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ABSTRACT

The concepts of fuzzy number-valued function and
fuzzy number-valued fuzzy integral of fuzzy number-
valued function on fuzzy set are introduced and some
elementary properties of theirs are given.

1. Introduction
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Wang (1] introduced the ccncepts of

4 A

of set function and the fuzzy integral, Wang's integral
1s real-valued fuzzy integral of real-vzlued funciion
with respect to the fuzzy measure. Wang and Zhang (2] intro-
duced fuzzy number-valued fuzzy integral of real-valued
function on fuzzy set and obiained a series of intereSting
results simlar to results[1].

In this paper, we introduce the concept of fuzzy number-
valued fuzzy integral of fuzzy number-valued function om
fuzzy .set, and Eive some -elementary properties of this
type of fuzzy integral.

This paper is a development of [2]. All concepts and
signs not defined in this paper mey be found in([1,2].
Throughout this paper, let X be a2 nonempty set, § be a
o-2lgebra of subsets of X, R be the set of all rezl numbers.

2. Basic definitions
Definition 2.1. Let F={Z; Z:R—[0,1]}, a fuzzy number is a
8€F with the properties:
(FN1) & is normal, i.e., there exists xe¢R such that
a(x)=1, .
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(FN2) Whenever a€(0,1), then a,={x; 3(x)=A} is a closed
interval, denoted by [a;, a}].

Let F* be a set of all fuzzy numbers.

By decompsition theorem of fuzzy set

a— ! ’1] [a;' a}t]v
for every FEP*,

If we define a(x)=1 iff X=a;

' =0 1iff x#a,

for every a€R, then acF*.
Definition 2.2. Let 3,b€P*, we say that Z<%, if for every
A€(0, 1], az<=bx and a} =1y,

Let F*={3; 320, FeFM}.
Definition 2.3. Let 3,be€F*, we call that.E:g\JE(resp. c=
aAb), if for every Aa€(0, 1], ca=azxvbz and ci=aj vbi(resp.
cx=2,/\bx and cir=aiAby).
Definition 2.4. A nonnegative fuzzy number-valued function
is 2 mapping f:X—ﬂFi with the properties: for every xe€X,
there exists unique JeF* such that £(x)=F.
Definition 2.5. Let f,g be fuzzy number-valued function,
we define:

(1) (£fvg)(x)=f(x)vglx);

(2) (fAg)(x)=f(x)Ag(x).

Obviously both f\ g and fAg are fuzzy number-valued
function.
Propesition 2.1. Let £ be nonnegative fuzzy number-valued
function, then for every as(0, 1], both fa(x)=(£f(x)); and
£ (x)= (f(x))% are nonnegative real functions and

f(x)=>\e o,”?\[‘,\(x), A (x)].

Definition 2.6. Let f,g be fuzzy number-valued function,
we say that f=g iff f(x)=g(x) for every xeX.
Theorem 2.1. Let f,g be fuzzy number-valued function, then
f=g if and only if 3 =g> and f}tsg}t for every a€(0, 1].
Proof. The conclusion is from definition 2.2, 2.3, 2.5 and
2.6.
Definition 2.7.A nonnegative fuzzy number-valued func+ion
f:X— F¥ is called fuzzy measurable, iff for every A€(O, ﬂ
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oer
Ha={x; fr(x)=x}eg,
Fhoe={x; f}(x)=0d}es.

3. iuzzy number—#aiued fuzzy integral of fuzzy number-

valued function on fuzzy set

Let A={X; X:X— [0,1) and A8 for every A€(0, 1]}, Mx be
the set of all nonnegative fuzzy number-valued measurable
function.

Throughout this section, let f,geMy, K{Es#.
Definition 3.1 Let feM}, EKek. The fuzzy number-valued fuzzy
integral of fuzzy number-valued function on fuzzy set is
defined by

- +
SZ& d}*=7\e =1 [SA, f,du, SAAfy\dp]

where

i

f;du: sup X AP(}HQ {X; f;(x)?“?),
1 oells1]

supu A M(AM{x; fa(x)=a}).

c*d. -
A Y «E[0, 1]

N

Proposition 3.1. If f is nonnegative rezl-valued measurable
function, then

It au=(e) e e,

where

(gt au= LI A, £, ) 5 )

is the integral defined in [2].
Proposition 3.2. If f, =f,, then

Szfl g = ;Kfzd“'

Proposition 3.3, If XETB', then
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7t an < f5f au.

Proposition 3.4. SK(ng)dpz Szf du V fz8 du.
Proposition 3.5. $K(ng)du'SS;;f du A {z8 du-

Proposition 3.6. {3 3£ du=(zf duv fgf du.
Proposition 3.7. Sin'ﬁf dHES};f dg A ggf dp.

Proposition 3.8. If f(x)=ZeF¥ for évery x€X and feM¥, then

where A={x; A(x)>O0}.

Theorem 3.1. Whenever A(x)=3(x) a.e., {~* , =§Zg dg holds,
if and only if M is null-additive {1].

Theorem 3.2. Whenever f=g a.e., ng dp:fzg dg¢ holds, if
and only if M is null-additive.

Theorem 2.3. Let K:{x; X(x) >0}, then

fzf du=0
if and only if
M({£} >orNi)-o.
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