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3. ON CH

. For convenience, we review briefly for CH. It is well-known
that every natural number is a cardinality; there does not exist
another cardihality between n and.n+1 which are two
consecutive natural numbers. The least transfinite cardinality is
that is unique infinite countable cardinality. If z is used for
standing for the least noncountable cardinality, then there does
not exist another cardinality between LA and 2. So the chain of
cardinalities should be

0, 1, 2, ¢+, 2, 21’ LI S

Here there does not exist -another cardinality between any two

® ®
consecutive natural numbers. On the other hand, a%<2 °. So elsz ° .

2
Is it true that a1=2 ° 2 Cantor guessed that the equality is true;

namely there does not exist another cardinality between 2, and

®
(o]

2 ° . This is well-known Continuum Hypothesis(CH).

CH has been generalized as the following: there does not exist
another cardinality between « and 2% for any transfinite
cardinality «. This is Generalized Continuum Hypothesis(GCH).

By GCH, the chain of cardinality can be listed as:

0, 1, 2%, =, 2°% ,a 2%

In 1800, D.Hilbert promulgated 23 open problems, which the
first was CH. In 1938, K.Gddel proved that if 2ZFC is compatible,
then ZFCl~—"JGCH; 'in 1983, P.Cohen proved that 1if 2FC is

compatible, then ZFCF\—GCH. In general, GCH can not be decided in

ZFC.



Just as a ruler and a pain of compasses can not divide any
angle into three equal parts, ZFC can not decide that if GCH is
true. We need new tools for dividing any angle into three equal
parts; we also need new tools for solving GCH. Now for us
analysing the well-known hypothesis from fuzzy sets, some new
inspiration may be drawn from it.

Now we consider number systems. Naturél numbers originated from
the counting in production activities of mankind. Afterworas, as
the development of productive forces, people had introduced
negative numbers, integers and rational numbers. In rational
number, four fundamental operations of arithmetic can be operated,
as if to have no other numbers. But, because of the need of
measuring the hypotenuse of a square with unit side length, 2
appeared. So people had to introduce irrational numbers, and
formed real number system, which we have such appearance of
mathematics. It is thus evident that a new notion may greatly
promqte the development of mathematics. This is also true for
cardinality. Fuzzy sets have appeared since the need of
describling fuzzy phenomenon. Just as people mearsure the
cardinality of Cantor’ sets, we shouid also mearsure the
cardinality of fuzzy sets. So we introduce F-éardinality as
intfoduced irrational numbers. This will make cardinality system
more perfect.

Are there no any other cardinalities between any two
consecutive cardinalities? Of course, there were no any other
numbers between any two consective intergers before rational
numbers appeared; there were only rational numbers between any two

rational numbers before irrational numbérs appeared. Similarly,



there are indeed no cardinalities between any two consecutive
cardinalities before F-cardinality appears. Now this not true. For
example, there exist F-cardinalities between 0 and 1.

Example 3.1 Let X={x} be a set with a single element and Ac%(X)
with A(x)=0.5. Then O=|¢|<|A|<|X|=1. In general, Vte(0, 1), if we

put At(x)=t. then 0<|At|<1. Noting s#t¢==%|As|=|At|, we have

®
inserted 2 ° F-cardinalities. By using of the symbol <n,t> introduced

above section, we have 0 < <1,t> < 1, te(0, 1). Especially,
<1,0>=0, <1, 1>=1.

Now we try to insert F-cardinalities betweén any two consecutive
natural numbers n and n+1.

Let X={x1, Xy oo , xn}(nzz) be a finite universe, p and q be
natural numbers satisfying p+q=n. Taking a subset X <X with|X1|=p.
Let X =X-X , then |X2|=q. For any fixed te[0, 1], define a fuzzy

set RE?(X):

+ 1, xeX1
A(x)={
t , xeX
2
called a finite double parts constant fuzzy set.

Denote <p, q, t>=|At|; clearly <p, q, t>=<k, m, s>e==(p=k, .
q=m, s=t), which means that the symbol - has unique meaning. Of
course, thel‘cardinalities of such kind of fuzzy sets are
three-demensional quantity that can clearly express'F—cardinality.
Besides, above symbol <n, t> is a special case of <p, q, t>(p=0).

Example 3.2 Taking <n, 1, t>, when te(0, 1), we have

n < <n, 1, t> < n+l

2
This means that we insert 2 ° F-cardinalities, and especially <n, 1,

0>=n, <n, 1,  1>=n+1.

Last we consider inserting F-cardinalities between two



transfinite cardinalities.
Let o, B be two transfinite cardinalities with «a<B. Take a
universe X such that |X|=8, and take subset X €X such that |X |=e.

Let X2=X—X1, then |X2|=B. For any fixed te[0, 1], define a fuzzy

set A%e%(X):
N xeX1
A (x)={
t , xeX
2
called a transfinite double parts constent fuzzy set. Denote

<a, B, t>=|A%|

Clearly, <a, B, t>=<7y, §, s>=(a=y, B=8, t=s). So the symbol
<d, B, t> has unique meaning, which is also three-demensional
quantity, and express clearly the F-cardinality of such kind of
fuzzy sets by cardinalities and real numbers.

Remark: Since great difference between finite and infinite, <p,
q, t> and <a, B, t> are not completely unified. For example, o<pB,
but that p<q is not true. However, p+q=n=|X|, «a+B=B=|X|. So frqm
this point, <p, q, t> is basicly a special case of <a, B, t>.

- ,
Example 3.3 Taking <a0, 2 °, t>, when te(0, 1), we have

%, %
2 <<z, 2 , t>< 2
o 0
2 2
Namely, we insert 2 F-cardinalities between 2 and 2 ~. Esprcially,

<@, 2 ° 0>=%, and <@, 2 0 1>=2 9,

Example 3.4 Let « be a transfinite cardinality. Taking <«, Za,

®
t>, when te(0, 1). We can also insert 2 0 F-cardinalities:

o

a < <a, 2 , > <« 2“



Especially, <a, 2“, 0> = a, <a, 2“, 1> = 2%

How many F-cardinalities are there between two consective

cardinalities?

2
Theorem 3.1 There are Jjust 2 ° F-cardinalities between two

consecutive finite cardinalities, and ZB F-cardinalities between

two consective transfinite cardinalities(a < B).

4. THE SUM OF F-CARDINALITIES

Definition 4.1 Let {athET be a class of F-cardinalities and

(s)

{A(t)her be a class of fuzzy sets which A 2A when t#s, such

(t)
I

that |A“|=a, teT. If A = U A", then a=|A| is called the sum

teT
of F-cardinalities o, teT, denoted by

Theorem 4.1 For any three F-cardinalities «, B, ¥, we have
1} a+O=a

2) a+tB=p+a

3) a+(B+y)=(a+B)+y

4) asB=——=a+ysp+y

5) asa+B, Bsatp

Corollary 1. Let a, B, ¥ and 8 be four F-cardinalities. If a=sy,

B=3, then a+B=sy+s.

Remark. The result can be easily extended to infinite sum Z:

Let {at}

, 48} be two classes of F-cardinalities. If
ter tTeer )

(VteT)(atSBt), then % @ = z Bt'
teT teT

Let A be a fuzzy set. That KerA=A ={x|A(x)=1} is called the

Kernel of A.



Clearly, |KerA|=s|A|s|suppA|. |KerA| and | suppA | are
respectively called the sharp upper bound and the sharp lower

bound.

Corollary 2. If {A'’} _ 1s a class of F-cardinalities which

A(UnA(s)=¢ when t#s, then

(t) I (t)

Z |KerA =T |A]| =2 |suppA(t)|
tET tET teT

Definition 4.2 Let A be a fuzzy set. If there exists ae[0, 1),
such that lAAI is a transfinite cardinality, then |A| is called a
transfinite F-cardinality, or else a finite F-cardinality.

Clearly. |A| is a transfinite F-cardinality iff |suppA| is a
transfinite cardinality.

Now we have a problem: Does transfinite F-cardinality satisfy
absorption law for sum? Namely, if a« 1is a transfinite
F-cardinality, then « satisfies that ata=a.

The answer is negative. For example, A and B are defined as the

following:
1, x=1 1, y=3
A(x)={ B(y)={
0.5, xef0, 1) 0.5, yel2, 3)
Clearly AnB=¢ and [A|=|B|. Let |A|=a. It is easy to know that
|AUB |=ata >ax.

So we should intensify the definition.

Definition 4.3 For any fuzzy set A which |A| is transfinite, if
A satisfies the condition: (VAe(0, 1))(A#p——|A | s
transfinite), then A is called a strong transfinite fuzzy set and

|A| called a strong transfinite F-cardinality.

Theorem 4.2 If o« is a strohg transfinite F-cardinality, then



oto=ol.

Remark: By inductive method it is easy to prove that if « is a
o«
strong transfinite F-cardinality, then Z «a = «.
1=1

From this we have proved the absorption law with respect to

sum. The more generalized absorption law is the following result.

Corollary. Let a be a strong transfinite F-cardinality and B be

any fuzzy set. If a<B, then a+f=a.

(t)} , we have

Theorem 4.3 Given fuzzy sets class {A et

I U A(t)l <3 IA(t)'
teT teT

5. THE PRODUCT OF F-CARDINALITIES

In preparation for the following, we discuss the cartesian

product of fuzzy set in the first place.

(t)

Given a class of fuzzy sets A E?(Xt), teT, denote

A =U a2 (ma'?)

teT A€o0, 1] te€T A
called cartesian product of fuzzy sets class {A}t)}ter » Where
(t)_ . (t) (t)
mA = |[£,:T—> U A", £, (t)eA ™, teT}
tET teT

It is easy to see that T A‘“eF( M X), where

teT teT

mX={f|f:T—> UX , f(t)eX , teT}
teT teT
(t)
Clearly MA '€TI Xt

A
tET teT

Lemma 5.1 ( Ay ()= A A" (r(t))
teT teT '
DN (t)

Lemma 5.2. 1) ( T A N

tE€T

=MA



(t)
)

(t)
2) (T A AQHAA

teT teT

Remark. When T is finite set, 2) will become a equality.

Lemma 5.3 Let A, B, C, and D be fuzzy sets. Then
1) Ax(BUC)=(AxB)U(AxC)

2)  Ax(BAC)=(AxB)(AxC)

3) AxB=¢e==A=¢ or B=¢

4) (AxB)(CxD)=(AnC)x(BnD)

5) A<C and BSD==AxBSCxD

6) AxA=BxB=—=A=B

Let {A(t)her be a class of fuzzy sets satisfying that
(t) _,(s)_ (t)_ (t)
AMA  '=¢ when tzs. If thA =A, then {A"} __ is called

direct union decomposition of A.

(1) (1) .
Lemma 5.4 If {A hél and {B hEJ is respectively a direct

(1) _(3)
union decomposition of A and B, then {A 'xB }qu)EIxJ is a
direct union decomposition of AxB.

Lemma 5.5 |A|=|A’| and |B|=|B’ |===|AxB|=|A’xB’ |

Definition 5.1 Let a, B, be F-cardinalities, and A, B be fuzzy

sets with a=|A|, B=|B|. 7=|AxB| is called the direct product of «a

and B, denoted by y=aB.

Remark. From Lemma 5.5, of in the definition does not depend on
the selection of fuzzy sets A and B. Besides, by the definition,

we have |AxB|=|A||B]|.

Theorem 5.1 Let «, B and ¥y be any three F-cardinalities. We

have

1) a0=0, al=wc ;



2) (aB)y=a(By) ;
3) «af=Ba ;

4) a(B+y)=apt+oy .

Corollary. Let a, Bt(teT) be F-cardinalities. We have the

general distributive law:

oz Bt= z (aBt)

teT teT

Lemma 5.6 a=f=—=0y=B7

Theorem 5.2 If a is a strong transfinite F-cardinality, then

owa=qL.

Corollary. Let a be a strong transfinite F-cardinality and B be

any F-cardinality. If B satisfy that 1sg=a, then of=«.
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