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I. Fuzzy subalgebras of an algebra

Let A=(A,F) be an algebra with finite set F of finitary
operations, where F contains at most one nullary operation, i.e.
at most one constant being also the identity of each operation.
Further, let P=(P,G,=) be ordered algebra of the same type.
The order be isotone with each operation in all variables.
Namely, for the constant c, let czp for all peP.

A map M:A—P 1is called a P-fuzzy subset of A, and their
family is denoted by AP A ueAP is said to be a P-fuzzy
subalgebra of the algebra A, if in the following diagram

n et ph n =
A 3; L (al,...,an)
fl lg =(ula ),...,ula )),
1 n
A = 5P Va,..,a €A.
1 n

p-fzg-nun holds, where feF and geG are corresponding n-ary
operations.
In details:

u(fal...an) = g(u(al),...,u(an)) = gu(al)...u(ah), nz1;

u(fe) =k zge=c, n=0.

By the type of a fuzzy subalgebra we mean the type of the
basic algebra A.

To show that this definition, which is different from the
usual ones, is natural, we have to check its connection with the
corresponding crisp notion‘through its cuts. Here we shall use a

generalized cut instead of .the usual a-cut.



The subset Q of an ordered set (P,=<) having the property
(pePAaAgqeQapzq) =pe
is called a right segment of P. If Q&P 1is a right segment of P

and ueAP, then the Q-cut “0 of u is defined by

M, ={ala € A, pula) € Q} ,
In the followings A always denotes an algebra defined above, and
P an ordered algebra of the same type.

Theorem 1.1. If each non-empty Q-cut uo of a ueAP is a

subalgebra of A, then pu is a P-fuzzy subalgebra of A.

Proof. Let A have a constant k. Since k must be contained in

each subalgebra of A, hence pu(k) = p(a) must hold for all aeA.

Otherwise, u(k) < u(a) for some acA would mean that choosing
Q = {q|q € P, pu(q) = p(a)}

we would get k ¢ “b # @, which contradicts our assumption.

Now, let al,...,an(nzl) be arbitrary elements of A, and
let feF an n-ary operation (nzl). Choose the right segment
Q of P, the smallest element of which is gu(al)...u(an),
where geG 1is the corresponding n-ary operation. From the
isotonity we get

gu(al)...p(an) =g k...ku(ai)k...k = u(ai),
that is aieuo for all 1i=1,...,n. Being “O a subalgebra of
A, we get from this that
f‘al...an € uq,
too, that is
u(fal...an) S gu(al)...u(an),
which was to be proved.
Theorem 1.2. If peAP is a P-fuzzy subalgebra of A, and the right
segment QP 1is a subalgebra of P, then any non-empty Q-cut “0
of u is a subalgebra of A. i

Proof. Since pu(k)zc and czp for all peP by definition, hence

p(k) =z p(a) for all aeA. This means that keuotz in any case.
Thus uo is closed under the nullary operation.
Let “0 be a non-emty Q-cut of u, where Q is a subalgebra of
P. If CRRRRRL N that is u(al),...,u(an) € Q, then being
Q a subalgebra we have
gp(al)...u(ah) € Q

for the corresponding geG n-ary operation.



Further, since p is a P-fuzzy subalgebra, therefore
u(fa ...a ) € Q,
1 n
consequently
fal...an € uQ
which proves that “Q is a subalgebra of A.
2.Fuzzy subgroups of a (2,1) -type algebra

Let A be a (2,1)-type algebra, say A = (A, -, !

). Further,
let P be also a (2,1)-type ordered algebra, say P = (P,*, ).
Then a P-fuzzy subalgebra ueAP of A is a P-fuzzy subgroup of A
(shortly a fuzzy subgroup), if for all a,b,c € A

(i)  u((able) = pl(al(be)),

(i1) p((ab)b™) = p(b ' (ba)) = pla).
If additionally, for all a,b € A

(iii) p(ab) = p(ba)

then p is called a fuzzy Abelian group.

It is easily seen that if A is a group, then (i) - the
fuzzy associativity - and (ii) trivially hold. Moreover, if
P = [0,1], * = min, - = identical mapping, then we get the

classical concept of fuzzy group introduced by A. Rosenfeld in
1971. For these fuzzy groups (iii) was used later to define
fuzzy normal subgroups.

From now on P is replaced by a meet semilattice L, where the
identical mapping will be the unary operation.

Theorem 2.1. Let p.eLA be fuzzy subgroup, where L is totally

ordered. Then u(a) = p(b) implies p(ba) = u(b) A p(a) for all
a,b e A.
Proof. Let e.g. pu(b) > p(a). For pu(ba) we have two cases:
1. u(ba) = u(b). Then
p(a) = p(b (ba)) = p(b™") A p(ba) = p(b) A p(ba)
consequently u(a) = p(b), which is a contradiction.
2. p(ba) = u(b). Then
p(a) = p(b " (ba)) = p(b™ ') A plba) = p(b) A u(ba)
p(ba) = pu(b) A pla) = up(al,

p(b)

consequently
p(ba) = u(b) A pla),
as we stated.

Lemma 2.1. Let p € LA be a fuzzy subgroup.



Then p(a 'a) = u(a),u(aa-1) z u(a) for all aeA.

Proof. Clear.

Theorem 2.2. Let p.eLA be a fuzzy subgroup, where L is totally

ordered. Then for all a,beA
(1) (b ') = p(a),p(bb ) = u(b);
(11) p(d 'b)
Proof. (i) By definition
u(a) = (b (ba)) = u((b'bla)

Now we have two cases:

plata), ubb™) = plaa™).

1. uw(b™) = u(a). The statement is true.
2. u(b'b) # p(a). Then by Theorem 1:
u(a) = p((b7'b)a) = u(b'b) A pla),
consequently u(b_lb) z p(a). With this we have proved
u(b_lb) z p(a) in any case. The proof of the inequality
p(bb™l) = pla) is similar.
(ii) Let pu(ata) = c1,u(b'1b) = c,. Suppose c #c_, say

c,>c,. Then by (i) c2=u(b"b) > p(d) for all deA,
specially for d=a 'a. That is c= p(v'b) = u(a.-la)=c1
which contradicts c1>cz.
Lemma 2.2. Let uELA be a fuzzy supgroup, and denote b—1b=e
for some aeA. Then p(a) = pl(ea) for all aeA.
Proof. m(a) = p(b '(ba)) = u((b'b)a) = p(ea).
Lemma 2.3. Let ueLA be a fuzzy subgroup, where L is totally
ordered. If u(x)#u(y) for all x,yeA, then ala=e for all
a€A.
Proof. Suppose that a—1a=e, b‘lb = f, and e#f for some
a,b € A. Then by Theorem 2.2

ple) = pla™'a) = u(b7'b) = u(f),

which is a contradiction.
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