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1. Introduction

The notion of Cartesian product plays an important
role in the usual theory of functions and multifunctions.
The Cartesian product of two fuzzy subset AeIXand BeIY may
be defined as the subset AxB of XxY characterized by
(AxB) (x,y) = min (A(x),B(y)). This definition has the incon-
venience that when AxB is known and AxB # @, it is impossible
to retrieve again the subsets A and B. The notion of fuzzy
Cartesian product ( of ordinary sets and of fuzzy sets) which
is introduced in paper[l]is free from this inconvenience. The
L-multifunctions which we introduce in this paper are the subsets

of a special case of Cartesian product and are also free from

this inconvenience.

2. Definitions

Let X,Y and Z denote arbitrary but for further consi-
derations fixed reference spaces. Next P(X), P(Y) and P(Z)
denote respectively the families of all non - void subsets of
X,Y and Z.

Definition 1. An L-multifunction,F:X=sP(Y)

say, is a subset of the Cartesian product X‘«P(Y)xIxIY

satisfying the following conditions:
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(i) If (x,B,r,f)éF, then r=0 implies B=@ and r=1 implies
f(y)=1 for any yeB.

(ii) If (x,B,rl,fl)eF and (x,B,rz,fz)EF, then r>r, implies
fl7f2.

(iii) If (x,B,r,f)é€F then supp f=B.

Let {x,;}denote a fuzzy singleton in X with support x and value r.

This fuzzy singleton is now transformed by F to a family of the

fuzzy subsets in Y.

Definition?2. A converse L - multifunction,
F_lsay, to an L-multifunction F:X~P(Y) is a subset of the
Cartesian product YrP(X)YI*IX satisfying the following condition:

1

- (y,A,t,h)eF " if there exists (x,B,r,f)€ F such that

x€A, yeB, f(y)=t, hi{x)=r.

Definition3. A composite, GoF:X~P(Z) say,
of two L—muitifunctions F:X»P(Y) and G:Y~P(Z) is an L-multi-
function such that

- (x,C,r,h)e GoF iff there exist (x,B,r,f)eF and

(y,C,t,h)eG such that yeB,f(y)=t.

Let X,Y and 7Z denote the linear spaces.

Definition4. An L-multifunction, F:X~P(Y) say,
1s called conical iff for any (x,B,r,f)efF and for any&X>0

(A x,&B,r,KflF, where (L £)(y)=f(1/4 y) for any yeY.
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Definition5. An L-multifunction, F:X~P(Y)
say is called superadolitive iff for any (xl,Bl,rl,fl)eF and
(xz,Bz,rz,fz)eF (xl+x2, Bl+82,min (rl,rz),fl+f2)€F , where

(fl+f2)(y) = sup min (fl(yl),fz(yz)) for any yeY.
Y *Y o=y

3. Some properties of L-multifunctions.

Theoreml. If an L-multifunction is conical, then
its converse L-multifunction is conical too.

Prootf. As a matter of fact, let F be a conical
L-multifunction. Let (y,A,t,h)GF_l. So, taking into account
Definition 2.there exists (x,B,r,f)eF such that xeA,yeB,f(y)=t,
h(x)=r. So, with respect to Definition 4 for anyL >0 we have
&x,&B,r,kf) F. Moreover olxedA,LyedB &f(y)=f(y)=t,Lh(Lx)=h(x)=r.
This means that (o(yp(A,t;Lh)eF’l. So, F-lis a conical L-multi-

function.

T heorem?2. If F and 6 are conical L-multifunctions,
then GoF is a conical L- multifunction too.

Proof. Let (x,C,r,h)GeF., So, taking into account
Definition 3 there exist (x,B,r,f)& F and (y,C,t,h)¢G such that

yeB,f(y)=t . F and G are conical L-multifunctions,so for anyd’0

we have
Ex,LB,r,kf)eF and ((Ly,£C,t,kh)€ G.
Because yeB,f(y)=t so KLyedB, LfLy) = f(y) = t.

This means that
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(x,£C,r Lh)eGoF.

T heo ; em 3. If an L-multifunction is superadoli-
tive then its converse L-multifunction is superadolitive as well.

Proo f. In point of fact, let an L-multifunction,
F:X9P(Y) say, satisfy the assumtion of the Theorem.

Let

-1 -1
(yl,Al,tl,hl) F™" and (yZ,AZ,tz,hz)eF

Then from the Definition 2. it follows that there exist

(x,,8 t)€F  and (x,,B £,)€F

1°fye 2T

such that
X1EALs YiEBY, Xo€A,, yoeBy,  hy(x )=ry,h,(x,)=r,,

B Gyp=ty s f(y)=t,.

We can assume that xl’XZ’fl and f2 are such that
hl(xl) = sup hl(x) =Ty, hz(xz) = sup hz(x) =T,
xeA1 xeA2

and

yeB]_ y€32

Because F is superadolitive L-multifunction, so

(xl+x2, B +8,, min(rl,rz) , £+, Je F.
Moreover
min
Xprxg€ A rAy s (hprhy) Gagaxg) = (ry,ry)
and

€ B, +B .
Y1172 17%2 (fl+f2) (yl+y2) = mln(tl,tz).



79

This means that
. . -1
(yl+y2, AL+A,, mln(tl,tz), hl+h2)€ F o,
So, F_lis superadditive L-multifunction.
Theoremd. If F and G are superadditive L-multi-
»*
functions the% GeF is a superdolitive L-multifunction too.
Proof. Let <X1’Cl’rl’hl)€G°F and (xz,Cz,rz,hz)eGOF.
Then , from the Definition 3 it follows that there exist
(xl,Bl,rl,fl)EF , (yl,Cl,tl,hl)eG
such that yleBl, fl(yl) =t

and there exist

<X2’82’r2’f2)€F ’ (YZ’C25t27h2>e G
such that

We can assume that

1]
+

fl(yl) = sup f,(y)
yeBl

and

£,(y,) = sup £,(y) = t,

€8,
Because F and G are superadditive L-multifunctions, so
(x1+x2, Bl+82,min (rl,rz) , fl+f2)€ F

and

(y1#v5, Cy+Cy, min (t; t,), h +h )€ G
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y *+y, B;+B, and (fl+ fz)(yl+y2) _ min (tl,tz).
This means that

(xl+x2, C,+C,, min (rl,rz), hy+ h2)€ GoF,

i.e. GoF is superadditive L-multifunction.

Definitioné6. By the graph of an L-multi-
function, F: %¥P(Y) say, it is understood a set Wcof the
elements (x,y,r,t) XxY=xIxI such that there exist BeP(Y) and
stY satisfying the following conditions:

- yeB,
- t=f(y),

- (x,B,r,f,)e F.

Definition7. LetL,fel. An d”@ - cut of
XD . .
WF i WF P in symbol, is a set of the elements (x,y)eX Y such
that for ryd and t»p (x,y,r,t)E€ We.

Theoremb5. If F: XsP(Y) is a conical L-multi-
function then for anyci,p from I dqp - cut of WFis a cone.

Proof. Let (x,y)e WEL@. Then for r2L and t3f
(x,y,r,t)€ W_. This means that there exist BeP(Y) and fe 1"
such that yeB, t=f(y) and (x,B,r,f,)€ F. Because F a conical
L-multifunction, so for any a0 (aAx,x B,r,Aaf)eF.
Moreover AyeAB, t =Af(Qy)=f(y). This means that CAX,ﬂy,r,t)GWF
and finally @x2yde w;_:C'P.

Theoremé6. IfF is a conical and superadditive

L-multifunction then for any < f from I ngﬁis a convex set.

‘j\h
Proof. Let (xl,yl) , (xz,yz)e W P_ Then for any

F
ry,f, 7% and t ,t,7p



(pypsrptpde We s (guygargatye We

This means that there exist B,,B,€ P(Y) and f

2 l,fze IY such
that y,€ B;,t;= £,(yy),

Yy, € By, fz(yz) = t, and (Xl’BPrlfl)e F,(xz,Bz,rz,fZ)e F.
Because F is a conical and superadolitive L-multifunction,

so for any A> O

(ﬂxl,ABl, rl,d fl)e F o, (( l-ﬂ)xz,(l—ﬂ) B rz,(l—ﬁ)fzeF

2)
and

(Ax, + (l—ﬂ)xz,ﬂal +(1-A) By, min (rl,rz),/’xfl+(l—/\)f2)€F.
This means that
(Ax )+ (lﬁﬂ)xz,/1y1+ (1<ﬂ)y2 , min (rp,r,), min (t,,t,))€ W

Because min (rl,r2)2dg min (tl,tz)zﬂD S0
(Axy+ (1-A)x,, Ay, + (1-A)y) e Wi,

i.e. a set Wﬁ*@is convex.
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