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Abstract: The fuzzyv svstem which be expressed as the following discrete tive

equation
Xt+1=F(Ut) Xg’

Ug=H(Xg)
is called a fuzzy algorithms system. In this paper» we presented a weaker
defintion of the difference measure of fuzzy states. On the basis of this

difference measure, the concept of € -convergent was defined, ard the coatrol
problems of the hcwmogensous finits states fuczy algorithzs systems was discussed.
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1. Introduction

The approach of the fuzzy systems being with Zadeh and
Chang’ s work!%? 121 After this, there -are 1ot of further
works by many scholars in the fuzzy systems fieid. Howerver,
in the dyoamical analysis of fuzzy systems, the description
of convergent concept of a fuzzy sysiem’ s states sequence {X.
it=0,1,3,... ...} (Xe is a fuzzy set on X) is very important.
but a integrated definition is net still given, at present.
Let X be a fuzzy state of the system X& F(X), Negoita and
Ralescu®™! (1975} suggested the definition which a fuzzy
states segquence {X.} converge t0 X as follows: there is a t’,
when t>t’ have X.=X. Obviously, this definition is too sirong. -
Tong %! (1978) proposed to replace X.=X by the equation of
the peak pattern of fuzzy states hgt (X.)=hgt(X}); But Chang
and Zadeh used the inclusion relation X.=X or hgt X.)= hgt X
for expressing this .convergence;Dubois and prade™ suggested
to depict it using ~the weak -inclusion relation or the
inequality hgt XeNX) > &, where 2 € [0,1] is a given small
number; When the set X is a metric space with distance d, for
a definite nonfuzzy set X, d(X, ¢} is the ¢ -neighborhood of
X, then Glas[6] suggested that using [X.] o= d(X, €) express
the eonvergence of a sysiem states sequence {X.}, where [ Al
- demotes an «-cut of the fuzzy set A. In comsideration ‘of
the specific property of applicability of fuzzy systgms, if
there is not a definifion of the distance on X,  then Glas’s
way will be useless. ) |
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In this npaper, we presented a weaker definition of
difference measure of fuzzy states on fizzy power set F(X) of
ihe set X. If all states of a system are the fuzzy subsets on
X and a difference measure has been defined at F(X), “then
F(X) is called a fuzzy state space. In this paper, we snall
use the comcept of differemce measure for expressing the
convergence of a fuzzy states sequence {X.}, and discuss the
control problems of the fuzzy algorithms systems.

2. Mathematical expression of fuzzy aigorithms systems
A fuzzy algorithms system A may be described as the following
equations | '
Xes1=F U, xt) ) {1}
U.=H({X.:). ' Y3
Where X. and U. are respectxvely fuzzy state and imput of the
system A at time t, Xe.n is & fuzzy state of the system A at
time t+1. Here t is an integer time index . The state X. is a
fuzzy set defined on a space (universe) X and the input U. is
a fuzzy set defined in a space % we denote X.€ F(X),
U.€ ¥ (%, Their membership funciions are denoted as X. (x) and
U.( u), respectively , € X, 1€ %
The mapping F describes that state of this system at time
t+1 depend on its state and 1nput at time t. H desecribes that

input of the system depend on mtenor state of the system at
same time, i.e, ,

F: ¥(%) XJ(X)*JOQ, ' (3)
LX¥X)->¥@. o | (4)

The fuzzy system A may be seen as a cloged loop fuzzy
system , and assume that the system is observable . We define
U. as coatrol of the ‘system.h , it only depend on states of
the system at same time., The fuzzy algorithms systems
described gbove and its control problems has a let of -
practical case . Let X and % be all finite set , denoted s
X={x,, X3,... Xa}, H={u1, Uz, ..., Ua}, then A is called a finite

states fuzzy algorithms system (FSFAS) . Let & be a fuzzy
relation on X XXX, i.e., - |

5:%xXxX~>[0,1] {5
When X and % are finite set, & may be written a three
-dimensional fuzzy relation matriz d=[riyxlm=n>xn . We call
5 as a fuzzy transition matrix of states of the system A,
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risec [0, 1] show a grade of possibility of transfering stste
X; to state Xx for the system under condition of that system
has a fixer input u;.

Defnition 1, If the fuzzy transition matriz & of a system
A is independent of time t, i.e., for any i=l, 3% ...,m
k=1, 2,...,0, rijx is a constant, then the system® is called
a homogeneous systiem.

This paper will main discuss the homogenecous finije states
fuzzy algerithms systems (HFSFAS). In order to convenient for
after discusion, we iniroduce some useful symbols first.

For any given U, %, X;€ X, we denoted that

]
PTexy Tizz = Tiga ! .
.| Lo = ( ' '
5un.:-’!1'121 Tiaa " Tian | Cat, x5 . ={Puj51 fija = Tijal
'! """""""""" » ™ s 7
' Piniy fina =" Tinn { . (6)

By ., . EFXXX) is a fuzzy transition matriz of states
under condltmn of that system input is uy. 84y, Xy, - € F(X)
is called a fuzzy trapsition distribution of state x ; under
condition of that system input is u:.

For given fuzzy state X< F(X), under inpui u., define the
fuzzy transition distribution of fuzzy state X as the
following - ,

6u1.x,.=x°6u1..,. (7)

bat,x,. (W=VIXEHA S, x,. D], vxe X
i=1

where A,V stand for sup (max} and inf( min) operatiors
respectively, We denote

' aul.} LD ST SN
6',1,'= anm"x;'. ?"X"&; : (8)

-
[

6uma * X
then the fuzzy transition distribution of fuzzy state X under
condition of that system has ¢ fuzzy input U € Fw/ is
obtained as - |

du x,.=00 ,,1,., - ' (9)

buy x,. (x)= V [U('.u}/\ ut, x . (D]

i=-1
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Denote that X=X,.,U=U,, B8 ue, xe . =Xesn, Equation (1) may be
written the following

Xeo12000 ., x¢y . =Ueo X2 d)

Xeer(xi= V. VU lud AXelx) A 8 (us, x5, 1) (10}
i=1 j=1 »
Then a HFSFAS may be described as the following equations
Xeo1=Uso (X, 8) , (t1)
Ut=H (Xt) ‘12)

3. Difference measire of fuzzy states and fuzzy state space

[n order to show dynamical properties of the fuzzy
algorithms systems , it is necessary that we set up a
definition of measure representing the difference between
fuzzy states. This measure is not unique, it accordingly as
distinet aim of fuzzy systems analysis . Thus we give 1
weaker deficition as tiae followiag,

Defnition 2. Let A4, B be two fuzzy set on X. | A-B i is
called a difference measure of A and B if it satisfies the
following conditions:

1°. 1 A-Bji >0, if A is a normal fuzzy sei (3 x€ X, A(x) =1},

then | A-A] =0; (13)
2° . | A-B]=|B-Al (14)
3° . i A1UA:‘B§ = ﬂ A;-BS A i A:"Ba (15)

Defnition 3. Let X be the states space of system A If the
definition of differeace measure between any f{wo sets on ¥ (X)
is given, then call (FX), |- |) as a fuzzy state space of
the system A . | ‘

By the conditions (13)-(15) , generally speaking, when
| A-Bl =0, we cannot deduce that A=B. The difference measure
on F(X) satisfies the following properties .

Property 1. Let A,, A; and B be fuzzy sets on X , and A=A,
then have |l A,-Bj < | A5-B1

Proof ; Because A,2A; implies A,=4,UA;, by (15) we have

lA1 “Bi=1A:UAz-B) =] A;<B} A'1'Aa-BI < | A5-B1i

Property 2.V A,, As, BE ¥(X), | A\N&s-B| > | A,-B| V | A4-B].

Proof: Because A;2A,MA;,  A2A;MA,. by Propery 1 we have
{ A;-B] < | A;N4-B} and ﬂ A,-Ba < | AxNAs-Bi, then | A, NAz
'Bﬂ >|A1 B"\/ “Aa Bﬂ



37

Property 3. Suppose that A asd B are all normal fuzzy sets

on X and A=B, then | A-B} =

Proof: From Definition 2 we may establish the following
1A-Bi=1AUB-B}=1A-BY1 A |B-BY=]A-B1 AO0. And bscause
{1 A-B{| is not a negative n.umber , then 1§ A-B! =0.

Definition 4. Let {X.|X.€ ¥(X), t=1,2,...} be a fuzzy seis
sequence, X’ € F(X) a given fuzzy set and €€ [0,1]. VWe say
that the fuzzy sets seqnence {X.} is the ¢ - convergent for
the fuzzy set X* if there exists a index T, for all t>T
such that | X.-X’ | < ¢.

4 . Control problems of HFSTAS

In the fuzzy system which can be experssed as (11) aad (12},

we suppose that & is a known fuzzy relation matrixz. At this
time, if the mapping H: ¥F(X) >F (%) is once determinaied,
then a fuzzy input sequence U={Uo Uy,...,Ur,. . . } may be
obtainned by fthe conirol B and a initial state Xo€ FX) of
the system . Tae fuzzy states sequence X={X4, Xa ..., Xrers. 0.}
ef the system is also obtained at same time ., The sequence X
is called the system dynamic response, it may be seen as "a
motional locus " on the system fuzzy states space. The
dynamical characters of HFSFAS can be shown by this "loecus’.

From above we easy to see thal the change process of X
depend on the input sequence U of system A  when the fuzzy
iransition matrix & and the initial state Xo are given. Buf
U depend on the mapping H, then we say that the system
dynamic response X depend on the mapping H.  Accordiang to
above discussion we denote the system dynamic response X as
X Xo).

We denote F(X) as a collective -of all pormal fuzzy sets on
X, haveFX)=F(X).

Defition 5. Let Xo, X’ € F(X) be respectively given inital
state and final state of HFSFAS A. The fuzzy system A is the
e -controllable from Xo to X’ if there exists mapping H: F(X)—>
F(%) such that XGI,XO) is the &-convergent about the final
state X', i.e,, there exists a time index T, for all t>T has
that . | R

1 XX I<e, X.€XHX) - (16)
The minimal T satesfing Formla (16} is called the control step
length of H from Xo to X’, denote T=s1(H}; The fuzzy system A
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is complete € -controllable if A is the z-controllable from
aay initial state Xo€ F(X)to any final state X' € F(X)

Definition 6. Let % be a family of all mapping from F(X; to
F(%), Suppose that a HFSFAS is the ¢ - controllable from an
initial state Xo to a final state X Xo, X’ € F(X}}. He # i3
called a ¢-optimal conmtrol (for the time) from Xo to X if
the contro!l step length T of H as the following

T=min{T” {T"=sl{& ),V EH

Thecrem 1, A HFSFAS is the f-contro lable frem Xo to
X Xo, X’ € F(X); if and only if there exists a k<o, such
that

i Xo AX-X i< ¢ i17)

Where :,_\}=!._,'§6ui]1’t) &k=i\:’.°é;.-,‘l °A'

ia‘

Vv
= K

Prcof: By (5} we know that A is a binary fuzzy relation on
X, denote A=[Ti;law= where T7; is a grade of possibility
of transfericg ihe systew’ s state xi to 1; by cne step under
all possible exazt inputs. Denote AP={Ti{3lcwno T} shows &
grade of possipility of transfering the systew’ s state x: fto
x; under all possible p-step exaet imput ¢ P u® ., u® (¢V
€%, i=1,2,...,0). Thus the fuzzy matrix series $4zxp shows
the grade of possibility of the states transition uzder all
possible input forms (including every step lengths),

For X.€ F(X), by (7} we know that X¢ (»U AP) € F(X) shows the
fuzzy transition distribution of fuzzy state X, under all
possible imput forms. |

According to the exposition of ZLK the "sufficiency of
Theorem | is obvious. We only proof the necessity.

Because the system is the = -controllahle from Xo to X,
then must has that

[ Xoe(UA®)-F ' < e - “ (18)

bl

For n order fuzzy square matrix A, the following formula

[ ) a
AP=U A

p=1 p=1

is hold according as theory of fuzzy matrix series. Thus that
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o n

1Xeo (UAPY-X 4 =4 Xoe (UAP)-X | =] UXooAP-X !
=1 p=1 Pp=1
n .
=A } Xo°l?-X ﬁ {19
p=1

By (19}, there exists a k<n, has

i Koo {UAP)I-X § =] Xo°A*X i < ¢

p=1

This ecompletes our proof,

We denote binary fuzzy relatioa ratriz oz X as
n
R°=iUA '{rl.j]an
p=1 ‘ ~
Let R.€ F(X) be /th row of R", it may be seen as a fuzzy set
on X, i.e.,R:€ ¥(X),

Ri=re3/x1t043/Xat. . 4112/ 2a (20)

And let B,y and Ix be two fuzzy states on X and Ix & normal
fuzzy set, Ix€ F(X) with membership functions
Tk X=Xk ' 1, x=Xy, '
Bi(x)={ - - I (x)={ (21)
0,  Othrerwise, 0, Otherwise.

i, k=1,2...,0.° Oﬁviously, has R;=UBu‘.
-3

Theorem 2. A HFSFAS is complete -controllahle if

max B,x-Id <e¢e,
l k 1 2)0..
where Bix and Ix are defande as (21).

Proof; For given arbitrary inital state Xo€ ¥F(X) and fmal
state X' € F(X), we might suppose that x,€ X is the kernel of
fuzzy set Xo, xkéx the kerpel of fuzzy set X, then Xo=1I,
=1L

By Property 2 and the following equality

Iic(UAP)=R;=UBix
p=1 k=1



Xt (UAPI-X S [ e {UAPH-X < Bk <1 Bun-
2=1 =1

p=l
[t shown that the system is the ¢ -conirollable from Xo t6 X
based on Theorem 1,and Xo, X’ ars arbitrary normal fuzzy sets.
For reasons given above, we shown that system is compleie
e -controellable.

Corollary: Demote that R7=L A®=[rijlaxa if r1ij=l, vi, j=
b

1,2 ...n, then the system is complete ¢ -controllable,

Theorem 3. (Existentialy of ¢— optimal contro) If a HFSFAS
A is the = -controllable from Xo to X', then the optimal
control H exists in the system A, and the ¢ - optimal coatrol
step leagih equal to the minimum exponent k satisfying
the inequality § Xo°A*-X { < ¢

Prcof: [f a HFSFAS is the & -controllable, then by Theorem
1 there must exists a k<n, such that when T<K has
1 X0°AT-X 1) 2 and | Xo°AX-X’ I < e. It shown that there
exists an input string ¥, u®®,,, 0™ such that transform
the system’ s states from inital state Xo to final state X' and
has 1 Xo-X’ 1 << e, We take the system’s fuzzy input as
Uz{UogU1)«.')UK—1}) Whefe

1, 1= u(’l'-rl) A ) ,
Uw(u)={ Ur=HXy). T=0,1,2,.k-1.
0, Otherwise,

It is easy to see that H is an optlmal control and the step
length equal to k. '

Although we can show that a fuzzy system is  the
e-controllable from a given fuzzy state Xo to X (o, X € FX)),
but a key problem of transfering system’ s state Xo to X’ such
that | X-X’ | < ¢ under a finite input step lengths depend on
whether right control H is sought or not. Whea selected the
control H is not suitable, the control sept tengths will
increase or the system will out of control . From above
analysis we know that to set up conirol -H depend on the
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system’ s dynamical character & . In some practical
asnlications, 8 can be obtained by experimeast and
statistical methods. .

Ir preseat some practical applications, the control
B F(X)—>F (% is often given using artificial experiences.
First a BT LD control rules "if X is Xi, then % is U’
(i=1,3,...,p} is sumed up according to practical experiences,
By Mamdani’ s method [8], the systew’s control H may be
expressed as a fuzzy relation on XxX%

H=U X XUy (22

i=1

And a HFSFAS will be written the following

Xovs=Us o (Xe® 8) | (23)
Ug=xt°H (24)

From (23) and (24), a HFSFAS is also written as Xevi= (oo B}
°£4t°5}-

R.M. Tong had discussed some properities of tne fuzzy
system with Form (24) in paper [98]

When H is the conclusion of artificial experiences,
recured system dynamic response X(H, Xo) of by ( 22) is not
ususl an optimal sequence from Xo to X’. In order to evaluate
the control H,we set up a concept of grade of optlmal control.

Definition 7. Suppose that optimal control step lengths of a
HFSFAS equal to k, for a given conirol H, T is a minimum
time index satisfying the inequality’

ﬂ (Xt—1°H}° (Xf.-1° 6)'X’ u < ¢
then
k
p= —
T | |
is called the grade of optimal control (for time) of H from Xo
to X,
It is easy to see that 0< P <.
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