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Abstract

In this paper, fuzzy left (right) ideals generated by fuzzy point in
semigroups are introduced. Some characteristics of them are given and some
equivalent conditions of a fuzzy inverse subsemigroup are obtained.
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I. Introduction - -

In [2, 3, 4], N. Kuroki introduced a fuzzy subsemigroup, a fuzzy
left (right) ideal, a fuzzy ideal etc., [5] discussed a fuzzy regular
subsemigroup , a fuzzy completely regular subsemigroup etc . and some
characteristics of them are given. In this paper, the definitions of fuzzy left
(right) ideals generated by fuzzy point, fuzzy inverse subsemigroups are
given. Some characteristics are obtained and we discuss the propernes of
fuzzy regular elements.

2. Preliminaries
Throughout this paper, we always suppose that S is a semigroup. For any

X, y &= S, xy & S means x-y & S, where "+ ” is a binary operation in S.
Define (see [1]1, P4)

S if 1 & S,
S{

S U 1 otherwise;
A map A from S to the closed interval [0, 1] is called a fuzzy set in
S. Let F(S) denote the set of all fuzzy sets in S. For any A, B &= F(S),
A < B if and only if A(x) € B(x), in the ordering of [0, 11, for
all x = S. .
Definition 2.1. For A, B & F (S) Then the product A - B is defined as
follows:
gmm {A(y) B(z)} fory, z&E S, x = yz,
(A-B) (x)= {
_ 0 foranyy, z €S, x F yz;
for all x & S. It is clear that A B& F(S) (cf. [6] ). And for



CeE F(S), A- (B-C) = (A-B)-C. f ACB, then A-C — B-C
and C- A < C-B{(cf. [6, 7] ). A and B are commutative with each other
wemean A-°B = B-A, .
Pu and Liu gave the definition of a fuzzy point (cf. [8] , Definition 2.1
and Definition 2.2) . Clearly that every A & F(S),
A xhléijA ’

where 0 < A € 1, x, & A if and only if x, & A,

e ify=
X)\(Y)‘_'{
0 ifys#x

for all y & S. For x,, y, & F(S), x, C vy, if and only lf x =y and
AG K.
Note. For all x & S, A, & F(S), i &1 (indexing set),
(LiJA.).(X) =V A (x) = supA (x), (QA.) (x) = /\A.(X) mfA.(XJ
£ ¢t

By [6] , the following proposition is obvious.

Proposition 2.2. For any x,, A & F(S), then

cA = Uxaeys s A exy = Uyue xn

4u€A J.EA
Definition 2.3. A & F(S) is called a fuzzy subsemigroup of S if A (xy) >
min {A(x), A(y)} forall x, y &S, and is called a fuzzy left (right)
ideal of S if A(xy) 2 A(y) (Alxy) D A(x))forall x, yES. A&
F (S) is called a fuzzy ideal of S if it is both a fuzzy left and a fuzzy right
ideal of S. |
Propostlon 24. A & F(S) is a fuzzy subsemigroup of S if and only if
A-AcC A
Proof. See Proposition 1.3 of [6] .
In the following, let

I(§) = {AEF(S) | Aisa fuzzy right ideal of S} ,

L(S) = {AE F(S) | Aisa fuzzy left ideal of S} .
Proposition 2.5. Let A be a fuzzy subsemigroup of S, then for a, &= A,

<a,> = (1 B

| 0r€ BEL(8) (Ia(S))
is the smallest fuzzy left (right) ideal of S contalmng a,.
Proof. Directly from Deﬁmnon 2.3.

3. Fuzzy left (right) ideals generated by fuzzy point
In the following, let &; be the characteristic function of S, then &5 is the
greatest fuzzy set in S and a fuzzy subsemigroup of S. ‘



Definition 3.1. Let a,& &5, the smallest fuzzy left (right) ideal of 'S
containing a, is called a fuzzy left (right) ideal of S generated by a,.

By Proposition 2.5, <a,> is a fuzzy left (right) ideal of S generated by
a,. We let <a,> (<a,>g) denote the fuzzy left (right) ideal of S
generated by a,. The following two theorems give the construction of
<a,>: (<ay>r).

Theorem 3.2. Let a, & &5, then <a,>, =] (<a,>g = I), where
A if there exists b &= S' such that x =ba (x = ab),
I(x)= {

0 otherwise;
for all x & S. :
Proof. For any x, y & S, if J(y) = 0, then Jxy) 2 0=1(y); f J(y)#
0, then by the defining way of J, we have J(y) = ) and there exists b &
S' such that y = ba. Since S'is a semigroup, xb & S'. Then J (xy) =
J(x(ba)) =J((xb)a) = x > J(y), thatis J is a fuzzy left ideal of S.
Since a = ]-a, thus J(a) = A, a, &€ J. Let I be a fuzzy left ideal of S
containing a,, then I(a) 2x. Forall x& S, if J(x) =0, then I(x) > 0 =
J(x) ; Otherwise J(x) = ) and there exists b &= S' such that x = ba. If b =
1, then I(x) =1(ba)=1(@)> A=J(x);Ifbx* 1, thenbe S, I(x) =
I(ba) 2 I(a) 2 A = J(x).SoJ < I. Hence J is the smallest fuzzy left ideal
of S containing a,. By Definition 3.1, <a,>. = J. |
In the same manner we can prove the right case.
Theorem 3.3. Let a, & &5 then
<a,>L =a,Uds° ay (<a,>r=a,lare 6s5).
Proof. By Proposition 2.2,
°a, = X, © Ay,
58 A &‘leJé i A
For any x, °a, & 8s5°a,, <a,>;(xa) > <a,>;(a) snce <a,>, is a
fuzzy left ideal of S. But <aA>L (@) 2, s0 <aA>L(xa) 2 A thus (xa) , €
<a,>>.. Since
Xp o8y = (XB)eir, iy & (x2) 5 e <a,>,
that is x,0 a, & <a,>.. So
 Bsca, = U xoca,CcC <a, >,
A &

that is a, U 8s°a) & <a,>.. On the other hand let
<a,>.= U Xy
A E<OAN ‘
then for any x, & <a,>,, we have <a,>(x) 3p>0. So by Theorem 3.2,
- <a,>L(x) = x and there exists b= S' such that x = ba. If b = ], then x
=aand x, =a, © a, & a, |y 5sca, snce A2n. If b#£E], thenbe=S



- and a, < a,. So §s°a, & Ss°a,. Then b, € &sand

x, =bca, & 8s°a, © 6s°a, S a, U bs°a,,
that is <a,>, & a, |J &s° a,. This follows that
| <a,>L =a, |J 8s°a,.

Similady we can prove <a,>y = a, |J a,° &s.
Definition 34. Let a, & &5, the smallest fuzzy ideal of S containing a, is
called a fuzzy ideal of S generated by a,. Denoted by <a,>.
Theorem 3.5. Let a, & &5 then <a,> =], where
A if there exist b, ¢ & S' such that x = bac,
3o { | |

0 otherwise;
for all x & S.
Theorem 3.6. Let 2, & 85 then |
<a,> =a, |J ay° 85 8s~a, J Bs°ay° Os.
The proofs of Theorem 3 .5, 3 6, similar to Theorem 3 .2, 33
respectively, are omitted. -

4. Fuzzy regular elements and fuzzy inverse subsemigroups

Proposiﬁon 4.1. Let A be a fuzz_y subsemigroup of S, then for any a, & A,
AT A, A-a,CA.

Proof Using Proposition 2.2 and 24.

Proposition 4.2. Let A be a fuzzy subsemlgroup of S, then for any a, E A,

A-a,S<a,> (a,° A S <a, > ).

Proof. By A = &5 and Theorem 3.3.

Definition 4.3. Let A & F(S), for x, & A, x, is called a fuzzy regular

element of A, or simply regular, if and only if there existsy, & A such that

XA= XA °¥YA® X ' |

It is convenient to set A- A = A’in the following. 3
Proposition 44. Let A be a fuzzy subsemigroup of S and a, a fuzzy regular
element of A, then

(1) a,Sa,cAcCa,-A'C - Ca,-A"C - CA;

(2) a,°A =a,- A’

Proof. Since a, is a fuzzy regular element of A, there exists yx & A such
that a,°y,°a, = a,, thena = aya,

(aye A) (a) = :ljﬁvmm {a, (u) , A(v)} 2 min {a, (a), A(ya)} .
Since A is a fuzzy subsemigroup of S, we have A(ya) 2 min {A(a), A(y)
} > min {5, A} = A. Then (ay-A) (a) > A, thatisa, < a, - A. Hence

ay S aycACa, Al - T ac AN -
By Proposition 24 and 4.1, |



2, T aycAC - CacA"C - C A

Again using Proposition 24, A’C A, soay° A = a, A?
Proposition 4.5. Let A be a fuzzy subsemlgroup of S and a, a fuzzy regular
element of A. Then

(1) ay S Aca, CA%a, C-C A“°a,\ S A

(2) A-a, = A%-a,.
Proof. Similar to Proposition 4.4.
Remark. The example below shows that generally:

(1) In Theorem 3.3, a fuzzy set A (#85) in S can not be instead of
&8s even if a, is a fuzzy regular element. '

(2) For a, & A (F89, <a,>L E A (<ay,>r EA).
Example. Let S = {x, 1y} , the binary operation on S is defined as
follows:

. X y
X X y
y y y

Evidently S is a semigroup with respect to the binary operation as above. Let
A = x4, then A &= F(S). Since
Axx) =A(x) 2 mn{A{x), A},
Alxy) =A(y) 2 mn{A(x), A},
A(yx) = A(xy), . ,
Alyy) = A(y) 2 min {A(y), A(y)}.
So A is a fuzzy subsemigroup of S. Obvioudy a, = xos & A and a, is a
fuzzy regular element of A since xXgs° Xos° Xos = (XXX) s = Xqs. By Proposition
4.5, '
axUA-a) = Aca, = xp° Xes = Xosr
then (a,UA-2a,) (y)= 0. Since x = xx, y = yx, then by Theorem 3.2,
<a,>_.(x) = 05, <a,>.(y) = 05. _
Hence a,|JA-a,%#<a,>;.Let B&= F(S) hold a, & B & A, then B can
not be a fuzzy left ideal of S for ever, this follows <a,>.%& A. Indeed, for
x, y&eE §, . |
B(yx) = B(y) < A(y) =0, but B(x) > a,(x) = 05.
That is B(yx) < B(x), B is not a fuzzy left ideal of S.
Definition 4.6. Let A & F(S), for e, & A, e, is called a fuzzy idempotent
element of A if and only if e, - e, =e,.
Proposition 4.7. Let A be a fuzzy subsemigroup of S and a, is a fuzzy
regular element of A. Then there exist fuzzy idempotent elements er, f. &= A



such that:

(1) ay U Aca, =¢, J A-e,;
(2 asUarA=fUf-A :
Proof. Obvioudy a fuzzy idempotent element is also a fuzzy regular element.
So by Proposition 4.5, we only need to prove there exists a fuzzy idempotent
element e, & A such that A-a, =A- e,. Firstly, since a, is a fuzzy regular
element of A, there exists x, & A such that a, e x,°a, =a,. Let e, =x,°
a,, then '

exc €= (xx°a)) ° (xx°2,) = Xx° (@r° X\°a5) = €,
that is e, is a fuzzy idempotent element of A. And a,°e,=2a,°x,°a,= 2, .
By Proposition 2.2, let
Acay= Uy.can Acey= Uy, e
Ju€A YuEA

For any y,ca, S Aca,, yocar=y,° (ayc &) = (y,°2,) °e,, thusy oa,
EAce, sincey,ca,EA, so Acay,SA-e, On the other hand, for any
Yo exEAce, yucer=y,° (xx°a,) = (yo°x)) ©a,, thusy,e exEA-a,
since y, ° x, = A, s0 A- e, Ay a,. Consequently, A-ay =A-e,.
Similarly we can prove (2).
Proposition 4.8. Let A be a fuzzy subsemigroup of S and a, & A, where S is
a finite semigroup. Then a, is a fuzzy regular element of A if and only if
there exists a fuzzy idempotent element e, &= A such that aAU Aca,= e, U A
cen (ayUar-A=e Uer-A).
Proof. By Proposition 4.7 we only need to prove the sufficiency. Suppose there
exists a fuzzy idempotent e, & A such that a, |J A-a,=e,|J A e,. Since
axE ar U A-ay=e\lJA-e, ayF e, then a, EA- e,, tl'at is (A-ey)
() 2 A. Thus

(A~ e, (a) =supmin {A(x) e, (y) } = supmin {A(x) A} .

azxy , azxe

Since S is finite, we have (A - e,) (a) —ma)’c‘ min {A (x), A} .
a=
Then there exists x & S such that a = xe and min {A(x) A} 2 A, thus A
(x) > A, that is x, & A. Similady, by ey &Ea, |J A-a,, a,F e, we can
prove there exists y & S such that e = ya and y, & A. This follows that
areyacar=ar e = (xx° &) cen=x,° (ex° &) =x,°e,=a,.

That is a, is a fuzzy regular element of A.

Similarly we can verify the other case.
Theorem 4.9. For a, & 85, a, is a fuzzy regular element of & if and only
if there exists a fuzzy idempotent element e, & 5; such that

a, |J 8sca,=¢, U 6s°¢e, (ay U ar°8s==¢€, U er° 8s).
Proof. By Proposition 4.7, we only need to prove the sufficiency. Assume



there exists a fuzzy idempotent element e, of & such that a,U85° a, = e, |
8s° e,. From Theorem 3.3 we have <a,>, = <e,>.. Since arE <ay>L=
<e,>., then <eA>L(a) 2 A. From Theorem 3.2, <ex>.(a)=x and there
exists x & S' such that a = xe. Similardy from e, = <e, >, = <a,>., we
can prove there exists y =S' such that e = ya. If x = J ory =], thena =
e and a, = e, is a fuzzy regular element of &5 If x#1 and y#1, then x,
YE S, aycyicay=a,06= (x,° €)) cex=x:° (erx° €\) =x,° e, =a, whie
YAE& 65 . Hence a, is a fuzzy regular element of &5 .
Definition 4.10. Let A be a fuzzy subsemigroup of S. For x,, y. EA, x, and
Y. are called inverses of each other if x, =x,°y,*x, and y, =y, * x,° y,.
We also call y, an inverse of x, and x, an inverse of y,.

By Definition 4 .10, it is easy to see that A =p and the following
proposition is obvious.
Proposition 4.11. Let A be a fuzzy subsemlgroup of S. If a,is a fuzzy regular
element of A, then a, has at least one inverse in A.
Proposition 4.12. If e,, f,, ey f,, f, e, are all fuzzy idempotent elements
of a fuzzy sybsemigroup of S, then e, - f, and f, - e, are inverses of each
other. -

The proof is immediate. |
Definition 4.13. A fuzzy subsemigroup A of S is called a fuzzy regular
subsemigroup if every element of A is regular.
It is easy to verify that Definition 4 13 is equivalent to Definition 2.] of
[s] . |
Definition 4.14. A fuzzy subsemigroup A of § is cal]ed a fuzzy inverse
subsemigroup if and only if every'element of A has a unique inverse in A.
Proposition 4.15. If A is a fuzzy regular subsemigroup of S, and any two
fuzzy idempotent elements of A commute with each- other, then for any a, =
A , there exist fuzzy idempotent elements ex&E A and f,&= A such that a,J A
car=elJ Ace, and a, |Ja,° A= f.Uf.° A, respectively. And e, and f,
are both unique.
Proof. By Proposition 4.7, there exists a fuzzy idempotent element e,= A such
thit a, J A-a, =e, |J A- e,. Assume there exists another fuzzy idempotent
element ¢, = A holds a, JA- a, = e\U Ac-e's. Then €'\ | A-e'\=¢, | A-
ex. By Proposition 4.5, e', & A - €'\, e A-e,, then A- e\ =A-e,. From
e\EA-e, we have(A-e)) () 2 A, that is

(A-e)) (e = SUP min {A (x), e, (y) }

=y
Thus there exist x, y & S such that * = xy, A(x)# 0 and e, (y) =
Then y = e, hence €' = xe, e, =x, e, = o (exce)= (x\°ey) ce,=¢"°

e,. Similarly from e, = A- ¢e',, we can prove e, ° €'\ =e,. By hypothesis



erce’, =¢e',-e,, and hence e, = e*,. Similarly we can prove. the fuzzy
idempotent element f, of A satisfying a, |J ax* A=f, U f, - A is unique.
Proposition 4.16. If A is a fuzzy inverse subsemigroup of S, then A is a fuzzy
regular subsemigroup, and any two fuzzy idemp()tent elements of A commute
with each other.
Proof. Evidendy A is a fuzzy regular subsemigroup of S. Let e, andf, be any
two fuzzy idempotent elements of A. Since e, f, & A, let a, be the unique
inverse of e, - f,. Then
(enef,) ca,° (ex°f,) =e,f,, a, (ex°f,) ca,~a.
Let b,=a,° e,, then
(exof,) o bie (ex=f,) =e -f,oa,cerce -,
=e,°f,ca,°e,°f,
=e,°f,,
bie (ex°f,) e bu=a,2e,° (e)°f,) °a,° e,
=ay° e\ f,-a,° e,
=ay° €y
=b..
Hence b, is also an inverse of e, ° f,. By the uniqueness of a,, we have a,- e, -
= b, = a,. Similarly we can show f, - a,= a,. Hence a,* a,=(a,°e,) ¢ (f,°a))
=a,° (e,°f,) -a,~a,
That is a, is a fuzzy idempotent element of A. But a fuzzy idempotent
element of A is an inverse of itself, and, again using the uniqueness of a,,
we conclude that a, =e, - f,. Hence e, « f, is a fuzzy idempotent element of
A. By the foregoing, f, - e, are also a fuzzy idempotent of A. By Proposition
4.12, ex-f, and f, - e, are inverses of each other. Thus e, - f, and f, < e,
are both inverses of e, f,, and so ey-f,=f, e,
Theorem 4.17. The following three conditions are equivalent:
(i) 8sis a fuzzy regular subsemigroup, and any two fuzzy idempotent
elements of &, commute with each other;
(ii) For any a, & &5, there exist fuzzy idempotents e,, f, & &, such that
<a, > =<e, >, <a,>r=<f,>p. And e, and f, are both unique;
(iii) &5 is a fuzzy inverse subsemlgroup ‘
Proof . By Proposition 4 .15 and 4.16, we only need to show that (ii)
implies (iii) . By Theorem 4.9, every a, & §;is a fuzzy regular element of &5
Therefore in the following, we prove every a, & &;has a unique fuzzy
inverse in &5. Let x, , y, are both inverses of a,. Then |
2)°X\°8),F3), X\°a8,°X\TX,,
ArcYac @) FTax, YA AT YAT YA
By Proposition 4.1, For any b,& &8s, by 65 85. Hence
axe Xy 85 = aye (xp° 85 Sane &,



aye 8s= (ar° x,°2a,) ° = (ax°x,) c (ar° 8s) & a5°x,° B3,
Therefore a, cx, » §5=a, ° 65. Similarly we have a, ¢y, 865 = a,° &;.
ThenaAo Xa° 85= ax°ynre 85 Hence a)ex,lJaryexae 65 = ayeyaljane

° 8§ thatis <a,e x,>.=<a,°y,>.. By (ii), a,° x\=a,° y, since a, °
X)\ and a, ° y, are both fuzzy idempotent elements of &;. Similarly we can
show x,°a, = y,rca,. Hence x, = x,°85° X=(ya°2)) °Xx = Ya® ar° VYo =
y». This follows that &g is a fuzzy inverse subsemigroup of S.
Proposition 4.18. If S is a finite semigroup, then the following three conditions
are equivalent:
(i) A is a fuzzy regular subsemigroup of S, and any two fuzzy
idempotent elements of A commute with each other;

(ii) For any a, & A, there exist fuzzy idempotent elements e, & A and
fLEA suchthata, {J A-a, = ¢, |J Ace, and a,|Jayc A=f,Uf,° A,
respectively. And e, and f, are both unique; |

(iii) A is a fuzzy inverse subsemigroup of S.

Proof. Using Proposition 4.8 and the proof way similar to Theorem4.17, we
can prove Proposition 4.18.
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