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Abstract: The concept of a fuzrzy algebraic variety is introduced in order to bring the current knowledge
of fuzzy commutative ring theory to bear on the solution of nonlinear systems of equations of fuzzy
singletons. It is shown for every finite-valued fuzzy ideal A of a polynomial ring in several
indeterminates over a field with A(0) = 1 that the fussy algebraic variety of A can be expressed as a
union- of fuzxy irreducible algebnu: varieties, no one of which is oonsa_ined in the union of the others.

INTRODUCTION

Rosenfeld’s application [12] of the pioneering work of Zadeh [15] inspired the fuzzification of
various algebraic structures. Liu [2] and Mukherjee and Sen [10] presented some of the earliest work on
the fuzzification of an ideal of a ring. Since then the notions of fuzzy prime ideal, fuzzy primary ideal,
the radical of a fuzzy ideal, and the fuszy primary representation of a fuzzy ideal have been introduced
and examined, [1,3,4,5,6,7,10,11,13,14,16,17,18,19]. There are several natural ways to define these
concepts, many of which have appeared in the literature. In the interesting work of Zadehi [16) and
Kumbhojkar and Bapat [1], the various types of fuzzy prime ideals, fuzzy primary ideals, the radical of
a fuzzy ideal have been compared. In (7], various types of radicals of fuzzy ideals and fuzzy primary
representations of fuzzy ideals have been compared in order to prepare' the way for the study of

nonlinear systems of equations of fuzzy singletons.

Up to this point, the fuzzification of concepts and results of commutative ring theory have had
no apparent application. The purpose of this paper is to give some meaning to fuzzy commutative ring
theory developed to this point and to put some direction to its further study. We bring fuzzy
commutative ring theory to bear on a natural application area, namely, the solution of nonlinear
systems of equations of fuzzy singletons. Let R denote the polynomial ring F[xl, «ey Xp] Where F is a
field and xq, ..., Xy, are algebraically independent indeterminants ovar F. Let L be a field containing F.
L may be taken to be the algebraic closure of F or an algebraically closed field with infinite
transcendence degree over F. Let LX denote the set of all ordered'k-tui)les with entries from L, k a
positive integer. Our approach is to consider those fuzzy ideals A of R which are finite-valued and are
such that A(0) = 1 since these are precisely the fuzzy ideals of R which have fuzzy primary



representations, [6]. We define the fuzzy algebraic variety Ab(A) of A and show that from an
irredundant fuzzy primary representation of A, Jb(A) is a finite union of irreducible fuzzy algebraic
varieties, no one of which is contained in the union of the others, 'ifheorem 2.7. We then apply this
result to the solution of a nonlinear system of equations of fuzzy singletons, Example 2.9. We show
that 3 a fuzzy ideal A of R which represents this system and the irredundant primary representation of
VA displays the solution of the system in a manner similar to that of the crisp situation. Hence we
have thus shown that in this sense the current definitions of fuzzy prime ideal, fuzzy primary ideal, and

radical of a fuzzy ideal have been appropriately defined.

A fuzzy subset of a set Z is a function of Z into the closed interval [0, 1]. I X and Y are fuzzy
subsets of Z, then we write X C Y if X(z) < Y(z) Vz€ Z. I {X,|i €I} is a collection of fuzzy
subsets of Z, we define the fuzzy subsets () X; and |J X;of Zby Vz € Z, ( N X,)(z) = inf{X;(z) | i

iel iel iel

€ I}and (U X;)(z) = sup{X;(z) |i € I}. Let X be a fuzzy subset of Z. Ve let Im(X) denote the
i€l '

image of X and |Im(X)| the cardinality of Im(X). We say that X is finite-valued if [Im(X)| < c0. We
let X* = {z € Z | X(z) > 0}, the support of X, and X; = {z € Z | X(t) > t} Vte€ [0,1]. fXisa
fuzzy ideal of R [4, Lemma 1.7, p. 94}, then X* is an ideal of R. Also X is a fuzzy ideal of R if and
only if X is an ideal of R V t € Im(X), (14, Theorem 1.2, p. 98]. Fors € Zandt € [0, 1}, we let z;
denote the fuzzy subset of Z defined by z,(z) = t and z,(x) = 0 ifx ;& z. 3 is called a fuzzy singleton
of Z. If z; and yg are fuzzy singletons of R, we define z; + yg = (zj+ ¥y)r and zys = (zy), where r =
min{t, s}. IfS is a subset (fuzzy subset) of R, we let <S> denote the ideal (fuzzy ideal) of R generated
by S. We recall that a fuzzy subset A of R is a fuzzy ideal of Riff V x, y € R, Ax — y) 2
min{A(x), A(y)} and A(xy) > max{A(x), A(y)}. If A is a fuzzy ideal of R, then the radical of A,
VA, is the intersection of all fuzzy prime ideals of R which contain A, [5, Definition 4.3, p. 244}, (16,
Theorem 3.8].

1. FUZZY ALGEBRAIC VARIETIES

If I is an ideal of R, we let A(I) denote the algebraic variety of I, [8, p. 203]. If Z is a subset
of Lk, we let 3(Z) denote the set of all f € R which vanish at all points of Z. Then (Z) is an ideal of
R, [8, p- 203]. We now give definitions for the fuzzy counterparts of At and 3. Let c be a strictly
decreasing function of [0, 1] into itself such that c(0) = 1, ¢(1) = 0, and V t € [0, 1], ¢(c(t)) = t. The
following approach has the advantage that ¢ may be changed to fit the application. For example, ¢
may belong to the Sugeno class of furzy complements for one application and the Yeager class for

another.



Definition 1.1. Let X be a finite-valued fuzzy subset of Lk, say Im(X) = {tg, t;, ..., t} where
tg < t1 < .. < ty. Define the fuzzy subset 3(X) of R as follows:
olty) iff € R — (X, )

WO = o) € XXy )~ X, i=1 o n—1;

c(tg) iff € J(th).
If n = 0, then we define 3(X)(0) = 1.

Definition 1.2. Let A be a finite-valued fuzzy ideal of R, say Im(A) = {s,, Spy e Sm} Where
sp <51 < - < 8. Define the fuzzy subset M(A) of LK as follows:

o(s) ifb € LK — Ho(Ag )i
MA)D)= o) ifb € M(Ag ) = MAg)i=1, . m-L;

c(sg) if b € .:ﬂa(A,s )
.AL(A) is called a fuzsy algebraic variety (of A).

In Definitionl.1, it is possible for (X, 1) =3Xg) or R = 3(Xy ). In this case c(t;) ¢
1 1
Im(3(X)), i = 1, ..., n. Similarly, it is possible for c(s;) ¢ Im(Ab(A)) for somei=1, ..., m

Proposition 1.3. Let X be defined as in Definition 1.1. Then

(1) S(X)C(ti) = !(Xti+1) for i= 0, 1, eoeg L — 1;

(2)if0 < s < c(ty), then ¥(X); = R;

() ife(tyg) <s< c(t;), then (X); = 3(X c(s)) fori=90,1,..,n-1;
(4) if e(tg) < s < 1, then §(X); = 0.

For X as defined in Definition 1.1, 3(X) e(t;) = J(Xt ) isanidealof Rfori=90,1,..,n—1.
Thus since Im(X) € {c(t;) |i=0, 1, ..., n}, X) is a fuzzy ldeal of R, {14, Theorem 1.2, p. 98]

Proposition 1.4. Let A be defined as in Definition 1.2. Then

(1) A(A)c(si) = .AL(ASH_I) fori=0,1,..,m-1;

(2)if0 < t < c(syy), then M(A), = LK;

(3) if c(s;, 1) < t < c(s;), then M(A)y = M(A (t.)) fori=0, 1 -1

(4) if c(sp) <t < 1, then M(A) =

Proposition 1.5. Let X and A be as defined on Definitions 1.1 and 1.2, respectively. Then
(1) Hm(A(KX))]| = [m(3X));

(2) Hm((A(A))] = Em(A(A))}



Proposition 1.6. Let X and A be defined as in Definitions 1.1 and 1.2, respectively. Then
() ¥t € [0, 1], AIX))g = M(KX,));

(2) Vs € [0, 1], (M(A))s = J(A(A))-

Proposition 1.7. Let X and A be defined as in Definitions 1.1 and 1.2, respectively. Then
(1) A(A(3(X))) = 3(X);

(2) M(I(M(A))) = M(A).

Theorem 1.8. Let M be a fuzzy subset of LK. Then Misa fuzzy algebraic variety if and only
if M is finite-valued and V t € Im(M), M, is an algebraic variety.

Proposition 1.9. If A is a nonconstant fuzzy prime ideal of R, then A = (A(A)).

- ‘Theorem 1.10. Suppose that A is defined as in Definition 1.2 and A(0) = 1. Then M(A) =
(/K. |

Corollary 1.11. If P is a fuzzy prime ideal of R belonging to the fuzzy primary ideal Q of R,
then M(Q) = (P). '

Lemma 1.12. Suppose that A and B are fuzzy ideals of R such that Im(A) = {s,, 51y ---s S}
where 53 < 51 < ... < 8y = 1 and Im(B) = {s, 1} where s < 1. Then A(A N B) = M(A) U M(B).

Theorem 1.13. If A and B are finite-valued fuzzy ideals of R such that A(0) = B(0) = 1, then
A(A N B) = M(A) U M(B).

Lemma 1.14. Suppose that M and N are fuzzy algebraic varieties such that Im(M) = {t, ¢;,
vy ty} where 0 = t) < t) < ... <ty and Im(N) = {0, t} where 0 < t. Then (M U N) = (M) N J(N).

Theorcm 1.15. If M and N are fuzzy algebraic varieties such that 0 € Im(A) N Im(B), then
(M U N) = M) n N). i

IRREDUCIBLE FUZZY ALGEBRAIC VARIETIES

Definition 2.1. Let M be a fuzzy algebraic variety. Then M is irreducible if and only if V fuzzy
algebraic varieties M’ and M” such that M = M’ U M” either M = M’ or M = M”; otherwise M is
called reducible.

Theorem 2.2. Let M be a fuzzy algebraic variety. Then M is irreducible and nonconstant if
and only if Im(M) = {0, t}, 0 < ¢, and M is irreducible.

Theorem 2.3. Let A be a nonconstant finite-valued fuzzy ideal of R. Then ¥(Ab(A)) is prime if
and only if A(A) is irreducible.



Theorem 2.4. Let A be a finite-valued fuzzy ideal of R with A(0) = 1. Then 3(M(A)) = A.

Corollary 2.5. Let A and B be finite-valued fuzzy ideals of R such that A(0) = B(0) = 1.
Then M(A) C (B) if and only if VA D +/B.

- Theorem 2.6. There exists a one-to-one correspondence between fuzzy algebraic varieties M
with 0 € Im(M) and fuzzy radical ideals.

Theorem 2.7. Every fuzzy algebraic variety M with 0 € Im(M) can be uniquely expressed as
the union of a finite number of irreducible algebraic varieties no one of which is contained in the union

of the others.

Given a finite-valued fuzzy ideal A of R with A(0) = 1. Let VA = Py 0 ..n Py be a fuzzy
irredundant primary representation. Then the P; are the minimal fuzzy prime ideals belonging to A,
(6, Theorem 3.17, p. 161). We thus may obtain A(A) as the union of fuzzy algebraic varieties of the
minimal fuzzy prime ideals among the fuzzy prime ideals belonging to the fuzzy primary ideals i an

irredundant primary representation of A.

Theorem 2.8. [9] Let S be a fuzzy subset of R. Then V x € R, <5>(x) =
n :
sup{( 3 (r;)1(5)e )X | 7 %, € Ry t; £ S(x),i=1, .., n5n € N} where N denotes the positive
i=1 1

integers.

Example 2.9. Let R = Ffx, y, z] where F is the field of complex numbers and x, y, z are
algebraically independent indeterminants over F. Define the fuzzy subset A of R by A(0) = 1, A(f) =
1/2iff € <x?z> — <0>, A(f) = 1/4iff € <x® +y% — 1,x%> — <x%z>,and A() = 0if f € R
- <+ y2 -1, x2z>. Then A is a fuszy ideal of R. Now /A is such that /A(0) = 1, VA(f) =
1/2iff € <xz> — <0>, VA(f) = 1/4iff € <x® +y2 — 1, x> — <xz>,and VA() = 0if f €

R - <x2 + y2 — 1, xz2>. Hence
Apg=R VAg=R
A1/4=<x2+y2 -1, x2z> JA1/4 =<x2-i-y2 - 1, xz>
) -
A1/2 = <x“z> \/Al/2 = <xz>
A = <0> VA = <0>
Since FK = M(<0>),
c(1/2) if b € M(<0>) — M(<xz>),
M(A)(b) = c(1/4) if b € M(<xz>) — M(<x? +y2 — 1, xz>),

¢(0) =1ifb € M(<xZ +y2 — 1, xz>).

Consider the fuzzy subsets W, X, Y of R defined by W(f) = 1if f € <x? +y2 ~ 1, x 1>, W(f) = 0
otherwise; X(f) = 1iff € <x25>, X(f) = 1/4 otherwise; Y(f) = 1if f € <0>, Y(f) = 1/2 otherwise.



Then W, X, Y are fuzzy ideals of Rand A= W N X N Y. Define the fuzzy subsets Q) of R, i = 1,
by QW@ =1itf € <2y - 15>, QU0 = 0 otherwise; QB = 1561 € <2, y + 1>,
Q(2)(f) = 0 otherwise; Q(3)(f) =1iff € <x® + y2 -1, z>, Q(s)(f) = 0 otherwise; Q(4)(f) =1iff €

<x2>, Q™) = 1/4 otherwise; Q) = 1if £ € <z>, QD) = 1/4 otherwise, Q) = 1 i1 €
<0>, QO)(f) = 1/2 otherwise. Then QW is a fuzzy ideal of R, i = 1, ..., 6, such that W = () n

2 2,.2

Q(2) n Q(3)since<x2+y2 - 1,x2z>=<x2,y— I>DN x5 y+ 1> N <x4+y° - 1L,2>,X =

6 /-
Q(4) n Q(5) since <x%z> = <x2> N <z>, Y= Q(s). Thus A = () Q(l) and in fact thisis a
i=1
irredundant fuzzy primary represntation of A. Now \/Q(l)(f) =1iff € <x,y — 1>, \/Q(l)(f) =0

otherwise; vQB() = 1iff € <x,y — 1>, vQP(D = 0 otherwise; Q¥ = @), yoW(p = 1 ¢

f e <x> Q(4)(f) = 0 otherwise; \/Q(s) = Q(s), \/Q(6) = Q(s). Hence /A =.f61 P(i) where P(i) =

i=1
vQW is a fuzzy prime ideal of R, i = 1, ..., 6. We have the following fuzzy algebraic varieties:
A@Dyb) = 1itb € M(<x, y—15), HPD)(b) = 0 otherwise;
APYb) = 1ifb € M(<x, y + 15), SPO®) = 0 otherwise;
AE)b) = 1itb € M(<x +y2 ~1,25), SECH(B) = 0 otherwise;
AED)®) = (1/9) it b € M(<x>), SED)(b) = 0 otherwise;
AP ®) = ¢(1/9) it b € M(<z>), HEPE)(b) = 0 otherwise;

AP b) = (1/2) v b e LK.

6 . . .
Then A(A) = U A(PD) and in fact M(PW) is irreducible and no M(PW) is contained in the union

of the others, il== 1, ..., 6.

Consider the nonlinear system of equations of fuzzy singletons,

(xs)2 + (yt)2 - 11/4 = 01/4a

(xs)2zu =0, /2 ,
Then a solution is given by t > 1/4 and min{s, u} = 1/2 and the solution of x2 + y2 — 1=0and
x2 = 0. Note also that A = <(x2 +y - 1) 7 (xzz)l /2> by Theorem 2.8. If we let ¢(0) = 1,
c(1/4) = 1/2, c(1/2) = 1/4, ¢(1) = 0, then the above representation of Ab(A) seems to better represent
the solution of the above nonlinear system of equations of furzy singletons. The .AL(P(') fori=1,2 3,
yield the crisp part of the solution while the A(P() for i = 4, 5, 6 yield the fuzzy part.



Proposition 2.10. Let S be a fuzzy subset of R. Then <S>* = <S*>.

Corollary 2.11. Let S be a fuzzy subset of R. Thenb € LX is a zero of S* if and onlyif bisa
zero of <S>*.

Let W be a finite subset of S* such that <W> = <S*> where S is a fuzzy subset of R. Define
the fuzzy subset T of R by T(b) = S(b) if b € W and T(b) = 0 otherwise. Then T* = W. Hence
<T>* = <T*> = <§*> = <S>*. Thus b is a zero of <S>* iff b is a zero of <T>*.
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