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Abstract

The paper deals with generalized Petri net as flexible formal
means for analysis of discrete _sysiems. On the basis of gene-
ralized Petri net we are able to define any deterministic and
non-deterministic (discrete stochastic and fuzzy) Petri nets.

The research in this article is the continuation of that inf1],

1. Introduction

Deterministic Petri nets [2.,3,4,5]1 and non-deterministic Pet-
ri nets [6,7,8,9]1 are formal graph means for property descrip-
tion and analysis of discrete systems. They can be generalized

and represented by one Petri net.

2. Generalized Petri Net
Generalized Petri net (GPN) is a bichromatic oriented graph
defined as a 5-tuple [10.,11,12];

GPN =< P, T, X, Y, Z > (1)
where :- P is a finite set of vertices called places, repre-
sented by circles , P ={p1, P2y «¢« 5 Pk},

- T is a finite set of vertices called transitions,
represented by lines, T ={t1, t2, +.. 4, tr}, PNT = 0,

is an ordered 4-tuple that defines the qualities of

places P,

is an ordered 5-tuple that defines the qualities of

transitions T,

]
N o= R M

is an ordered 3-tuple that defines the qualities of

edges which are given by forward and backward inci-



dence function [2,3,4,5],

An ordered 4-tuple that defines the qualities of k places
P can be defined as follows:
X =< ¢, IC, MoC, UP > (2)

where:- C is a finite set of the used colors (types of to-

kens), C ={c1,c2, ... ,Ch},

IC: PxT-->NxC, (N= 0,1, ... ), IC({n,c)m,i,j), where
me<l,h>, ie<l,k>, Jje<l,r>, is the forward incidence
function. It states m ordered 2-tuple (n,c), neN, ceC,
for each edge from place pi€P to +transition tjeT.
Through the edge from place pi€P to transition t;e€T nae
tokens of color cm, can pass,

MoC: PxN~-->C is an initial marking, MoC((n,c)a,1). It
states for each place pi€P, m ordered 2-tuples (n,c).
It represents how many tokens of +the given color oc-
curs in place pi€P,

UP ={upi,up2, ... ,upk} is a finite set of qualities
of tokens in the places pi€P, which can be determinis-

tic, stochastic or fuzzy.

An ordered 5—tuple'that defines the qualities of r transitions
T can be defined as follows:
Y =< QC, v , PR, D, UT > (3)

where:

QC: TxP-->NxC, QC({(n,c)m,i,j), is a backward incidence
function. It states m ordered 2-tuple (n,c) for each
edge from +transition t;€T to place pi€P. Through the
edge from transition tjeT to place pi€P na tokens of
color cm, can pass,

T ={t1, T2, ... ,Tr} is a finite set of times of fi-
rings of r transitions T, A

PR ={pri,prz, +++ 5, Prq} is a finite set of predica-
tes, where for each ie<l,q>, then prie{TRUE, FALSE}
holds +true. Each predicate pri€PR can be connected
with arbitrary transition t;eT by normal or inhibit
connection. This connection is given by incidence fun-
ction D,

D: TxPR -->{1,-1,0} is an incidence function. Its mea-



ning is as follows:

a) D(tj,pri)= 1, when there exists connection between
transition t;€T and predicate pri (transition t;eT is
enabled only if the value of predicate pri€PR is equal
TRUE),

b) D(t; ,pri)=-1, when there exists inhibit connection
between transition tj€T and predicate pri€PR (transi-
tion tjeT. is enabled only if the value of predicate
pri €PR is equal FALSE), ‘

c) D(tj,pri)=0, when no connection exists between
transition tjeT and predicate pri€PR (firing of tran-
sition ;€T is not determined by the value of predica-
te pri),

- UT ={uti1,utz2, ... ,utr} is a finite set of qualities
of +transitions +t3;€T, which can be deterministic,
stochastic or fuzzy.

The finite set of qualities of edges, which is given by for-

ward and backward incidence function, can be defined as fol-

lows:
Z =<1, E, L > (4)
where:-I ={i1,i2,...,ix} is a finite set of inhibit edges (x),
-E ={e1,e2, ... ,ey} is a finite set of empty edges (y),
-L ={11,12,...,1z} is a finite set of logical edges (z).

Further it holds INE = INL = ENL = 0 where each edge is a mem-
ber only of one set from sets I or E or L.

Generalized Petri net is called a deterministic Petri net, if
all members of UP and UT are deterministic and non-determinis-
tic Petri nets, if UP and UT are finite sets of probabilities
or values of membership function.

On the basis GPN we are able +to define deterministic Petri
nets (some of which are illustrated in table 1) and
non-deterministic Petri nets (examples are introduced in table
2). The type of Petri nets, which is derived from GPN, depends

only on the type of the system, which is modeled by the given
modification of GPN.



Tab.1

Kind of Petri nets Qualities of place, transition and edge
pPlace-predicate 1 X=(IC,M0oC) Y=(QC,PR) Z=(L)
rplace-predicate 2 X=(IC,MoC) Y=(QC,t,PR) Z=(L)
Place-predicate 3 X=(C,IC,MoC) Y=(QC,t,PR) Z=(L)
place-color 1 X=(C,IC,MoC) Y=(QC) Z=(L)
place-color 2 X=(C,IC,MoC) Y=(QC,t) Z=(L)
timed 1 X=(IC,MoC) Y=(QC,t) Z=(L)
timed 2 X=(C,IC,M0C) Y=(QC,t) Z=(L)
Place-transition X=(IC,MoC) Y=(QC) Z=(L)
transition-action 1 X=(IC,MoC) Y={(QC,AC) Z=(L)
transition-action 2 X=(IC,MoC) Y=(QC,t,AC) Z=(L)
transition-action 3 X=(C,IC,MoC) Y=(QC,t,AC) Z=(L)

Tab.2
Kind of Petri nets Qualities of place, transition and edge
non-deterministic 1 X=(IC,MoC) Y=(QC,UT) Z=(L)
non-deterministic 2 X=(IC,MoC) Y=(QC, t,UT) Z=(L)
non-deterministic 3 X=(IC,MoC,UP) Y=(QC,UT) Z=(L)
non-deterministic 4 X=(IC,MoC,UP) Y=(QC,t,UT) Zz=(L)
non-deterministic 5 X=(C,IC,MoC,UP) Y=(QC,UT) Z=(L)
non-deterministic 6 X=(C,IC,MoC,UP) Y=(QC,t,UT) Z=(L)
non-deterministic 7 X=(C,IC,M0C,UP) Y=(QC,PR,UT) Z=(L)
non-deterministic 8 X=(C,IC,MoC,UP) Y=(QC,<t,PR,UT) Z=(L)

3. Quantity charaéteristic

The place pi€P is an input place of transition t;e€T, if m21 is
Then pi€IN(t; ), where IN(tj) is a
input places of transition tjeT.

in IC{((n,c)m,i,j). set of

The place pi€P is an output place of +transition tjeT, if m21
is in QC((n,c)m,i,j). Then pieOUT(t;), where OUT(t; ) is a set
of output places of transition t;eT.

Each edge is described by
edges), or (tj,pi)
INH(t;) of transition t; are
pPi€IN(t;j ) holds.

The transition tje€T is enabled
MaC (a€eN), if it holds:

an ordered 2-tuple (pi,t;j) (input
The set

those edges (pi,tj),

(output edges). of input edges

for which

(FIRE(t; )=TRUE) from marking



k
FIRE(t; )=[ n (FIRE1(j,i) AND FIRE2(j,i) AND (pi,tj)€L) AND
i=1
k
AND FIRE3(j) AND FIRE4(j)] OR [ n (NOT((FIRE:1(j,i) AND

i=1
AND FIRE2(j,i)) AND (pi,tj)Ei) AND FIRE3(j) AND FIREs4(j)]

where: FIRE1(j,1i) [(pi,t; )eINH(t;)]

m

FIRE2(j,i) = n [MaC((n,c)1,i)2IC{({n,c)1,i,3)]
1=1

FIRE3 (Jj) = expired time for firing of transition t;
q

FIRE4(j) = w PR(Jj,1)
1=1

PR{j,1)=[D(tj,pri)=1 AND pri] OR [D(tj,pr1)=-1 AND
AND NOT pri)] OR D(tj,pri)=0 (5)

Firing a transition t;eT is defined by the transformation mar-
king MaC into a new marking Ma+1C, when FIRE(tj) = TRUE holds:

Ma#lC((n,C)n,i)=MaC((n,C)n,i)+QC((D,C)I,i.j)‘IC((n)c)l.i.j) (6)

4. Quality characteristic

Fundamental qualities of GPN are given on the basis of analy-
sis of the forward marking class. The forward marking class is
a set of markings reachable from the initial marking MoC. New
marking Ma+1C is reached from marking MaC by solving equation
(6). A graphic representation of the set of reachable markings
is a marked tree [MoC] . The marked tree gives the set of pos-
sibie control state of the system behaviour with respect to

the 1initial control state, which is represented by marking
Mo C.



The generation of [MoC] is ended, when no other transitions
are enabled, i.e. for any transition it holds

FIRE (t;) = FALSE (7)
and any transition is not in the firing state (in the time
sense) and reached markings are already members of[MoC].
Generalized Petri net is a 1live, if and only if for the
arbitrary marking MaCe[MoC] and for the arbitrary transition
tje€T a sequence of firings exists; which begins in MaC and
transition t3 is fired. When GPN is live, the associated
system is deadlock-free. Generalized Petri net is live, if and
only if from each vertice of ([MoC] an output edge exists. The
algorithm for the live analysis is the following:

begin
if were fired all transitions t;jeT then
if all vertices of the [MoC] have output edge
then GPN is live
else GPN is not live
end
Generalized Petri net is bounded, when vector of positive in-
teger number V = (vi, v2, ..., vh) exists (dimension of vector
V is the same as the number of member of the finite set of
used color C) that for all MaCe[MoC] and for all pi €P (1=<i<k)
and for all ca€C (1<m<h) holds:

MaC ((n,clm,i) S va (8)
where va is a positive integer number. That means that in any
Places pi and in any state there is not more va tokens of the
color cnm.

The GPN is safe, when GPN is bounded (formula (8) holds) and
all members of vector V are equal or less than 1, i.e. for all
m (1<m<h) holds:
va <1 (9)
The algorithm for +the bound analysis of GPN is the following
(KP is a number of vertices of [MoC] ):
begin loob for processing vertices of the [MoC]
for a=zl to KP do

begin loop for processing places P



for i=1 to k do
for m=1 to h do
if number of the tokens of color ce in the
MaC((n,c)m,i) in the place pi is Ma((n,c)m,i)s
Svm, where MaC((n,c)m,i)20 and va>0 are in-
teger
then GPN is bounded, i.e. for 2ll MaCe[MoC]
formula (8) holds
else GPN is not bounded
end
end
Generalized Petri net is conservative when all markings
MaCe[MoC] contain a constant number of +tokens of the given
color, i.e. for all MaCe[MoC] (0<a<KP) and for all colors cs
(0<ms<h) holds:
k
Z MaC ((n,c)m,i) = const (10)
i=1
The conservatism of GPN secures that realization of the tran-
sition does not change a number of tokens of the given color
in the GPN. The algorithm for the conservatism analysis is as
follows (conservatism is a boolean variable, Help Value and
Value_of_Cons are integer):
begin calculation of conservatism
Conservatism := TRUE
for m=1 to h do
begin loop for processing vertices of the [MoC]
Value_of_Cons := 0
for i=1 to k do
caléulation of conservatism for initial marking
Value_of_Cons := Value_of_Cons + MoC((n,c)m,i)
for a=1l to KP do
begin loop for processing places P
Help_Vaiue := 0
for i=1 to k do
Help_Value := Help_Value + MaC((n,c)m,i)



Conservatism := Conservatism AND
AND (Value_of_Cons = Help_Value)
end
end
if Conservatism
then GPN is conservative
else GPN is not conservative
end
Generalized Petri net is proper if and only if for each mar-
king MaCe[MoC] there exists a sequence of firings such that
from arbitrary marking MaC a connection to the initial marking
Mo C exists, i.e. the system returns to its initial state. The
algorithm for proper analysis is the following:
begin |
if graph of [MoC] is connected
then GPN is proper
else GPN is not‘proper

end

6. Summary

Fuzzy Petri nets enable +to analyze discrete systems with
non-deterministic properties of wuncertainty that are non-des-
cript deterministically and due to the a priori unknowledge of
laws of discrete stochastic phenomena distribution neither
stochastically. They enablé +the description and analysis of
systems with uncertainty.

On the basis of GPN theory were software tools for the analy-
sis of deterministic and non-deterministic discrete systems
created. This program environment enables the input of data,
generation of marked tfee, realization of analysis and output
results. Program is written in the programming language PASCAL
and is run on IBM PC compatible computers.
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