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Abstract

In this paper, wé_give the pointwise depictions of a fuzzy relation, the
composition of two fuzzy relations, a fuzzy equivalence relation, and introduce
the definition of fuzzy compatible which differ from N, Kuroki's, Also we obtain

the pointwise depictions of fuzzy left (right) compatible and fuzzy compatible,

1. Introduction

lThe concept of a fuzzy relation on a set was defined by Zadeh (1, 2] and
several authors have considered it further (see for example, Rosenfeld [3],
Bhattacharya and Mukherjee [4] and Kuroki [5] etc.). In the présent paper, we
consider fuzzy relations on a semigroup S (cf. [6]), the pointwise depictions
of a fuzzy relation, a fuzzy equivalence relation and the composition of two
fuzzy relations are given, We define fuzzy compatible, thch differ from Kuroki's
in (5], on a semigroup S. Also we obtain the pointwise depicﬁions of fuzzy left
(right) compatible and fuzzy compatible,
2. Preliminaries

We reviev briefly some definitions and results about fuizy set on S,

A map f from S to [0, 1] is called a fuzzy set on S, For any fuzzy sets A, B,

Ay on S, where i €T (indexing set):

A S B iff A(x) < B(x) Vx€s;
(U A;)(x) = sup Ag(x) VY x€S,
i€T ieT

The product for two fuzzy sets A, B on S occuring in [7] is defined by



sup min{A(y), B(z)} for y, z€S, x = yz,
(aeB) (x) =ix = ya
0 for any y, z€S, x # yz,

for all x€S,
Pu and Liu gave the definition of a fuzzy point (cf, (8] ), that is, a fuzzy

set on S x, 1is called a fuzzy point iff

A Yy = X%
xh(Y) ={
Y YF X

for all y€S, where A€(0, 1]. For Xy and y,y X3 S Yy Iff x = yand AS U .
For a fuzzy set A onr 5, x,€ A iff x,(y) € A(y) for all y€S,
Proposition 2.1, Let x,, y, are two fuzzy points on S, then

%oYu = (W )minga, oy
Proof, It is easily (cf. [7]).
3. Pointwise Depictions of fuzzy relations and their composition
Definition 3.1. A map P from SXS to [0, 1] is called a fuzzy relation on S,
Obviously a fuzzy relation P on S is also a fuizy set on S XS,

In the following, let dg denote the characteristic function of S, It is well

known that d-s-, is the greatest fﬁzzy set on S, and can be expressed as tlnw union
of all the fuzzy points on S. Hence we can write
ds ={xh: x€S, NE(o, 1]}.
Definition 3.2, Let 8y, bﬂedg s ve define (a,, bu) as follows: -
(apy bu)(x, y) = min{ay(x), bu(y)}

for all x, y €3,

Clearly that (a,, by) is a fuzzy relation on S and the Cartesian product of
ay and b, (cf. [4] ). |

Definition 3,3, Let P be a fuzzy relation on S, For 8y, b'u'edg y Ve wrif,e
(apy b;u)ef’ iff (ay, bu)(x, y) <P(x, y) for all x, y€S, '

By the following proposition, we give a pointwise depiction of a fuzzy relation



on S,

Proposition 3.4, If P is a fuzzy relation on S, then

Proof, By Definition 3.3, ve only need to prove

P(X, y)< [ ( U (;-A‘; bﬂ)](x’ y)

ayy byl
for all x, y€S,

Let x, y be any elements of S, If P(x, y) = O,: then
Plx, y) = OS[(U (&a,-b,u)] (%, ¥)s

8 buep
I P(x, y) #0, let t = P(x, y), then (x4, y¢) €L « So
U (an, bu)[(x, ¥) = suﬁmin a(x),b(y)
(87 Ba)Ep (ay s b»)ep{ SRR

2z min {x¢(x), yy(v)}
= 1,

This completes the proof,
Definition 3,5, Let £ e a fuzzy relation on S, We define a, f by for a,, bﬂédg
iff (ay, by) €L,
| Definition 3,6, Let [ and 6 be two fuzzy relations on S, The composition fo§
of P and 6 is defined by '
(Po8)(x, y) = e:g win { P(x, z), 6(z, y)}
z ;

for all x, y€S,

Proposition 3.7, Let  and 6 be two fuzzy relations on S, Then a,’{"o{bﬂ for sa,,
by € d—s. iff there exist some zy € such that ay £ 24, zt6 by, and

sup t = min{7, uj,

B¢
a,Pzy, 246bu
Proof, Let a,, b‘uédg o If a7‘1°°6 bu, then (a,, b‘u)Ef’og . So

(F°6)(a-’ b) = min{h, .40}9

~



that is

sup min{f’(a, z), 6(z, b)}z min{ﬂ, A (1)
z€ S

Then for a given £, where 0<t < min{a, M}, there must exist a z€S such that
min { f(a, 2z), 6(z, b)} 2 min{a, M- €

Otherwise we have
min{f(a, 2), 6(z, b)} < min{a, x}-£

for all z €S, Thus

sup min{f(a, 2), §(z, b)} < min{a, u}- ¢,
z€S

hence

sup min{P(a, 2), 6(z, b)} < miﬁ{?l, M}e
z€S

This contradicts ‘(i). Therefore we can assume that for some z €S
win{f(a, z), 6(z, b)} Z unin{a, M} - £.
That is
f(a, z) 2 min{a, 4} ~£ and 6(z, b)Z min{a, U}- £.
Set t = min{a, W}~ £, then 2, € d—S and a, P Zis zt6bﬂ. Obviously from above we
have |

sup t = sup(min{a, mu}-¢€) = min{a, wj.
2t 0< €< min{a, u}

8,Pzyy z46by
Conversely, if there exist some ztédg such that a, f 24, 2,0 by, and

sup t = minfp, i,
Zt .
aAf’zt, Zt6b,u

then
P(a, z)= minfa, t}, 6(z, b) Z minit, w}].
So
min{f(a, z), 6(z, b)} 2 min {nin{, t}, min{t, u}}
= min{a, ‘t, MY
Then we have | |



sup min{f(a, y), 6(y, b)} > sup min{P(a, z), 6(z, b)}
YE€S Z¢ )

5Pz, Zt5b,u

> sup min{2, t, )
2
85Pzyy 2,6bu
= min{a, supt , _u}

24
a,Pzyy z¢6bu

= min{a, min{?i, Y] -M}
= min{h, J)}o

That is (Po6)(a, b) > min{a, u} by Definition 3,6, hence a, Pof by,
Definition 3,8, A fuzzy relation F on S is called fuzzy reflexive if f’(x, x)
= 1 for all x€S, and is called a fuzzy symmetric if P(x, y) = P(y, x) for all
X, yGS and is called fuzzy transitive if P2 fof, A fuzzy relation on 5 is
called a fuzzy equivalence relation if it is fuzzy reflexive, fuzzy symmetric
and fuzzy transitive,
* Proposition 3,9, Let [ be a fuzzy relation on S, Then .
(1) Fis fuzzy reflexive iff (xgy x, )€ for all x, €dg 3
(2) P is fuzzy symmetric iff (%o yﬂ)éf for x,, yﬂedg'implies (YM’ xh)éf;
(3) P is fuzzy transitive iff for Xy 54,€Jg 5 if there exist"some_ yu€dg such
that "AF%! )}‘f’zt, and

sup M = min{2, t},
Y/ '
xjflju ’ }',,‘Pzt

“then xh'("’zt . '
Proof, (1) can be obtained immediately from Definition 3.8 and 3,3,
(2) Let f be fuzzy symmetric, If (%, %)6(’ for x,, Xued; y then
P(y, x) = F(x, y) Zz min{h, J)}= minw, Z}
since P is a fuzzy symmetric. That is (Xu’ x,‘)ép « Now we assume if (xh, xu)éf’

for x,, yMedé implies (y,, xh)éf’ o Then there ~uu"ust. have O(x, y) = f(y, x) for



all x, y €S, Otherwise, there exist x*, y* €S such that
P, v) # Py, x*).
Assume
Px*, y*) < Py*, x*) (1)
without loss of generality, Let t = P(y*, x*), ‘then (y:’, x*t")éf’ . So (x*t", y;)E‘D
by hypothesis, that is '
Px*, ¥%) 2 ¢ = P(y*, »*).
This contradicts(ii). This follows that [(x, y) = Ply, x) for all x, YES,
(3) Necessity, For x,, zted; , if there exist some Xued—s such that x, lo);u,
%Pz't, and

sup U = min{p, M}y
Ip
X,.Plfu, y,uPzt

then for x,, ztedg ve have x, fopz, by Proposition 3,7, That is
P(x, 2) 2 (PoP)(x, z) 2 min{r, t}
since £ is fuzzy transitive., Hence X5 P 240
Sufficiency. Let x, y be any elements of S, If (PP )(x, y) = O, then
(Po€)(x, ¥) = 05 P(x, y).
1£ (fop )(x, y)# 0, let (fof)(x,y) = t, then x, poPy,. By Proposition 3,7 there
exist some z,€ dg such that xfz,, 25 P ¥y, and

sup A = min{t, t} = t,
Zx
xtPzy s 2Py
Therefore by hypothesis we have xtlo Yo that is
P(xy yY)Zzts= (P°P)(x’ Y)o
This shows P(x, y) Z (PP )(x, y) for all x, y€S. That is P 2P
4+ Fuzzy compatible and their pointwise depictions '
Definition 4.1, A relation R on S is called left compatible if (a, b)€R
implies (xa, xb) €R for all a, b and x of S, and is called right compatible if

(a, b)€R implies (ax, bx) €R for all a, band x of S, It is called compatible



if R is both left and right compatible (cf, £él).

Definition 4.2, A fuzzy relation Pon S is called fuzzy left compatible (ci‘.~
€5]) if P(xa, xb) 2 P(a, b) for all a, b and x of S, and is called fuzzy right
compatible (cf, (5]) if P(ax, bx) Z P(a, b) for all a, b and x of S, It is called
fuzzy compatible if P is both fuzzy left and fuzzy right compatible,

Proposition 4.3, Let F be a fuzzy relation on S, Then thé following conditions
are equivalent:

(1) P is fuzzy left (right) compatible;

(2) For each t €[0, 1], if Ro(t) = {(a, b): (a, D)ESXS, P(a, b) 2 t}# @,
then Rp(t) is left (right) compatible, '

Proof, First assume (1) holds., For each t € [0, 1], if Rﬁ(t) #+ ¢, then if
(a, b) € Rp(t), we have f(a, b) Z t. Thus for any x€S, (xa, xb) 2 P(a, b) Z t
since P is fuzzy left compatible, So‘(xa, xb) € Rp(t) for éll x of S. This means
(1) implies (2).

Conversely, suppose that [° is not fuzzy left compatible, then there must have
three elements x*, a, b€S such that P(x*a, x*b) < P(a, b). Let

No =3 100", x*v) + P(a, B},
thus 0 € P(x*a, x*b) < 7)O< P(a, b) € 1, That is ‘(a, b) € Rp(ho), further RP(ho)
+¢® for 2o€ (0, 1]. By (2) holds, we have Ro(7;) is left compatible, then
(x*a, x*b)€ RP(7|0) for x*€ S, So that P(x*a., x*b) = 7‘0' This is in contradiction
with P(x*a, x*b) < 7\0. This examines that (2) implies (1). |

In the similar way we can prove the right case,

From Proposition 4.3, Definition 4.1 and 4.2 we have:

Proposition 4.4, A fuzzy relation P on S is fuzzy compatible iff for each t€
(o, 11, if Rp(t) = {(a, D): (a, b)ESXS, Pla, b) = t} £, then Rp(t) is a comp-
atible relation on S, |

Propoai@ion-4.5. Let F'be a fuzzy‘equivalence relation on S, Then the following

conditions are equivalent:



(1) Plac, bd) = min{ P(a, b), P(c, d)} for all a, b, ¢, d of S;

(2) P is fuzzy compatible,

Proof, First assume (1) holds, Let a, b, c be any elements of S, Then P(e, c)
= 1, so that

P(ca, cb) 2 min{Ptec, c), Pla, b)} = Pla, b),
P(ac, be)Z min{p(a, b), P(c, )} = f(a, b).
Therefore [° is fuzzy compatible, and (1) implies (2).

Now assume (2) holds, Let a, b, c, d be any elements of S, Then
P(ac, bd) Z (Pop)(ac, bd)

sup min{ flac, 2), P(z, bd)}

Z€S

min{f(ac, bc), P(be, bd)}

= min {f(a, b), P(c, d)}

since P is a fugzy equivalence relation and fuzzy compatible on S, Thus (2) implies
(1),

\Y

Remark, In Proposition 4.5, if l° is not fuzzy equivalent but a fuzzy relat_sion
on S, then genérally (1) can't implies (2)., That is, the concept of fuzzy compat-
ible in Definition 4.2 is not équivalent to the definition of fuzzy compatible in
[5) (in (5], a fuzzy relation P on S is called fuzzy compatible if

P(ac, bd) 2 min {P(a, b), P(e, d)}

for all a, b, c and d of S).

Example, Let S = {x, y}, the binary operation on S is defined as follows:

.|x y

L]
x{x ¥y
Yy y y

Evidently S is a semigr'oup with respect to the binary operation as above, We

define f satisfying:

f(xg x) = 0.5, f(x' Y) = f(y, x) = 006’ f(y’ y) = Os4e

We can test that f is a fuzzy relation on S, and



f(ac, bd) 2 min { f(a, b), £(c, d)}
for all a, b, ¢, d of S, But
f(xy, xy) = £(y, y) = 0.4, £(x, x) = 0.5, |
That is f(xy, xy)? f(x, x). This means f is not fuzzy right compatible, Hence
f is not fuzzy compatible in the sense of Definition Le2,
In the following, we will give the pointwise depictions of fuzzy left. (right)
compatible and fuzzy compatible,
Proposition 4.6, Let P be a fuzzy reiation on S, Then the following conditions
are equivalent: ‘
(1) P is fuzzy left (right) compatible;
(2) If &, P b, for a,, by€ds » then dioa, £dioby (gy0d, P byed,) for every d,€dg.
- Proof, First let (1) hold. If a,P by for a,, bE(dg , then for every dy€dy ,

P(da, db) Z P(a, b) Z min{2, 4}z min{ min {t, 2}, min {t, M}]. That is

((da)min{t, ay ? (db)min{t, M Yee.
Hence (dyea,, di°bu)€f by Proposition 2,1, This follows that dioa dieb, for
every d, € d:g . 7 | /
Now assume (2) holds, Let a, b be any elements of S, If {(a, b) = 0, then
obviously P(xa, xb) 2 0 = P(a, b) for all x€S; If f(a, b) ¥ 0, let t = P(a,b),
then atfbt. By hypothesis we have xtoatf’ x,0b

t
o Hence f(xa, xb) 2 min{t, t} =t = f(a, b) for all x, a, b of S, So € is fuzzy

for all x €S, That is (xa)t(’(xb)t

left compatible, That is (2) implies (1).

Similarly we can verify the right case,

From Proposition 4.6 and Definition 4.2, we have:

Proposition 4.7, Let P be a fuzzy relation on S, Then the following conditions
are equiv.alent.: |

(1) P is fuzzy compatible;

(2) If a, P@u for a,, bﬂedé » then d oa, f’dtobﬂ and aﬂ°dtf’bﬁ°dt for every dt

€d§.
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