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1.Introduction : Separation axioms in fuzzy topological
spaces (fts) have been discussed by several authors. In
particular, two fuzzy versions of normality viz, normality
and weak normality have been introduced by Kerre [3]. Fuzzy
normal and completely normal spaées have been studied by Hu
Cheng Ming [5]. Fora [2] has introduced two notions of fuzzy
normal and four notions of fuzzy completely normal spaces.For
any two fuzzy subsets p, v of a set X, un v = T=z=> = 1- v
but the reverse implication does not hold. This peculiarity
of fuzzy sets leads to four possible definitions of fuzzy
normal and fuzzy completely normal spaces viz. fn - and

fecn-spaces for 1 = 1,2,3,4. It has been found that fn, <===>

normal (Foral[2]), fny <===> normal (Kerre[3]) <===> w-normal
(Fora[2]), fn, <===>» weakly normal (Kerre[3]), fen, (or fen, or
feny or feony) <=2 ws (or 85 Or WW or 8w )-completely normal

(Fora[2]). Also fen, <===3> fuzzy completely normal (Hu Cheng



Ming [5]. The interrelationship between the different concepts
of fuzzy normality and completely normality have been studied.
The validity of the charaterization of completely normal spaces

as hereditarily normal spaces has been examined in the fuzay

setting.

2.Preliminaries : Let X = {x,,%X,...,%X,} and a< I for i
= 1,2.,...,n. By {84,23,...,a,},we mean the fuzzy subset A of
Xs.t. AM(x) =38 fori=1,2,...,n.

Inless otherwise mentioned, as regards fuzzy topological
notions, we follow Ming & Ming [4].

The family of all fuzzy closed sets in a fuzzy topological
space (X,T) will be denoted by C(7).

If two fuzzy subsets A,6 of a set X be not quasi-coincident,
then we write A\ q &.

Definition 2.1 : [5] Two fuzzy sets A,& of a set X are
said to be strong quasi-discoincident ( written as A 66 s ) if
A(x) +S(x) <1 and A(x) + &(x) = 1 ===> A(x) = 1 or 6(x) = 1.

Definition 2.2 2 [31 A fts (X,r) is said to be a normal
( resp.weakly normal ) space ( henceforth called fn(K) (resp.
fwn(K) space ) ) if ¥V X6 e C(r) s.t. A @& ( resp. X NS = B ),
3 pw et st A= u, <y anduqur.

Definition 2.3: [5]1 A fts (X,7v) is said to be a fuzzy normal
space (henceforth called fn(H)-space ) iff VA « C(r) and ¥V open-
nhd 4 of A , 3 ader s.t. A <8723 < u and 8 is a nhd of A
2 is a nhd of &

Theorem 2.4 :[51 A fts (X,v) is fuzzy normal iff ¥V A.,S

i

C(t) S.t.Kagé,B,u,ve‘r g.t. A € u, 5 < v and ¢ q v.
Definition 2.5 :[(51 A fts (X,r) is said to be a fuzzy

completely normal space ( henceforth called fcn(H)- space )



ifVYAeI and ¥V nhd »# of A s.t. xk(x) e py,3 averTs.t.

A

A

v £ v £ p and moreover v -is a nhd of A and X5 %)< HVY xe X
Definition 2.6 :[5] A,5 are said to be fuzzy separated iff
x asé and A q.5.

Theorem 2.7 :{8] A fts (X,7) is fuzzy completely normal iff
for any pair of fuzzy separated sets \,8, I pu,v et 5.t. A < M,
& < v and u q v.

Remark 2.8 :[6] VA,ue I, X qu, A qfa <===>3 v,6 e 7
s.t. A= v, u<6, N g 6; Hoq v,

Definition 2.9 :I28] A fts (X,r) is said to be a normal
(resp. w-normal) (henceforth called fn(F)(resp. fwn(F)))-space
iIff VA8 eCir) s.t.x g6 , 3 p,ver s.t. A\ <pu, &< and
H N v =@ (resp. o4 qv).

Definition 2.10 :i21 A\, 8 e I" are said to be s(resp.w)-
separated iff X\ nu =And =@ (resp.x a8, A q&).

Definition 2.11:1[21 A fts (X,7) is said to be
(i) a ss(resp.ws)-completely normal space if for any two s
(resp.w)-separated sets A\,8, 3 p,v e T 5.t. A < H, &§ 2 v, u N v =P
(ii) a sw(resp.ww)-completely normal space if for any two s
(resp.w)-separated sets A,6, 3 pu,v e 7 s.t. A < u, & £ »,u q v.

3. Fuzzy normal spaces.

Definition 3.1 : A fts (X,v) is said to be a fuzzy g~

normal space ( or simply a fn -space ),i = 1,2,3,4 if V P

= C{(7) respectively

fry, : X i & === 3 pverT gt. NSy, 2w, unv = B.

fn, : A n & :‘E_:::) Jpu,ver s.t. A2 u, S5, unv = @,
frg A a S z=zx A pvert st NS u, 52 v, é v

fng : AN s =P ===>Fpu,vet g.t. A Su, 5<wv, uaguv.

Remark 3.2 : Definitions 3.1,2.2,2.3 and 2.9 immediately



yield the following implication diagram
fn, (=fn(F))

“ N
e

fng (= fwn(K))

fn, fng (= fn(K) = fwn(F))

fn(H)

To show that the reverse implications do not hold it
follows from the above diagram that it is sufficient to show
that fn, =#£> fn(H) and fn9;#=> fn, which is evident from the
following examples

Example 3.3: Let X = {a,b},

T o= {@,1,(-7,5),(@,-7),(-7,1),(1,-7)(-7,-7),(-4,-4),(-7,-4),
(.4,.7),(.4,9),(2,.4)}.

Then (X,7r) is a fn,-space.

Let » = (.3,.3), 6 = (.6,.6). Then X,6 « C(r) and A a 5.
But there do not exist two quasi-discoincident members of «
containing A,6. So (X,7) is not a fn(H)-space.

Example 3.4 : [Let X = {a,b}.
T = {9,1,(.4,.6),(.6,.4),(.4,.4),(.6,.6),(1,.6),(.6,1)}.

Then (X,7) is a fna-space.

Let » = (.4,8), 6 = (@,.4). Then A,b e C(r) and A n & = @,
But there do not exist two disjoint members of T containing
A, 6. So (X,7) is not a fn, -space.

Theorem 3.5 [5] : A fts (X,7) is a fng-space iff the following
property is satisfied.

(P) : VX € C(t) and V He T s.t, A= u, averTs.t.

A=9v and v £ u,



Remark 3.6 : For a fts (X,7) to be &
(i) fn,-space, (P) is necessary but not sufficient;

(ii) fn,(resp.fn(H))-space, (P) is sufficient but not necessary;

(iii) fnp-space, (P) is neither necssary nor sufficient.

4.Fuzzy completely normal spaces

Definition 4.1: A fts (X,7r) is said to be a fuzzy completely

n,-normal space or simply a fcn,-space for i = 1,2,3,4 if V A,S6

e 1™ respectively

fong Aaqd,Aqdb===>F urvers.t.xSu v, unv =@
fen, AN&z=@Pz=rNndz==x>3pvertr s.t. \Su v, unv =
fong iaékq-é-—:::sau,verst )\Su,éSv,uq-v;

fen, i ANS =@ =AnN E z==> 3 uy,verT 3.t. A\ 2 u, &= v, p.ﬁ v

Remark 4.2 : Definitions 4.1 and 2.11 immediately yield the
implication diagram

fcn, (= ws-completely normal)

fcnzﬁfgﬁf;§f§ :§>§<<:§;§ con,
(mas-completely (= ww-completely
normal) Q§§§§§$ / normal)

feny, (=sw-completely normal)

To show that the reverse implications do not hold it follows
from the above diagram that it is sufficient to show that fcng

=ﬁi> fcn, and fong =ﬁ=> fcng which have been shown by the

following examples.
Example 4.3 ¢ Let X = {a,b,c},

T =1{82,1,(.4,9,.6),(8,.5,9),(.7,1,.4),(1,.5,1),(.4,.5,.6),
(.7,.5,.4),(.7,1,.6),(.4,.5,.4),(.7,.5,.6),(.4,9,.4)}.

Then (X,7) is & fcnp—space.

If» = (.6,.5,.4), 6 = (.3,.5,.6), then A~ @ & and A q & .But



there do not exist quasi-discoincident members of r containing

X and 6. So (X,T) is not a fcng—space.

Example 4.4 : Let X = {a,b}.

r = {@,1,(.6,.4),(.4,.6),(.4,.4),(.6,.6),(1,.6),(.6,1)}.

Then (X,T) is a fcng—-space.

But since there do not exist any disjoint members of 7,
(X,7) is not a fcnz-space.

Theorem 4.5 ¢ A fts (X,7) is a fcng-space iff it is a
fen(H) -space.

Proof: Definition 4.1 and Theorem 2.5 [5] yield that if
(X,7) be a fcng—-space, then it is a fcn(H)-space.

Conversely, let (X,r) be a fcn(H)-space.

Let \,6 « I be s.t. X\ @ 6 and A q 6.

If X\ qo 6 and A g, & ,then the theorem 1s obvious.

Next let X g, 6 and A g, & do not hold.

So if X, = {x € X; N(x)+5(x) = 1, but A(x) # @,6(x) # @}

X, = {x € X; A(x)+5(x) = 1, but A(x) # @, &(x) # @}

then at least one of X X, is non empty.

Let V (+)ve integer n > 2, X\, 6, :X--->1 be defined by

An(y)

AMy) ifye X
{‘1 -8(y) - (1 -6(y))/n ifyek

S(y) ifye X,
Sn(y) {

1 -X(y) (1 -AN(y¥))/n if y € X,
Then X, Q Sn &nd A, Qg On.
Therefore, since (X,t) is a fuzzy completely normal space,
3 u,,v, €7 8.6, A, =y, 6, = v, and My, q vp.

Let # = ufy,; n > 2} and v = U{y,; n > 2}.



Then #, v € T, n qv and A S u, & £ v,

So (X,7) is a fcng—space.
Lemma 4.6 : Let Yc X and let X,86 € C(7ry). Then
(1) x @6 ===> X @6, A aé in (X,7);

(i) Ané =@ ===>And&=And =0 in (X,7)
where A ,5 denote the fuzzy closures of A ,5 respectively in (X,7).

Proof : Since A,6 € C(7,), 3 x,8, € C(T) 8.L. X = A Y,

5 = &n Y.

(i) Let A @ 6. Then A,qa &. For if x € Y, then X (x)+5(x)
= A(x)+5(x) £ 1 (since A q §) and if x € X - Y, then A(x)+56(x)
@+5(x) < 1. Similarly » @ &,. Thus 1 - X, 1 -6 € 7 A =1 - &
& <1 -RX Aa(l-n), 5 a(l - 8.

So by Remark 2.7, » @ 6 and A @ & in (X,7).

(1i) Let A N & = @. Then ¥ x € Y, (A n &)(x) =
min. {N(x),5(x)} = min.{Ay(x),2(x)}= min. {A(x),u#(x)} (since X is
fuzzy closed in (Y,7y)) =@ and ¥V x e X - Y, (A n 8)(x) = @,
since p(x) = @. Thus (X N &) = @. Similarly A n & = @.

‘Lenna 4.7 ¢+ Let Y X and A,6 € C(1y). If p,v €7 8.¢.
AN<Ep, 82w, unv = @(resp.p qv), thenpy = unY,p, =vnY
e Ty and A £y, & 2 v, pun vz 0 (resp.u,q vy).

Theorem 4.8 : Every subspace of a fon -space ls a fn ~space
for i = 1,2,3,4.

The result follows from lemma 4.6 (i), (ii) and lemma 4.7.

Remark 4.9 : Fora [2] has proved that a hereditarily fng; -
space is a fcng-space. Since fn,===>fn,, a hereditarily fn,-space
is also a fene-space. But a hereditarily fn -space is not a fecny-
space as shown by the following examples

Example 4.10 : Let X = {a,b,c},

T = {0,1,(.3;4,.2),(.6.5,.2)}.



C(r) = {©,1,(.7,6,.8),(.4,5,.8)}

(X,7) is a hereditarily fn,-space for i = 1,2,3,4.

If » = (.3:5,.2), 6 = (.4,.5,.2), then X @ &6 and A q 8.
But there do not exist two quasi-discoincident members of =
containing A and 6.

So (X,7) is not a fcng-space and therefore it is not a
fen, -space.

Example 4.11 ; Let X = {a,b,c,d},

r = {0,1,(.6,.6,1,.6),(1,.6,.6,.6),(1,.6,1,.6),(.6,.6,.6,.6),
(.6,9,9,.6),(9,0,.6,.6),(.6,0,.6,.6),(2,9,0,.6)}.

(X,7) is a hereditarily fn,-space.

If » = (.2,0,0,0) and 6 = (9,0,.2,@8),then A N & =@ = A n &,
But there do not exist two quasi-discoincident members of =
containing A and &.

So (X,7) is not a fcn,-space and therefore it is not a
fen, -apace for 1 = 1,2,3.

Example 4.12 : Let X = {a,b,c,d},

T = 1{06,1,(0,0,.4,.4),(9,.4,.4,.4),(0,.6,.4,.4),(2,1, .4,.4)
(.4,@,.4,.4),(.4,.4,.4,.4),( 4,.6,.4,.4),(.4,1, .4,.4),
(.6,9,.4,.4),(.6,.4,.4,.4),(.6,.6,.4,.4),(.6,1, .4, .4),
(1,9,.4,.4),(1,.4,.4,.4),(1,.6,.4,.4),(1,1, .4, 4)}

Then (X,7) is a hereditarily fcn,-space for i = 1,2,3,4.
If x = (.4,0,0,0), 6 = (@, .4,0,0), then A " & = A nNn & = @.
But there do not exist two disjoint members of = containing )\,6.

So (X,7) is not a fcnp,-space.
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