If {F} is a sequence of measurabie fuzzy

mappings, then

C RSP~ S -y

(i) Limsup JFdp € jlimsup Fdp
I [~ -4

(i1) fLiminf Fdp & Liminf /Fdp.

Theorem 3. 2 (Lebesegue convegence theorem) If {F} is a sequence of

~
JF du  is

~~
measurable fuzzy mappings, then {F,} is convergent impiies

convergent, and JjLlimF, dp=Lim/Fdu.
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