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ABSTRACT -

Up to now,the study of the cardinality of fuzzy sets has hardly
aévanced since it is difficult to give it an appropriate
definition. Alth ough D.Dubois and H.Prade had ever defined it in
[1], it is with some harsh terms and is not very reasonable as we
point out in this paper. In this paper, we give a general
definition of the cardinality of fuzzy ‘sets. Based on this
definition, we not only obtain a large part of the results with
repspect to the cardinality in Cartor’s set theory, but also get
many new properties of the cardinality of fuzzy sets. Especbuua’r
from the cardinality of fﬁziy sets, we may gain some new idea on

the continuum hypothesis which is a well-known problem.
KEYWARDS: Cardinality, F-cardinality, GCH

1. THE DEFINITION OF THE CARDINALITY OF FUZZY SETS AND ITS

EQUIVALENT CONDITIONS

For any fuzzy set A € ¥(X), Vae[0, 1], the A-cut and the strong
A-cut of A is respectively defined as the follqwing:
A, ={xeX|A(x)zA}, Aa={xeX|A(x)>A}
Where A(x)=uA(x), which A(x) is more convenient than uA(x).
Definition 1.1 The fuzzy set A is equipollent to the fuzzy set
B if (vaeloO, 1])(AA~BA)’ and we also write A~B. Fuzzy sets are

partitioned by the equivalence relation and the equivalence class

containing A is called the cardinality of A, denoted by |A]. For



convenience we call the cardindlity of fuzzy sets F cardinality.
For example, let A and B respectively be a fuzzy set on [a, b].
If A and B are strictly monotone continuous functions and with

A(a)=B(c), A(b)=B(d), then A~B.

Lemmal.1 Let A be a fuzzy set and (ak} be a monotone sequence
in (0, 1). We have

1) vae(o, 11, if akzh, then

- ] 0

nA,=A ; nA, =A (ak <A)

k=1 k k=1 .k

2) vaefo, 1), if akNA and ak > A, then
[+ ]

L_J A=A Ua =A

A
1 k e k=1 .k [)

k

Lemma 1.2 Let (An},{Bn} be two sequences of sets which are not

fuzzy sets. If they satisfy the condition: (vn)(ASA ., BSB ),
n n+l n n+l

then (Vvn)(A~B )= UA~ UB
n n n=1 n

n=1 n
We always assume that Q° is a countable dense subset of (0, 1).
Theoreml. 1 A~Be==#(Vaer)(Aa~Ba).

For any fuzzy set A, write suppA=Ab={x|A(x)>0}, which is called
the support of A.
Lemmal.3 For any fuzzy sets A and B, if there exists a bijection

f: suppA——suppB such that A(x)=B(f(x)), then A~B.

Corollary. If f is a transformation(bijection) on suppA and but
A’ (x)=A(f(x)), then A’~A.

This means that F cardinality is fixed under any
transformation.

Remark: The inversion of lemma 1.3 is not true.

For example, taking B=[0, 2] and A defined as



. 1 , xel[0, 1]
A(x)={
0.5

clearly A~B. But when xe(1, 2], for any bijection

, xe(1, 2]

f: suppA—suppB, A(x)#B(f(x)). However, when the support is

finite, the inversion is true.

Theorem 1.2 For any fuzzy sets A and B, if suppA and suppB are
finite, then A~B if and only if |suppA|=|suppB|=n and there

exists a n-ary permutation o such that A(xi)=B(yU“)), 1=i=pn.

Remark: When fuzzy sets A and B have the finit@ supports,

M o

n
clearly A~B==|suppA|=|suppB|=n and i§1A(xi) = 1B(yJ). But its

J
inversion is not true. For example, let A=(0.6,0.3), B=(0.7,0.2).
We have A(x1)+A(x2)=B(y1)+B(y2), but |A|#|B|. In [1], the
cardinality of fuzzy sets with finite supports is defined as |A|=
1§1A(x1)' This is weaker than the cardition of our definition. Also

in [1], when suppA is infinite, |A| is definied by 1§ A(xi) if
x§1A(x1) is convergent. Furthermore, it is extended as integral in
[1]. Now we give a example to show that the definition in [1] is
not very reasonable. Taking A=[0, 2], B=[0, 3], of course A~B.

But by [1] we have
2 3
|Al=S A(x)dx < [ B(y)dy =|B]
This is in disagreement with our elementary knowledge. However our
definition contains case of Cantor’s sets.
Theorem 1.3 (VAEQO)(AA~BA)===A~B

Remark: The inversion of theorem 1.3 is not true. See following

two fuzzy sets on real number field: given aer ,



a , xeQ a—l , yeN and yzno
A(x)={ ; B(y)={ y
0 , otherwise (o] , otherwise

where Q is the set of rational numbers, N is the set of natural
numbers and n, satisfies the condition a—% > 0. Clearly A~B but

[o]
|A_|==, > |B_|=0.

Corollary. (Vae(O, 1])(AA~BA)==aA~B

The mapping H: [0, 1]1—P(X), A—H(A}, is called a set case on
X if (VAi,Aa)(A1<Az===H(h1)2H(A2)). The set of the set cases on X
is denoted by U(X).

In Y(X), we define the operations U,n,c as the following:

U H, : (VU Ht)(A) =U Ht(l)

teT tET . te€T

NHE: (nHIQ) =B
teT teT teT

c

H H°(A) = (H(1-a))°
The representation theorem of fuzzy sets is as the following.
If we put the mapping

¢: UX)—F(X)

H——¢(H) = U AH(A)
A€l0o, 1]

then ¢ is an epimorphism from (U(X),U,n,¢) to (F(X),U,n,c) and

with
¢(H)A < H(A) < ¢(H)A , Vae[0, 1]
¢(H), = H(a) , vae(0, 1]
29,
¢(H)A = U H(a) , vael0, 1)
s a>A

where AA is a fuzzy set with (AA)(x)=AAA(x).
In U(X), an equivalence relation ~ 1is defined as

(VH, H’ €U(X)) (H~H’ &==¢(H)=¢(H’)), and the equivalence class for H



belonging to 1is denoted by [H]. So we get a quotient set

¥’ (X)={[H] |[HeU(X) }. If we define the operations U,n,c¢ in ¥ (X),

{H1}U{H2} = {HIU H2}
{H)I(H} = {0 H)
{H°} = {B}°

U {Ht} ={U Ht}
teT tET
n{g} ={nH}
teT tET

the mapping ¢‘: ¥ (X)—F(X), [H]—¢’' (H)=¢(H)= U AH(A), is an
A€l[0, 1]

isomorphism. So {H} can be regarded as a fuzzy set.
For Ae¥(X), . if the mapping HA: [0, 1]—>P(X) satisfies the

condition: (VAelO, 1])(A5. € H() s A), the H 1is a set case

A
1 2

because A < A ==H (A ) 2 A, 2 A, 2 H(A). We call H a set case
1 2 A1 A A 2 A

dissolved in A.

Lemma 1.4 Let HA be a set case dissolved in A , and {ak} be a
monotone sequence in (0, 1), we have
4]
1) for any Ae(0, 1], if akzk and ak<A, then AA=k01H(ak)

[+ <]
2) for any Ael[0, 1), if aksl and ak>l, then AA= U H(ak)
k=1

THeorem 1.5 Let HA , HB respectively be the set case dissolved

in A,B. Then (VAEQO)(HA(A)~HB(A))==#A~B.

Theorem 1.6 Let {A(")}, {B(")} be respectively fuzzy sets

(n) (m)

sequence with (n#m=—A"""n A =¢ and B(n)n B“M=¢). Then(VYn)

(n) _(n) D) (m)
(A" B"™ )= U aA™. U B'"™.
n=1 n=1



2. THE COMPARISION OF F-CARDINALITY

Definition 2.1 Let |A|=a, |B|=B. Define
asB iff (3B’SB)(A~B’); a<B iff asp and o#B.

Monotonicity is clearly true: ASB==|A|=|B|.
Theorem 2.1 |A|s|B|e==(VaelO, 1)(|AA|SIBA|)

Corollary 1. |A|=|Bje==(VAeQ )(]A, |=|B,|)

Corollary 2. |A|<|B|e==|A|=|B| and (3r€[0, 1)([A,|<[B,])
L] L]
Corollary 3. |A|<|B|s|C]| or |A|=|B|<|C|=>]A]|<|C].

Theorem 2.2 (The generalized form of Cantor-Schréder-

Bernstein’s theorem): |A|=<|B| and |B|s|A|==|A|=|B]|.
Corollary 1. ASBSC and A~C==B-~C.

Corollary 2. The relation “=" for F-cardinality is a partial

order.

Remark: The relation "=" for F-cardinality is not a linear
order, namely there exist incomparable F-cardinalities. For
example, taking A=(0.1, 0.4), B=(0.2, 0.3), when A€[0.1, 0.2),
|A?}|=1<|th|=2; but when A€[0.3, 0.4), |A§[=1>|B}|=0. So |A| and

|B| are incomparable.

Corollary 3. Between any F-cardinalities o« and B8, there are
four relations: a=8, a<B, a>B, a and B are incomparable. And any

two relations among them are not at the same time true.

Now we consider such kind of fuzzy sets: A(x)=t, telO0, 1],
called constant fuzzy sets. Of course, a constant fuzzy set can
not always compare with another. For example, A=(0.1,0.1,0.1),

B=(0.2,0.2). When Ae[0, 0.1), |A,[=3>2=|B

Al; when 2Ae€l0.1, 0.2),
»



lAA|=0<2=|BA|' So |A| can not coﬁpare with |B|.

Clearly, there is the fact: Let A, B are constant fuzzy sets.
If |suppA|=|suppB|, then |A| can compare with |B|. On the contary,
it is not true . For example, if A=(0.2, 0.2), B=(0.2, 0.2, 0.2),
then |A|<|B|, but |suppA|¢|suppB|.

It is common knowledge that the cardinality of a finite’
ordinary set can be expressed by a naturgl number that the
quantity of elements in the set. For a fuzzy set; aithough its
support is finite, its cardinality be expressed by natural numbres
even geal numbers, because the relation of big or small for

F-cardinality is only partial order, except for constant fuzzy

sets under certain condition.

Lemma 2.1. If A(x)=t, B(y)=s are two constant fuzzy sets, then

|A|=|B|e==t=s and |suppA|=|suppB|.

So we can measure the cardinality of a fuzzy set based on two
quanlity: |suppA| and the grade of membership. When A(x)=t is a
constant fuzzy set, we denote <|suppA|,t>:=|A|. As a result, the
cardinality of such kind of fuzzy sets has more concrete
expression. Especially, when |suppA|=n, |A|=<n,t>. Namely, the
cardinality of a constant fuzzy set with finite support can be
expressed by quality; of course it is two—demensionai quantity. If
<n,t> is regarded as an ordered pair, then <n,t>eNx[0, 1].

Thereupon, the cardinalities of finite constant fuzzy sets are a
% %
total of |NxI[O, 1]|=zb2 =2 = . Generally we have

=
Theorem 2.3 Given universe X#¢, when |X|=2 © the cardinalities

® ®
of the constant fuzzy sets on X are a total of 2 ’; when |X|>2 °,

o total of IXI,

(to be conkenued )
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