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Abstract

——t

After Zadeh introduced the concept of approximate reasoning (1)
based on Generalised modus~ponens several authors/researchers used that
to describe many different models. The similarity among them is that
they are defined for well-defined propositions only, -This paper proposes
a gensralisation of the widely used rule of inference in binary-valued
logic, the law of disjunctive syllogism in order to tackle, in futurs,
the undefined propositions effectively. A general purpose approximate
reasoning technique based on generalised disjunctive syllogism is
presented,

Key-words - Approximate reasoning, Generalised disjunctive syllogism.

l. Introduction

In the year 1965 J.A. Robinson (5) made a major breakthrough by
introducing the complete resolution principle in case of tuwo-valued
logics In this year again another méjot breakthrough was made by L.A.
Zadeh who, for the first time, introduced the concept of fuzzy sats, a
tool for handling soft-natured decision making problems effactively and
efficiently, Sincs than many authors including Zadeh, Mamdani, Bandler,
Baldwin, Yager, Mizumoto, Tsukatmoto, Kiszka {2)(4)(7) have been discussed
fuzzy reasoning and their applications successfully, Again authors like
R.C.T. Lee (6), M. Mukaidono (7) defined fuzzy resolution principle. Our
idea is to present a generalised resolution principle that handles the
inexact situation effec¢tively and is applicable for both well-defined and
undefined propositions. For that in this paper we present a technique of

approximate reasoning based on the law of disjunctive syllogism.



In two-valued logic the law of disjunctive syllogism can be stated

as -

'Given a disjunction and the negation of one of the disjuncts, the

other’'may be inferred's Symbolically,

prem 1 ¢ pug
prem 2 ¢ ~p

Conel 3 q

In using this rule the user must be sure that the disjunct as
appeared in the sescond premise is exactly the negstion of that as appeared
in the first one. Let's remove this restriction (exactnass) anc generalize
this concept in the case where all aor 'some. of the disjuncts ars inexact
propositions and hence the disjunct appeared in the second premise, in

general, not exactly the negetion of that as appeared in the first premise.

As the first premise is a restriction of the disjmcts and the user
may have some knowledge ebout any of the disjuncts it is a2lways possible
te infer the induced information regarding the other disjunct. The
technique discribed is such that the obvious demand that the status of the
inferred disjunct should exactly be the same as that occurred in the first
restriction whensver the other disjunct as appeared in the second premiss

is exactly the negetion of that appeared in first premise is met. Thus,

symbolically, we have

prem 1 3 puq

prem 2 3 p'

——

Concl : g!



wvhere q' is exactly q whenever p' is identical with ~p. This idea and
its generalisation (the number of premises are more) proviaes an efficient

technigue for the establishment of the desired fuzzy resolution principle.

2.0 Mathematical Formulation of the Problem

In the first model we consider two typical premises expressed as

P Xis A or Y isB

q: Xis A'

ConclusiontY is B

wvhere X, Y are two linguistic vapiables that define ob jects and'A, B,
Ai, B' are inexact concepts which are approximated by fuzzy sets over
Uy vy, U, Vv respectively, U, V are the universe of discourse of X and Y
respectively. Llet p, q are translated into the possibility assignment

equations

P =-=> TI(X,Y) =

and q ==> TTk == A'

where R is a fuzzy relation i.e. a fuzzy suset of the cartesian product

UXV such that

-FR(U’V) == min {l —};A(u)'. }Ld(\;)} .

The particularization of R by &' will be given by

n(x,Y) [nx =4 =anm



vhere A' ic the cylindricil extension of A i.es A' = A'XV. Hence

projection of RNA' on Y gives after retranslation the required inference

T T, =T, °n(x,y)

= PrOjY Tr(X,Y) tﬂ'x = A']
where Mgi(v) = S:p {y,ﬁ(u, v) A}LA|(U)} .
Now since

1('(X Y) [TI’X = Ac] = RNA® (Ac denots the complemented
’ fuzzy set of A)

ve have, 'ﬂ'Y == Pron TT(X,Y) [‘n‘x = AC]
where puo,(v) = S:P{PR(U, v) A pAc(u)}

= Szp{min 1 =M1, () /\}’-Ac(“)}

= 5w fmin (1= g(0) po(v) AQL =}
= St:p {min (1 -J.IA.(U)v JJB(V))}

= M) AP (v € sue (1 - ()

This can be achieved iff we choose the fuzzy sets A and B in such a way
that the membership values attains at least once both the bounds O and 1

at some points within their respective domains,

In ‘case these bounds are not attained even then we will not lose

any essential infcmmations in the ultimate inference. Only the inferred

results will be a very clase approximation of the desired one. This

phenomencn is also true in case of generalisec modus ponens (1) (4).



In the second model there ars two typical promises expressed as

p 3 Xl is Ay or X, is Ry Or e.eee oI X, is An

» 3 )
q Xl is Al

3 t 12 ]
anc the conclusion g X2 is A2 or Xj is Ay or ... or Xn or An

where Xi(i = 142,.4440) are n-variables {which specifies some ob jects)

that range over finite sets or variables that are approximated by such

sets. Ai(i = 1,2,..0yn) and A:!L(i = 1,2,...,n) are inexact concepts that

are approximated by fuzzy sets over Ui(i =1,2,..4yn). Let thembe

% 3y /. d ) % J
A = jﬁleAi(ui)/ui cy = Jil U$ i=1,2...,n
. ‘?i i/ J
Al = Jil'”“i(ui)/ui < ui H i =12000yn.

The translation of logical relations betwesen sentences appearing in the

premise p into mathematical relation gives

p ->'ll’(xl'x2""’xn) = Re& U XUX oee XU
where '
Pa(ul’uz’"” un) == min {1 -JJ.Al(ul), JIAZ(UZ)""’-”An(un)}

and translation of the second premise gives

— == pA! .
q >“’x Al C u

The particularization of R by A} induced by the propositions p and g can
P 1

e obtzined as
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M, =:i" =ra%
Tr(xl,xz,...,xn)[xl "1] 1

where A] is the cylindrical extension of A.’l over L’lXLZX"'XUn

ice. A' = A! X U v eee J .
feee Bl = AL XU X U x Xy

Projecting R(\A_.'L Or U2 X u3 Xeeo XU uwe obtain

© = Proj ) ANA!
(XprXgpeeesX ) UZXij...xun[ 1]

== 8§ (, say)
such that

}Ls(uz, L.'},...,un) = S:i{PAi(ul) APR(Ul' uz,...,un)}

= § (uYAnmin{l - s 11 soeey
et hmn - v o () t, o)}

= szi{ min(uAi(ul).l -J_LAl(ul),qu(uz),...,uAn(un))} .

Hence we have a relation matrix S from the composition of propositions

p and q. To obtain e more meaningful -inference one can project S over \li

(i=2,3,...,n) one by one and obtain

"‘i - Xi is A.!‘ 3 1 =2,3,..0yn
where A! ==Proj, S = Projy T
i u; Ui(xz.x}....,xn)
such that
PA'{(U) = Sup us (”2’”3""'ui-l’u ’ui+l""un)}'

u_su u u, u
PR AR A TS L PR LR A
Hence, after retranslation, the inference becomes

3 1 i ) 1)
xz is A2 or x3 is A3 OT sse OT xn is An.
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In this case slso it can be shown exactly in a similar manner that if
Ai is the complemented fuzzy set of A; then A} = A; for all i=2,3,...,n.
The third model concludes
i 1 : ] - ' 5 [
X2 is A2 or )(3 is A3 OF see OT Xm is Am or X"H_1 is Am+l or

) 3 )
X 1 is Am+1 OT +es OT Xn is An

m+
f rom .
prem 1 § Xl is Al or X2 is Az OF eee OT Xm is Am
and prem 2 Xy is Ai or xm+1 is Am+l OF .es Or X is AL e

It can be essily verifiasd that the first two models are special cases of

this (third) model. In this case we have

-— = R<U cee
P >W(X R 1 X U2 X X Urn

1'x2'""xm) .
where }“R(ul’ uz.....um) = min{l 'J‘Al(“l)' yhz(ué),...,yAm(um)}

_— =sc
and q >"(x1,x scu, x um+ X X un

_y Xm+2,...,xn) 1

vhers ys(ul, um+l’,'“""n) = inin{uAi(ul), “Am+1(”m+1)""’“nn("'n)} .

The particularization of R by S denoted by "ns will be given by

o u X eee X U
(XppXprenapx ) = (RXU ) n 0
(SXUZXUBX... xun;) .
Hence the required infersnce will be given by

== Proj
u
2

, (RnS)
\xz,xy...,xm,xml,...,xn) XUsXew o XU

= T (,say)
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where, as usual,

)‘T(UZ' Uspesey Un)‘ = St:p {}JSAJJR}

[

== Sup {}’S(ul' uml,...un)/\y,R(ul, u2,...,un)k .
u
1

Then projecting T on Ui for 1 = 2,3,...yn we obtain, at once
i 1)
'I’i &« xi is Ai
where A;_ =Proj, T; i=23..n.
i

In this case also it can be shouwn that if Ai is exactly the fuzzy complement

of Ai then

Al =4, foralli=23,...,n

which is exactly the demand for disjunctive syllogism.

Let us now consider a fourth, the last in this paper, model where

from premises
prem 1 ¢ Xl is A, or X, is AZ""’Xm is Am

R . ' .
and prem 2 ¢ Xl is A} or Xs is A. or ... or X. is A_ or Xm+

is A
1 1 S S

1 m+l

OF «ss OT Xn is An

one may conclude ¢ X2 is A2 Or «es OT Xm is A

OT «es OT Xn is An

+1 m+l

where {sl.sz,...,sk} is a susequence of the saguence {2,3,...,"1}. In this

case; as before,

-— = RCU, X U, X «ue u
P Tx Xy eens X ) 1 XY, L

ano JJ,R( Upslsseees u) == min {l -}LAl(ul) :PAZ(UZ). "’.F’Am(um) ]
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=T X oX == SCU XU XlUg +uuXUg
1% 5
1 K

reeerX ) s, .

m+1

XUm+l X eoe XUn

and J;s(ul,usl,...,usk,um+l,...,un)

== min{yki(ul) ,'uASI(usl)....U;ASk(usk),J;Am+l(um+l)...,‘}J.An(un)} .

The required inference will be given by

Wxprzeenx) = PP xux,uuxy (ANS) == T (ysar)
uhere p (uyrUgseseytt) == USL?J y {JLR(ulp Upreesrt ) A
1’ Sl"'.' Si

J;s(ul,usl,...,usk,um+l,...,un)}

and for some meaningful inference the projection of T over Ui’ i =2,3,00e4n
gives

13 & xi is Ai 3 i= 2,3500ayN
where

A;. = l'»‘rc:_iui T3 i=2y30ee9n

and ultimately a result

] 3 \j i 1
X2 is Az or X} is A, OF ses OF Xn is An .

It is again true that when Ai is the fuzzy complement of

Ai' A; == Ai $ i=2,3,0009n &

In 2N the ebove models, to make a meaningful resolvent, Ai

1+ Similar phenomenon is zlso true for

shoulc be

close enough to the complement of A

generalized modus ponens (3).
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