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Abstract, In the paper, further investigations of
set-valued integrats are carried out. After proving
Fubini theorem of set-valued integrals, Fubini theorem

~of F-valued integrals is given. They are the exteﬁsion of

cltassical Fubini theorem.
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1. Introduction

Recently, integrals of fuzzy-valued functions ¢ Simply
said to be F-vatued integrals) were investigated by
Prof. Dubois and Prade [ 3] ,Puri and Ralescu [ 4] an&
kaleva [ 5] . The paper’s purpose is continuing their
works, to develaop the double integrals, and the main result is
Fubini theorem. Up to now, there are no dttempts in the work
of the authors mentioned above.Since a F-valued function is
essentialy a family of set—vatued functions. We wutilize
results of set-valued functions.

In section 2, as the preparation we prove Fubini theorem of
integrals of set-valued functions (Simply said to be set-valued
integral%)- Al§0 the set-valued function ig only vatued in coR’
(the family of all nonempty compact convex subsets of R') as the

restriction.

-



In section 3, we lfirst define the F-valued integrals , where the
F-valued function is valued in E'= {u,R—[0,1] | [u]"= {x €
Ry u(x)> a} €coR" for atl a €¢0,1]} . Then we obtain Fubini -
theorem.

Throughout the paper, let (X, Z, pd and (Y, Z,p’) be
two complete o —-finite measure space,and (XXY,Z XZ', p X u')

be their product measure space.
2_Fubini theorem of set-valued integrals

In this section,we briefly state some concepts and results

retated to set-valued integrals_Most of them can be. found in

[1].At last,a new result

Fubini theorem is proved.

Let symbol coR' denote the family of all nonempty compaét
convex subsets of Euclidean R, P(R') denote the power set‘ of R.A
set-valued function F,X—P(RON (¢} is called Z—megsurabl,e
if F'C B)y= (xe€X,F(x)NB*¢} € £ for every Borel set B of R a
2 —measurabte set-valued function F is calted p-—ihtegrably
bounded if there exists an p-integrabte function h ,X—R’, such
that il vl <<h(x)> for all v,x with v€F(x).Let S(F, pr= {(f is
u-—integrable, f(x)€F(x), X€EX p—a-e} , define

JExdp= (ffdp, £E€SF, pd)

X X

Lemma 2. 1 [ 2] A set-valued- function F, X—coR" is
2. —measurable if and only if its support function o]
(v| F);X—R is X -measurable for all v €R" where

g(v FX(x)=sup {(q,v);q€F(x)}

Lemma 2, 2( 2] If a set-valued function F, X-—-coR' is

p—integrably bounded, then {F(x)d K € coR,

-



og(v| fF(x)du)#f o(v| FXdpu
X X

for alt vé R |

Remark, All the concepts and lemmas above are suitable for
Y, Z', pu'y and (XXY, T X X", pX p').

Having the above preparation, we can prove Fubini theocrem of
set—valued integrals.

Theorem 2.[.(Fubini th.) If a set—valued function F,XXxY—coR’
is g X pu ' —integrabty bounded, then

(1) the set-valued function FC -, y),x—F(x,y) is p.—in't\egrably
bounded for y€Y p'-a,e; |

2 the set-valued function IC - ),y——I(y)={F( X, y)dp | is

K —integrably bounded, and

SJEFx, yydpxX p' = S I¢yddp’
Xxy h A

Proof. Since F¢ ., - ) is ZXZ'—measurable, by temma 2, 1. we
can see that o(v| F);XXY—=R is ¥ X X -measurable for every v¢
R'. Therefore, by classical Fubini theorem, we know that oc¢ v| F)
C ., ¥y, X—R is 2 —measurable for y€Y p'-a.e. Using Llemma
- 2.1 again, we obtain that F(.,y) is Z-—measurable for y €Y
u—a..e. Consequently, (1> is naturally heltd.

By lemma 2,2 ,we get that I(y):{F(x,y)du € coR', and
olv | Iy = .{(‘(vl FyC,,yddp

for atl v€R, Furthermore, function o(v] I) is X -measurable

by cl#ssical Fubini theorem, then set-valued function IC - ), y—1I .
(y) is Z —measurable by lemma 2,]. By the given condition that
thére exists a pu X p —integrable function ¢ ,XXY—R, s_t_ivi
<< Pp(x, ¥ for all v,(x,y) with v€F(x, y), consequently a



sup Ivi <<sup { SUfCx yobdp, £C.,y) € SCFC., ¥, pd}
v ey X

<‘§¢(-) y)dp,

That is to say, I¢.) is p'—integrably bounded. Since for

every v€R, holds equations

c(lej;’l:(-x,y)dpx;.t' )
= Fydp <X p’
x{yc(vl dpu X p
_—-&J”X,O(VIF)dudu'

=J;o(v| [dp’
=oc(v] .§I(y)du')

By the convexity of SF(x,y)> dp X p  and {}I(y)dp',
Xx
(il) is proved. Y (Q.E.D»

3.Fubini theorem of F-valued integrals

In this section, the first is defining fuzzy-valued
function, and its measurablity and integrablity, then we define
F-valued integrals, most of these are adopt from Puri and
Ratescu[4]. At tast ,Fubini theorem is given.

Symbol E® denotes the set {u,R—[0,1],:[u]'€ coR" for atl
o €C0,1]} , where{u]l]*= {v €R;, w(v)>a} The elements in E
are called fuzzy numbers. A fuzzy-valued function is a mapping
F, X—E. For a fuzzy-valued function F, the mapping
F., X—coR*; x—F.( x) = [F(x)]" is called . « —cutting
function, where a € (0, 1] -

A  fuzzy-vatued function is X —measurable if its every
a —cutting functions are X -measurable. ‘

A X -measurable fuzzy-valued function F,X—E is p-integrably

-



bounded if there exists a p—integrabte function h,X—R'.s.t

sup sup Il vil <Sh(x) for all x€X.
a € (0,13 VEF ) '

The F-valued integral is defined as ,

C {F(x)du)(v):sup {a € (0,1] zve,{('F.(x)du}

for VvéER

Remark. The integral is called expected value by Puri and

Ralescu[4]

Theorem 3. 1 If a fuzzy—‘valued function F, X—E s

K —integrably bounded, then
(i) ,{F(x)du €E
Cii) [{F(x)dp]':Jx'F.(x)dp for a €¢0,1]

The Proof of (i) is obvious,and (ii) can be proved similarly
to the proof of Th 3.1 in (4]

Remark. ALl the concepts and results above are suitable for
(Y, Z, p) and (XXY, ZXX', pXp)) -

Next we give the main result of this paper.

Theorem 3,2 (Fubini th.) If a fuzzy—vall;ed function F,')S_—:E' is
KX g —integrably bounded, then . - )

(idthe fuzzy-valued function F(., y),x—F(x,y) is p-integrably
bounded for y€Y p'-a.e;

¢ ii) the fuzzy-valued function IC - ),y—I(y)= SF(x,y)dp is
H -intedgrably bounded, and ; X

SEFx, yydpu X ' =S Icydp .
xXxy )4

- The proof can be easily obtained by thedrem 3,1 ' and theorem



2,1 (Q.E.D»
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