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In paper [1],we have given out the theorem of the limit
operation of the sum and the difference of complex fuzzy
functions. Now in this paper we would like to study the
limit of the oproduct and the quotient of pomplex fuzzy
functions.First, we will give out the following lemmas.

Lemma 1 If limf;(x)=A;

Xy Xg

real number ),i=1,2, - ., limg;(x)=A, A€ R, j=1,2,+ *n,
X%,

Aij—A>0, both fi(x) and g;(x) are the real value complex

, Aj€R (R is a set of the

fuzzy functions,then there exists real number 8 >0, so that
when d(x,x.) <8 ,we have
inf {fi(x) - g; (x>} i=1,2,3, ,n;j=1,2,3,m}
=inf {g;(x) | j=1,2,3, ,m)}
Proof: Because

&imfi(x)ZiAi. Aj€R, i=1,2,3, ,n

Xo
limg; (x)=A, A€ER, j3=1,2,3, ,n
X Xq
Ai—-A>0 i=1,2,3,,n

Therefore, we take

e = —‘2— inf {A;-A ! i=1,2,3, ,n)}
there exists 8 >0, so that when d(x,x0)<8 , the following
will be true:

difi(x),AL) = | fi(x)—-A;



1)
6]

< J;i inf (Aj-Al'i=1,2,3, ,n}
d(g;(x),A)= 1| g;(x)—-A!
< l)_ inf {Ai-A] i=1,2,3, ,n)

SO

Av— 3 int {A;-a) <1300 i=1,2,3, ,n

85 ()< A+S inf (A;-A) i=1,2,3," ,n

j=1,2,3, ,m

thus
Aim3 (Ai-a) < 13 (0 i=1,2,3, ,n
85 0O < A+E (Ai-A) i=1,2,3, ,n
5=1,2,3,
so that

fi(x)> g5 () i=1,2,3, ,n; j=1,2,3, - ,m

Finally, we take € = % inf {A}j-A: 1=1,2,3,-+,n} ,there
exists 8 >0, so that when d(x,x0,)< 8 ,we obtain:

inf { fi(x)g;(x) i i=1,2,83,* ,0;3=1,2,83, ,m)

=inf {gi(x) | j=1,2,3, ,m}

Lemma2 If limgj{(x)=A, A€R (R is a real number set),
X X

j=1,2,3,m, g;(x) is a real value complex fuzzy function,
then

lim inf {g3(x) | j=1,2,3, - ,m} = A.
XX,

Proof: From limg;(x)=4,j=1,2,3, ,m, we know:
p o B %
For € >0, there exists & >0, so that when d(x,x.)< 8 ,
the following will be true:
Pgix)-Al < e, j=1,2,3,,m
Again, for x, there exists k€ {1,2,3« ,m}

so that
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inf {g; ()1 §j=1,2,3,,m} = gul(x)

Thus, we have

lim inf {g;(x) ! j=1,2,3, ,m} =A.
XX,

Lemma 3 If limf;(x)=A;, A;€R,i=1,2,3, ,n,1img; (x)=A,
X‘,xo x—.xb
A€R, j=1,2,3,,m, R is a real number set, both fj(x) and

g;(x) are real wvalue complex fuzzy functions, A-Aj>0,

i=1,2,3,+,n, then there &exists real number O >0, so that

when d(x,x0)<® ,we have
sup { fi(x) - g;(x) | i=1,2,3, ,0n;j=1,2,3,m)
=sup {g;(x) ! 3=1,2,3, ,m}

Proof: ( leave out, for this proof is like the Proof of

Lemma 1 ).

Lemma 4 If 1img;(x)=A, A€R ( R is a real number set J,
X9 X,

i=1,2,3, ,m, g;(x) is a real value complex fuzzy function,

then

lim sup {g; (x> | j=1,2,3, ,m} =A
x>,

Proof: ( leave out ).

Lemma 5 If limg(x)=B, O0€ [ p[B1,QIBI] then lim-L=1%.
X-’ XQ x..) x°3‘x‘

Proof: According to the quotient definition of complex
fuzzy number, for O€ [a,b]l, we have

! -

LI R L Y T |
@el” ‘b’0’’ ol ‘b'd]

r~ ~

From theorem 3.5.3 in paper [3], if only we prove

S
L8l

lim P [ 1 =p [
X Xo

Lot

G|~
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we can prove lim-—l-z - .

2%, 3“, B

First, we prove: there &exists &8 >0, so that when

d(X,Xo)< & ’

0¢€ [plg(x)1,Qlg(x)1  will hold.
Because 0€ LPIB1,QIBI. , lim g(x)=B8B, therefore
X%,

lim Plg(x)]1=PIBI].
X%,

If PIBi»0, then,for € =P{Bl,there exists 0 >0, so that
when d(x,x.)<8 , we have
| Plg(x)1-PIB1 ! <P[B]
sa 0<Plg(x)1<2P[B]
That is, when d(x,x0)<8 , we have

0€ [Plg(x)1,Qlg(x)1]

If QIBI<0,take £ =-Q[B1>0, we will obtain the result in

the same way.
Now, in d(x,x0.)<d , we will give out proofs of three
public formulas of equal value.

First, we prove

- ! i} r l ~
lim Pl—7—j =P _ =-_ =
B

1
X%, Joo 8(8]

From the definition of the quotient of the complex

fuzzy numbers, we know
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=1lim
xax, IV gy, QLINT

more over

. | |

lim =
x:' x, 033 lim QCY03
Y%,

According to the equivalent of complex fuzzy space and
the three— dimensional Euclid space, we have
1imig(x>1=8B

X3%,
Therefore

linm PC—&%} ZPE'lB‘
X%, 3

In the same way

timel—L7]=qrly =—L
yox, 30 "B P

Now, we can prove

lim inf——L-Zinfl-ZinfB
X2, 9txs B
Because lim g(x)=2B
Therefore, for € =1>0,there exists &8 ;50,8 >3 ;,s0 that
when d(x,X0)<8 1, we have
d(g(x),B)=max { | P{g(x)1-PIB1: , | Qlg(x)1-QIB1 & ,

[ infg(x)-infB| } <1
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so
P infg(x)-infB ! <1
Again, as infg(x) and infB take only one of the real
numbers O or 1, therefore if | infg(x)-infB: <1,then
infg(x)=1infB
thus lim infg(x)=infB
X%, ' o
That is, lim inf—=1inf—- = infB
XX o 4{x) B

Until now, proof end.

Theorem 1 If both f(x) and g(x) are the complex fuzzy

functions and limf(x)=A, limg{(x)=B, then lim f(x)g(x)=AB.
X Xo X%, X3 %q
Proof: The proof of this theorem <can be changed into

the proof of three -equations,because Tim f(x)g(x)=AB is
X2 %X,
equivalent to the following equality system:

lim PIf(x)g(x)1=P[AB!

X%

lim QIf(x)g(x)1=QI[AB]

X Xo .

Iim inflf(x)g(x)1=inflAB]I
X=X,

First, it must be pointed out that when both f(x) and
8(x) are real value fuzzy functions, we can prove this
theorem by regarding them as three— element function of the
classic integral calculus and to use the equivalent theory
of the two kind of distance above limit concepts.

When f(x)( or g(x)) is not a real value function,first,

we will prove the following formula:

lim PIf(x)g(x)]1=PI[AB].

X Xo
Because

Tim PI{f(x)g(x)]
X3 X,

=lim inf (PLf(x)IPIg(x)1,PIf(x)1QIg(x)>]1,Q0f(x)IPIg(x)],
X%,
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L

QIf(x)1Qig(x)1}

=inf { lim PIf(x)IPlg(x)], lim PIf(x)IQIg(x)],

XX, X%y
1im QIf(x)IPIg(x)]), lim QIf(x)1Qlg(x)>1}
X %, A Kq

=inf {lim PIf(x)11imPlg(x)], lim PIf(x)1lim Qig(x)1,
X9 %o X-Xo X9 X, X3 %y
lim QIf(x)11imPIlg(x)], lim QIf(x>1 1lim QLg(x)1}
A X %K~ %o X3 %o X-2%o

=inf { PIAIP{B],PlAIQIB],Q[AIP[BI,Q[AIQIBI}

=P[{AB1].

Therefore lim PIf(x)g(x)1=P[ABI].
X X4
In the same way

lim QI f(x)g(x)]
X9 Xq

=lim sup {PIf(x)IPIg(x)]1,PLf(x)IQIg(x)1,
X3 %,

QIFf(x)IPIg(x)1,Qlf(x)>1Qlg(x)1}
=sup { PIAIPIBI,PlAIQIB],QIAIPIB],QI[AIQIBI}
=QI[AB]

Therefore 1im QLf(x)g(x)I1=QIAB]
X2%g :

Now, we will prove

Iim inflf(x)g(x)1l=infl[AB].

X Xo
Because lim f(x)=A, lim g(x)=B
X2 %o x> Xo
Therefore limf(x)=infA, lim infg(x)=infB.

X%, X%,
Thus, for € =1>0, there exists d o0, so that when

d(x,x0)<8 , we have
cinff(x)-infA! <1, P infg(x)=-infB i <1
Again, as inff(x), infg(x), infA and infB take only one
value of the real  number 0 or 1, there must be
infi(x)-infA <1 and i infg(x)-infB: <1, therefore

infA-1<inff(x)<infA+1

infB-1<infg(x)<infB+1
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If infA=0, infB=0, then
inff(x)=0, infg(x)=0.
If infA=1, infB=1, then
inff{x)=1, infg(x)=1.
THus inff(x)=infA infg(x)=infB
From the product definition of complex fuzzy numbers,
we know
inflf(x2g(x)I=inflABIi
Therefore, for € >0, there exists O >0, so that when
d{x,xo)<8 , we have
P inflf(x)g(x)]1-infl[ABl | <&
this is Tim inflif(x)g(x)I=inflAB]
X %o

Therefore, we obtain

lim f(x)g(x)=AB

then 1im = .
X x, 30 b

Proof: According to Lemma 5 and Theorem 1, we know

X9 Xo -—
Theorem 2 If limf(x)=A, 1limg(x)=B, 0€ [PI[B1,QIBI]]
T X=X, X=X,
£(x) A

(o
lin22 = imt )<A= im0 lindoa. Lo A .
X% 0 3% W xox,  xax, )W B B
)
Therefore lim gu)= %%
2%,
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