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Abstract: The aim of this paper is to provide new results regarding the effective practical
computation of t-norm-based multiplication of Lr fuzzy numbers.
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1. Introduction

The present paper is devoted to the derivation of a fast computation (approximate)
formula for t-norm-based multiplication of LR fuzzy numbers. The multipliciation rule
of LR fuzzy numbers is well known in the case of min”-norm [1]. An important feature
of the approach by t-norms is that it allows control the growth of spreads i.e. growth of
uncertainty in calculations. Using different t-norms one can choose different aggregation
concepts for particular problems between the extremes of the most pessimistic (min-norm)
and the most optimistic (the weakest t-norm Ty ) approaches.

We denote by 7 (IR) the set of all fuzzy sets of the real line and by ¥ NLr(IR) the set of
all fuzzy numbers of LR-type:
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where a is the mean value of @; L and R : [0,1] — [0, 1] are the shape (reference) functions

of @ with L(0) = R(0) = 1 and L(1) = R(1) = 0, which are non-increasing, continuous
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mappings; «; is the left spread and ag is the right spread of . We use the notation
i@ = (a,a1,02)LR-

For the sake of simplicity we consider in the following only positive fuzzy sets, i.e.
@ € F(IR) such that @(z) = 0 Vz < 0. Denote the set of positive fuzzy sets by ¥(IR") and
the set of positive LR-type fuzzy numbers by F N r(IR").

It is well known that a classical real operation * : IR x IR — IR can be fuzzified via
Zadeh’s extension principle to an F(IR) x ¥(IR) — #(IR) operation. Taking &,b € F(IR)

we have
a+b(z) = sup T (a(=),b(s)) (2)

where T : {0,1] x [0,1] — [0,1] is an arbitrary t-norm (Zadeh proposed T = min).

A review of the multiplication of fuzzy numbers of LR-type in the case of »min”-norm can
be found in Dubois, Prade [1]. Let us consider two positive fuzzy numbers & = (a, a3, az),
b= (5,01, B2) € F NLr(IR') of the same shape. In contrary to the sum & @ b, the product
&®b will not be an LR-type fuzzy number of the same form. To determine the membership
degree (& ® 5) (2) without any approximation a second-order equation has to be (and can
be) solved for every z. Nevertheless, if the spreads of & and b are small compared with
their mean values, i.e. if a;,a2 < a and 8;,8; < b then the terms like 0(5;-‘31) can be

neglected. Tt leads to the following approximation formula
(a" o, a2)LR © (b$ ﬂl ’ ﬂZ)LR ~ (ab’ aﬂl + bal ’ aﬂ? + ba?)LR (3)

that is, in the case of " min”-norm a®b is approximately an L R-type fuzzy number described
by the same shape functions L and R.

Using in (2) an arbitrary t-norm the situation becomes much more complicated even
for the addition. Recall that the mapping T : [0,1] x [0,1] — [0,1] is a t-norm iff it is
non-decreasing in each argument and T(z,1) = z, Vz € [0,1]. A t-norm T is said to be

Archimedean iff T is continuous and T(z,z) < z, Vz €]0,1|. Every Archimedean t-norm



T is representable by a continuous and decreasing function g : [0, 1] — [0, co[ with g(1) = 0

and

T(z,9) = ¢} (g(2) + 9(v)) ()
where gl~1 is the pseudo-inverse of g, defined by

g'i(y) if y € [0,9(0)]
i) =
0 if y € [9(0), o0]

Function g is called the additive generator of T'.

There exist a lot of papers in the literature on t-norm based addition of fuzzy numbers,
but only few ones concerning the multiplication. The (g, p)-fuzzification concept of Kovécs
[3,4] is based on the idea that dealing with a particular problem the membership functions
and the t-norm in (2) should not be modelled undependently from each other. Kovics
investigated the extended addition of LR fuzzy numbers with shape functions L = R =
¢~! under t-norm T, having additive generator g?, p > 1. It was shown that if &,b €

FNg-1g-1(IR) and & = (o,01,02) ., _,, b= (a,1,8) then & = & ® b defined by

g-lg-1
(2) with T' = T} is also a fuzzy numbers with the same shape functions L = R = g7l ie.

cE ?N,-x,-x(m) and

(aaalsa2)g—1g—1 ® (baﬂl’ﬂ2)g—1g—1 = (a+b,’71(.l7),’72(17))g_;g_1 (6)

Mn(p) = ||(a1,ﬂ1)”q = /(1) + (81)2 (7)
12(p) = ”(Otz,ﬂz)”q = {/(a3)? + (B3)9

For bfevity let us write in the following just g instead of g~!g~! using notations like

FN (IR) or & = (a, o, az)

g’



2. Results

We will deduce a corresponding formula for multiplication of LR fuzzy numbers. But,
on the analogy of the min-based operations [1], we will neglect some quadratic terms and

infer an approximation formula in the sense of (3).

Proposition. If the multiplication is extended via t-norm 7T, having additive generator
g? : [0,1] — [0,00[ (p > 1) then for the extended product of two positive fuzzy numbers

i=(a,0, az)g, b= (b1, ﬂz)y € FNy(IR*) we get the following approximation formula:

(a,01,03) , ® (b,81,8:), = (e, (p), 12(p)), (8)

with%+;—=1, c=a-band

1 (p) = || (bes,aB1)|, = /(ben)? + (aB1)e (9)
Y2 (p) = ||(baz,aﬂz)||q = {/(baz)? + (aB2)?

provided that the spreads of & and b are small compared with their mean values, i.e.
aj,az < a and B;,8; < b. That is, the fuzzy number ¢ = (c,'yl (), ¥z (p))g ~a@bis

described By the same shape functions L = R = ¢~ ! as @ and b.

This proposition can easily be proved applying results of Fullér, Keresztfalvi [2] and
the following fact originally used by Kovéacs [3,4]: there exists a natural bijection between
the normed linear space JR™ and the normed linear space of linear functionals on IR", i.e.
Lin(IR", IR). Moreover, this bijection is an isometry if we normalize Lin(IR"™, IR) with the

I - lp norm and IR with the || - |; norm where > + 2 = 1.

3. Remarks

We first make some simple remarks.

(5) ¥ae FN,(IR~) and b € FN,(IR) (10) turns into

(a, al,az)g ® (b,ﬂl,ﬂz)g = (a - b, ||(bal,aﬂ2)||q, ||(ba2,aﬂ1)||q)g (11)



(i) Ha € FN,(IR™) and b € FN,(IR™) (10) turns into

(a'a o, a2)g © (baﬂl,ﬂ2)g =~ (a * ba ”(ba2:aﬂ2)“qa “(bal,aﬂl)”q)g (12)

The both extreme cases are also worth mentioning:
(#¢7) ¥ p = 1 (and ¢ = oo) then T, is equal to the well known Lukasiewicz’s t-norm:
Ty (xay) = TL(.‘L’,y) = ma.x{O,z +y- 1}- In this case (aa_al’az)y © (b’ﬂl,ﬂ2)g has

the smallest spreads

7(1) = ”(bal,aﬂl)”oo = max {bay,ap; } (13)

1) = “(baz,a,ﬂg)”oo = ma.x{bag,aﬂg}

(tv) It is easy to see that lim,_, o Tp(z,y) = min{z,y}. Thus, if ¢ = 1 (and p = oo), then
we get back the min-based addition and (a., al,az)g ® (b, ﬂl,ﬂz)g has the greatest
spreads:

M (00) = ||(be1,apr)||, = bey + apy (14)
12(00) = ||(bez,a8s)||, = baz + ap;

(v) Obviously, (10) can be generalized to the case of multiplication of LR fuzzy intervals.
Considering e.g. positive intervals @ = (a;, a3, al,az)g, (b1,b2,p1, ﬂz) , € FI,(RY),
(10) becomes

(al,az,al,az)g ® (bl,bz,ﬁl,ﬂz)y ~ (albl,azbz, ||(blal,alﬂ1)"qa ||(b20¢2,a252)”q)g (15)

(vt) Let us write (10) in the form

(a,al,az)g o (b,ﬂl,ﬂz)y o (c ” coq cﬂl)“ ”(caz cfs ” ) (16)

where ¢ = a - b of course. This form implies an obvious generalization to the case of
more than two multiplicands. If &; = (i, o, a2:) ;€ FN4(IRT) are n positive (for

simplicity) LR fuzzy numbers, then (16) turns into



(al,au,azl)g O] (02,a12,a22)g ®...0 (amaln, a2n)g &~ (6,11(13),'72(1’)), (17)

with
€cC=ay+az+*...*0y
_|lse11 coa2 cQ1n
'71(?)""“( a1 ’ as gevey an ) q
_ cag1 CQgg CO2yn
'72(?) “( a1 ’ az yrecy an ) 7
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