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i{. Introduction

Continuing our considerations on L - multifunctions and
' their applications we are using the abbreviations and notations
from {i] and [2]. In this paper we introduce the concept of
L - economic model. Moreover the concepts of technological tra-
jectories of such a model and their optimality are here presen-
ted. )

2. Desription of a model.

Let E be a subset of R with at least two different ele-
ments. It is assumed that O € E.Elements of E will be called time
moments and the element O initial time moment.

Let E - f(t,T) € ExE : t<T}.
De finition{. An L - model of economic dyna-

mics is an object
n

M = {E,(R )Jyegs (Kilrep: (Ft,T)(t,T)GE} *
where

- R denotes ng - dimenasional EBuclidean space,

- Fygp ¢ Ky~ P(K;) - an L - multifunction satisfying
the following properties: '
- for any (t,x) € E Fing is
{. superadditive , (1],
2. conical ,- {1}, .
closea , [2],
4. (0,¥y,r,t) £ W for y # O
tr
- if t,7t,6 € E and t<e<Tt then
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Ftr = FeToFte , LY.

In the classical model the technology of an economy in
a time interval (e.g.from moment t to moment t)is described by a
multifunction . In this way,a certain set of goods is agssigned to
a certain good. Now, we will assume that we have at our disposal
information about the gualities of the outlays goods at moment t.
As a result of applying a technology which defines the economy
in a time interval <t,T>, a set of goods of given gqualities can
be abtained £from good X, of e.g. Iy quality. Of course, the qua-
lities of abtained goods depend on the quality of the outlays
goods and the technology. However, it may happen that the appli-
cation of the same technology to the same good yields%goods of
different gqualities. The gualities will be described by numbers
of a unit interval.

From the above line of reasoning it foollows that in a
time interval <t,t> we have the following information at our dis-
posal:

- a goods which are the outlays at moment t,

- gquality of the outlays good,

- a transformation assigning an outlays goods to a set

of goods of given qualities.
The mentioned transformation we will described by the L - multi-
function.

D e finditione. A technological trajectory of M
is a family Tr = ({xt,rtl)teEsucn that

(a) x, € K,

{b) ry # O for any t € E, ~

{c) (xt,xT,rt,rT) € Wp for any (t,r) € E.

: t~r :

I£f Tr = ({xt,rt})tEE is a technological trajectory of
M,then the fuzzy singleton {xt,rél is called the state of the
trajectory Tr at the time t; {xo,rol is the initial state of Tr.
It is said that the fuzzy trajectory Tr goes out {x,r} if
{x,r} = {x,,r,] and passes through {x,r] at the time moment t if
the state of Tr at the time moment t is {x,r}.

It can be seen that in the case of a technological tra-
jectory of M it is possible to determine at each stage the degree
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of quality r, of the abtained good Xg.

Let W, . denote the graph of an L - multifunction Fg..
Now, we will formulate a theorem of the existence of a technolo-
gical trajectory in our model.

T h e or em{.(Existence of technological trajectory)
Let (O,?) € E ana (yo,y{,ro,rg) € Wof,» To ¥ O, ri{ # O. Then there
exists a technological trajectory Tr of M going out {yo,rol and

passing through {y{,r{} at the time moment T.
Ny
Proo f. For every t € E let us take element u,€ R

such that u, £ K ¢ and let us denote L, = (K4 U fugl) =1,

Let L :| |Lt.next ljet us choose a subset SCL of sucp elements
tEE ®

Tr = ({xt,rt})teE that there exists a subset Eq, C E such that
(a) O,t € Epqn.
(b) if t,t € Epn and t<t then (xt,xT,rt,rT) € Wims
(c) ixg.rg) = (¥,,To} » fxpuryl = fyg.rgl.
(@) if t € E~Epp then X¢ = Ug.
By the way, let us mention that S # ¢.Indeed, the ele-
ment Tr = ({xt‘rt})teE such that
{x,,To) = {¥5,T}, iXE,TY) = tyg.rgl, {xg.reld = fug ,red
if t € E and t # 0,T belongs to S and Eqp * {0,%1.
In S one can introduce a partial ordering ! as follows:

el 2 Tef, Trl o= (1xyt, rell)yeg € 8, 1 = 1.2,
iff

(b) {xt’,rt’l = {xta.rta!, V t € Eppa.
Now, it will be checked that each chain in S is bounded from abo-
ve.Let (Tr®) ., denote a chain in S, Tr® = ({2 %, v %) gepy * € A
It is seen that the element Tr = ({xt,rt])teE such that

(a) fxq,red = (xg%,r®) of t € Eppa,

(b) x4 Tl fuy,ry) if t £ LJ.ETri,

AEA
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belongs to S and ETr < kJ ETF&.Hbreover, for every « € A Tr ! T
€A

So,the chain (Tr'°‘)°(GA is bounded from above,as asserted. By

Zorn’s Lemma the set S has a maximal element.
It remains now to prove that for each maximal element

Tr = ({xt"t‘)teﬁ of S there holds ETr = E.Indeed, let us suppose
that there exist a maximal element Tr € S such that ENEq,. # #.
So,there exists an element 06 € E'ETr‘ Now, let us define

Fi = it € ETI‘ H 1'.(3! 2 FE = {t € ETI‘ H g<T ],F = FixFa;

and for (t,t) € F and {xt,rt],{xr,rT] € Tr
th = {{xelre] : (xtoXBart;re) € wte and
(xO ,x,r;re ,l‘,l.) € We,r} . “a

(t) The subset b,. js a non - empty subset. In fact,let
t<8<T. Because of {xt,rt},{xT,rT} € Tr we observe that

(xt,xT,rt,rT) € Wy
Next, taking into account the properties of composition of
L-multifunctions,we get

Fix = FoaoFre-
This means that there exists {xe,re} such that

(%4 ,Xg,Ty.Tg) € Wpg and (xg,Xr.Tg,Tq) € Wor:
i.e. by # #. -

(2) The set Dy, is a compact set.
The L-multifunctions F;gz and Fy, are closed and (0,y.,r.,t) £ Wigq.,
(0,¥,r,t) £ Wy, fOor vy # O.Therefore Fig and Fg, are sequentially
bounded (see [2]) .80, the set Db, is an intersection of closed
and compact set.Therefore th is a compact set.

(3) 1£f (s,v), (t,T) € F, a<t, with {xg,rgl,ixg,ve) € T
then by D Dy

(4) If (t,s),(t,r),s<¢,_with {xg.rgl,{x.,vc) € Tr,
then b, € Dy

The above inclusions follow from the properties of com-
position of L-multifunctions.

From (1),(3) and (4) it follows that the family
(th)(t,T)eF is centered .Compactness of th and centerness of

the family (th)(t,T)GF vields rw Deqg # #. Let {ze,rele rw Din
(t,T)EF (t,T)€EF
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and 1let us take into account an element Tr = ({it,Ft])teE such

that '

{xq,ry) Lf t € Eqp,

{-}Et’i—‘t} = w {29,1‘0] if t -]

\
For this element we have Eg; = EpqnU {e}. So,we get Tt : Tr and
Tr # Tr in contradiction with the supposed fact that Tr is maxi-
mal element in S.Therefore,there exists a technological trajecto-
ry of M with initial state {y5.rgp} and passing through tyg.r¢l
at the time moment t.

3, Optimal technological trajectories.

Now,let wus additionally assume that there exists T € E
such that t ¢ T for all t € E.

D e £ i nit i on 3.A technological trajectory Tr
with initial and terminal states {xo,ro} and {x.,r, ] respectively
is called optimal if there exists a non-zero functional p € KT
such that

p(xp) = max p(x) > 0, : (%)

X€B
where B = {x € Kp :(xo,x,ro,rT) € on].

An element x of B is called the limiting point from
above if a x £ B for a>{. For a normal covering of B we use the
symbol nB.

7 B e o r e m2. A technological trajectory Tr with
initial astate {xo,ro} and terminal state {Xq, rpl is optimal iff
the element xq is a limiting point from above of the set nB.

Pr oo f.Let Tr denote optimal techinological trajecto-
ry with initial and terminal states {xo,ro} and {xT,rTl respecti-
vely.We will prove that X is a limiting point from above of nB.
In contrary, suppose there exists an a>{ such that aXq € nB. Be-
cause pP(Xgqp) > O we get
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p(xqp) = max p(x) = max p(x) ! p(axqp) = a p(xqp) > O, x€B
XEnB .

j.e. 1 : a in contradiction with a > 1.
Now,let us assume that xq is a limiting point from above nB.Let =
denote the sphere nB - nB and |1 liup Minkowski‘’s norm. It is

known that this norm is monotonous and
nB = {z:llzligg ¢ t1.
Because xq € B is a limiting point from above of nB,there holds
I lXpiipg = 1.
Therefore ,there exists a functional p € KT* such that
P(xqp) = lixqplipg = & ., 1iPHI = 1. .
So, it is proved that for the technological trajectory Tr the
condition (#) is fulfilled and thas the proof is finished.
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