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In this paper new topological concepts connected
with L-multifunctions theory are introduced and their proper-
ties are investigated. These concepts and properties are indi-
spensable in connection with the analysis of L-economic systems.

Continuing our considerations on L-multifunctions we
are using the abbrevations and notations from[l].

It is assumed that the reference spaces X,Y and Z
are finite dimensional Euclidean épaces.

Definitionl. An L-multifunction, F:x~P(Y)
say is called closed iff its graph WF is a closed set.

Corollary. For any closed L-multifunction

its converse L-multifunction is closed..-

Definition2. An L-multifunction, a:X»P(Y)
say, is sequentially bounded iff for any bounded sequence
S={xn1 and any sequence R=(rn}, xngx, rn€(0,I> , the set

{(y,t)ey<1 : (xn,y,rn,t)ewF,xneS,rneR}
is bounded.
Theoreml. If F:X~P(Y) and G:Y~P(Z) are clo-
sed L-multifunction and F is sequentially bounded L-multifun-
ction, then Ge¢F is a closed L-multifunction.
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Proof. Let (xn,zn,rn,pn)eWGOF and let

(x TP )—e(xo,zo, 0,po) as n—wo (the convergence may be
taken e.g.with respect to each coordinate separately),x eX

v4 eZ rsP, (0,1> . We will prove that (xD, O’PO’DO)EWGOF'

For gny n (xn,zn,rn,pn) belongs to Wo,p 1ff there exist CEZ,

h €I” such that (x Coa TNy )€ GoF and z A€Cosh, (z )=p

An element (x ChrThohp JeGoF iff there ex1st (x B, T f, JeF

0 n,hn)eG such that y eB_ and fn(yn) tn. From the above
conditions it follows that

(xn,yn,rn,tn)ewF and (yn,z

and (yn

n’tn’pn)ewG

Because F is a sequentially bounded and closed L-multifunction
and G is a closed L-multifunction we observe that the sequences
{yn} and {tn} are bounded and without losing generality we may
assume that Y Yo and tﬁﬁto as N—roo.
Moreaover
(xo,yo,ro,to)e W and (yo, 0’ O,po)e WGY

This means that there exist BOGP(Y), fo€ I such that y.eB,

_ . VA
fo(yo)-to, (xO,BO,rO,fU)eF and there exist COeP(Z),hUeI such

r = i

that z4€Cq,hg (ZO) Py (yO,CO,tO,hOE(L This means that
(xO,CO,rO,hO)eGOF.

Because zOeCO,hO(ZO)=,o0 S0 (xO D )ew

‘02Tt G F-

T heorem?2. If an L-multifunction F:X%#P(Y) is clo-
sed and for any r,tel (0,y,r,t) ¢ We for y#0, then F is a sequen-
tially bounded L-multifunction.

P r oo f. According to Definition 2 it suffices to
show that for any bounded sequence Sz{xn and any sequence R={rﬁ}
X €X, rne(0,17 the set T= {(y,t)éYXI: (xn,y,rn,t)eWF}is bounded.
Suppose that the set T is unbounded for some S and some R. Then
there exist the sequences {yn},-@n}, (y,,t )T such that ”yn”~§ao
as neeo . But (xn,yn,rn,t x;w and F is a conical L-multifunction,
S0 (xn/uynn,yn/“ydl,rn,tn)ewF.Hence, there exist subseguences
Xn 2¥q 5Th , t such that

e "M M7 Ny
xo ly o sy, /ly Lot >0,y ,rn,to)
nk ndl nk ' nk" nk nk 0’0’0
k i - -
as k—eo, where Yo#0 because lém“ynk/”y”k"“ —l'yD'
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Because F is a closed L-multifunction, so
(O’YU’EO’tO)e We for yof 0 - a contradiction
Definition3. Afixed of the L-multifunction
F:X~P(X) is an element x € X such that there existe r,t from
I such that (x,x,r,t)e We.
T heorem3. (Fixed point theorem). Let C be a
nonempty convex and compact subset of X. If F:C~P(C) is a
closed, conical and superadditive L-multifunction, then F has
a fixed point in C.

Proof . Let us consider a point -to-set mapping
F C-»> P(C) such that for any xeC

F(x) = {yeCJ r,tel, (x,y,r,t)e WF}.

First we will prove that x is a fixed pointd F i x is a fixed
point of F. If X is a fixed point of F, then Xe F(X). This
means there exist r,tel such that (x,X,r,t)e WF,i.e.i is a
fixed of F. Now, if x is a fixed point of F then from Definition 3
it follows that there exist r,t from I such that (X,X,r,t)e W
This means that QG?(%), i.e. x is a fixed point for F.
Now, we will show that ? satisfies the hypothesis of Kakutani
fixed point theorem,i.e. that ? is a closed mapping and for any
xeC ?(x) is a convex set.

Convexity Let y,,y, be elements from F(x) From the
definition of F it follows that there exist elements rl,rz, 1 2
from I such that (x,yl,rl,tl)e We and (x,y2,r2,t2)e We

C

This means that there exist 81,826 P(C) and fl,fzeI such that

(x,Bl,rl,fl)é F, (x,Bz,rz,fz) Fand y €8, y.e8,, fl(yl) =1
fz(y2)=t2

=

1’
Because F is a conical and superadolitive L-multi-
function, so for any >0 (x;ﬁBl, +(1—¢)82, min (rl,rz),daf
+(l—¢)f2)e F.

This means, that

(x,cx,y1 + (14$)y2, min(rl,r ) Lt)e W

+

1

F’
where t= @vf + (1- oL)f ) (dlyl+(l<i)y2)
i.e. 06y1+(l—d~)y26 F(x)
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Now,let us consider a sequence {xn}, x¢C such that
FAS
X — X, 8 N—oso . Let y e F(x_ ) and y_—y as n—soo . We will
n 0 A n ? n 0
prove that y.€ F(xo). If y e (xn) then for any n there
exist r,»t € I such that (xn,yn,rn,tn)e WF' Without losing
generality we may assume that T, =Tqs tn—eto as n-—w. Because
F is a closed L-multifunction, so (xO,yO,rO,tO)e WF.This means
N A

that Ygé F(xo) i.e. F is a closed mapping. So, accordind to
the Kakutani theorem there exists an element xeC such that

- A
x € F(x). This means that an L-multifunction F has a fixed point
x in C.
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