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Abstract
In this paper, the definition of a fuzzy left (right) ideal (a fuzzy ideal, a
fussy bi-ideal, a fuszy interior ideal) generated by a fuszy set in semigroups
is given, And the depiction of them are researched,
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1. Introduction

The concept of fuzzy set, introduced in L, A, Zadeh [8], was applied to the
elementary theory of groupoids and groups in A, Rosenfeld [7], semigroups in N,
Kurcki [2 —— 5] and in authors' paper (6]. In the present paper we shall give
the definition of a fussy left (right) ideal (a fuzzy ideal, a fuszy bi-ideal, a
fussy interior ideal) generated by a fuzay set in semigroups, And some charact-

erisations ;f them are showed,

2¢ Preliminaries

In this paper, we always suppose that S is a eemigrou;.), S1 a semigroup with
unity element 1 ('eee [1]) and "F- " stands for "fuzzy". |

A map £ from 8! to the closed interval [0, 1] 18 called a fuzzy set in s,
Let F(s') denote the set of all fuszy sets in S', For any A, BEF(s'), AS B 1¢
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and only if A(x) € B(x), in the ordering of [0, 1], for all x € s',
Remark, For all x € §', A, € F(3'), 1 € I (indexing set),

(L) a6 =\/ A (x) = up 4, (x), ((0) 4)(x) = /\ A (x) = 1nf &, (x).
i i 1 i i i
Pu and Liu gave the definition of a fuzzy point (cf, [9], Defimition 2,1 and

Definition 2,2), Clearly that every A € F(S1), _ ‘ i

vhere 0< A <1, x, € A if and only 1f x, S A, | 3

A ify=x
xh(Y) =2

0 if yfx;

for all y €s', For X Yy €F(S1), x\ & jifand only if x =y and ) S U.

Yu
Definition 2,1, f € F(S1) is called & fuﬁzy subsemigroup of st s
‘ £(xy) > win{ £(x), £(y)}
for all x, y € st,
The definition of a'mzzy left (right) ideal ( a fuszy ideal, a fuzsy bi-ideal,
a fuszy interior ideal) of S' can be seen in [2 — 51

Definition 2,2, [6], Let £ € F(S'), the smallest fuzsy left (right, two-sided)

1deal of 8! containing f is called a fuszy left (right, two-sided) ideal of 8'
generated by f, denoted by <f£> ( (£], (£)) ( vhere a fuazy two-sided ideal means
a fuzsy ideal), | |

Propooiti;m 2.3+ A fuzsy 1deal of s! 16 a mzzky bi-ideal of 31, and also a |
fuzsy interior ideal of S',

Proof, Let £ € F(S') be a fuzzy 1deal of S', Then by definition of a fuszy ideal,
for all x, y € 31, £(xy) 2 £(x), f(xy) Z £(y). This follows that

£(xy) Z mn {£(x), £(y)}.

So f 18 a fuzzy subsemigroup of S‘. For x, y, 681, f(xy;) = f((xy)z) Z £(=)



and £(xys) = f(x(yz)) =£(x), Thus
f(xys) Z mn {£(x), £(z)}.
This means f is a fuzzy biwideal of S1. Nov we further prove f is also a fuzzy
interior ideal of 81. For x, a, ¥ € s‘,
£(xay) 2 f(ay) Z£(a);

This completes the proof,

Proposition 2.4. Let £ € F(S'), then f 1s a fuszy ideal of 8' if and only if
fisa ‘ﬁuny interior ideal of S1. |

Proof. By Proposition 2,3, the necessity is obviously, Sufficiency, For x, y € st
y £(xy) = £(xy1) 2 £(y), £(xy) = £(1xy) 2 £(x), this means f is also a fuzzy ideal

of 81.

3. Fuzzy ideals generated by fuzzy sets
Theorem 3,1, Let £ € F(S'), then <£> = J, vhere

J(a) = sup f(xz)
a= XX

172
Xy x2E.‘.’n1
for all a € S‘.
Proof, For a € 8!,

J(a) = sup f(xz); sup f(a) = f(a),

a=vx1x2 a=1a

that 18 J 2 f, For x, y € 81, by the defining way of J we have

I(xy) = sup £(x,)Z sup £(s,) Z eup £(z,) = I(¥).
=XX xy= (xz,)2, ¥ =33,
Y= 5%
This means J is a fuzzy left ideal of S1. If I 18 a fuzzy left ideal of 81 and
£ € I, then for a € 8!, £(a) < I(a), and
J(a) = sup f(xz)S sup 1(x2)»s. sup I(x1x2) = I(a),

a = x1x2 a = x1x2 a= x1x2

This follows that J € 1, By Definition 2.2 ve have that <f 7 = J,



Theorem 3,2, Let £ € F(s'), then (f) =J, where

J(a) = sup f(x1)
a = XX

172
Xy x2€S1
for all a€ S1.
Proof, For a € 81,

J(a) = sup t(x1) Z sup f(a) = £(a),

a=x1x2 a=al

that 18 J 2 f, For x, y € 8,
J(xy) = sup f(x1x2)3 sup r(z1) = sup f(z1) = J(x)e
XY = XX,
1 Xy = 51(z2y) X = 2,2,
X = 2,2,

This reaches J is a fuzzy right ideal of S1. If I is a fuzzy right ideal of S1

and £ € I, then for a € S1, f(a) £ I(a), further more
J(a) = sup f(x1) < swp I(x1)S sup I(x1x2) = I(a),
a = XX, a = XX, 8 = XX,

thus 3 € I, By Definition 2,2 we have [f] =J,

Theorem 3,3, Let £ € F(S1), then

(1) [kex]= (£)s

(11) <[> = (£);

(111) (> = <L£1>.

Proof, Firstly, By Theorem 3,2 we have [<f>] is a fuzzy right ideal of s',
Secondly, For x, y € 81, |

(«£>] (xy) = sup<£> (x,) = aup sup £(z

)
Xy = XX, Xy = XX, Xy = 513

2

and

(<£>I(y) = sup<£> (y)) = sup  sup £(w)),
¥ =N Y=V Y17 %%
Obviously (<£>J(xy) = [<£5](y), that 18 [<£>] 1s elso a fuzzy left ideal
of S'. S0 [<£>] 18 a fussy 1deal of S', Since £ € <£> & [<K£>T, ve

have [<£>] 2 f. If I is a fuzzy ideal of St and T 2 f, then by I is a fuzzy



left 1deal of 81, ve have I 2 <>, further more by I is a fuzzy right ideal of -

s', T 2 [<£>]. Then by Definition 2.2 , [€£5]  1s a fuzsy ideal of S' gener-
ated by f, that is [<f>] = (f), Similarly ve can prove <[f))> = (f). So
<£>] =(£) = <[£]>.
By Theorem 3,1, 3.2 and 3,3 respectively, ve can examine the following two
propositions,
Proposition 3.4 [6]. Let X, € F(S1), then <x>=1J ( [x,] = J), where

A Af there exists b €S' such that a = bx (a = xb),
J(a) ={
0 othervise;

for all a € 8's’
Proposition 3.5 (6], Let x,€ F(s'), then (x,) = J, where
A Af there exist b, ¢ € 8! such that a = bxc,
J(a) ={

0 othervise;
for all a € S1o
4e Fuzzy interior ideals generated by fuzzy sets

Definition 4,1, Let £ € F(S1), the smallest fuzzy interior ideal of s! contain-
ing f is called a fuzsy interior ideal of S' generated by f, denoted by <f 210
Theorem 4.2, Let f € F(S1), then <f£>; =J, vhere

J(a) = sup f(xz)
8 = X XX;
Xys Xpy x3€ s!
for all a €5,
Proof, For x, y € 81,

J(xy) = sup f(xz) Z sup f(zz) = J(x)
W= XXXy XY = 52,(349)
X = 2,2,2,

and



J(xy) = sup £(x,) 2 sup £(w,) =J(y),
XY = XXXy Xy = (xw1)w2w3
Y = Wyva¥y
thus J{xy) 2> min { J(x), J(y)} » that is J is a fuzzy subsemigroup of S1. For
.a € S1,
J(a) = sup £f(x,) = sup £(a) = £(a),
a8 = X_X.X a = 1al

17273

hence J 2 f, For x, a, ¥y 681,

J(xay) = sup f(xz) Z  sup f(zz) - = J(a).
Xay = XXXy  xay = (xz1)zz(23y)
a=z32,3,

This follows that J is a fuzzy interior ideal of S1. Let I be any fuszzy interior

ideal of 8' and I 2 £, then for all a € 8!,

J(a) = sup f(x2) £  sup I(xz) £ sup I(x1x2x3) = I(a),

a = x1x2x3 a = x1x2x3 a = x1x2x3

By Definition 4,1, we get .<f>1 =J,
From Proposition 2,4, we have:
Proposition 4.3, Let x,€ F(S'), then <x,>p = J, where for all a € s!

XX

2’

A Af there exist x,, x, € S' such that a = x,
J(a) ={

0 othervise;

Set £ = x, , then from Theorem 4.2 we also can prove Proposition 4.3.

5« Fuzzy bi-ideals generated by fuzzy sets
Definition 5,1, Let £ € F(S1), the smallest fuzzy bi-ideal of s! containing

f 1s called a fuzzy bi-ideal of s! generated by f, denoted by <f>B .

Definition 5,2, Let £ € F(S1) be a fuzzy subsemigroup of S1. f is called a fuzzy
submonoid of 8' 1f £(1) Z £(x) for all x € ',



Theorem 5,3, Let £ € F(S1) be a fuzzy submonoid of 81, the- <£‘>B = J, where

J(a) = sup mn {f(x1), f(x3)}
a = x1x2x3
for all a £ s!,
Proof, For a €_S1,
J(a) = sup nin{f(x1), f(x3)} > sup min{£(1), f(a)} = gup f(a) = £(a),
& = XX Xq a=11a a=11as

that is J 2 £, For x, y, z€S1,
J(x) = sup nin{f(x1), f(x3)} y J9(z) = sup min {f(z1), f(zB)}

X = X XXq 3 = 3,3,3, E
and %
J(xyz) = sup min {f(u1), f(v3)} > sup min {f(x1), f(za)} . %
Xys = WV vy xys = x1(x2x3yz1 22)23
X = XX%3
z = 33,3,

But ,
, min {J(x), J(z)} = sup mn { win {f(x1), f(XB)} ’ nin{f(z1), f(zB)}},

X = x1x2x3

3 = 3,3,%;
8o J(xys) 2 min{J(x), J(3)}. Meanvhile if let y = 1, then we have
J(xz) > min {J(x), J(z)}
for all x, 2 € 81, that 1s J is a fuzzy subsemigroup of S1. Then J is a fuzzy
bi-ideal of S‘. Let I be a fuzzy bi-ideal of s! and I 2 f, then for all a € 81,

J(a) = sup min {f(x1), f(xz)} < sup min {I(x1), I(xz)}

a= XX

1%2%3 & = XyXx¥%3

£ -
< sup min I(x1x2x3) I(a),
& = XXXy
thus J € I, Hence <f>B =J,
Theorem 5.4, Let £ € F(s'), If s! s a regular semigroup, then <f ?g = J, where



J(a) = sup nn{t(x1), f(x3)}
a= x1x2x3v 1
X1s Xo x3€S
for all a € 81,
Proof, From the proof of Theorem 5,3, .we only need to prove J(a) = f(a) for
all a €8', Indeed, | |

J(a) = sup min{£(x,), £(x;)} 2 sup m{r(;), £(a)} = £(a)
am= x1x2x3 a = axa

for all a 681.

Let £ = x, and by Theorem 5.4, ve can obtain:
Theoren 5,5, Let x,\é 1?(81). 1t S1 is a regular semigroup, then <x,‘>B- J, where

A if there exiats y €3' such that a = yxy,
J(a) -{

0 othervise;
for all a € 81.



Conversely, let B be a fuzzy regulariopen set in X» and » be
a fuzzy point in f~!(B). Then p=f~!'(B), i.e.,f(p)=B.From hypo-
thesis there exists a fuzzy semiopen set A in X, such that p=<A
and f(A)=<B, hence

P<CASCT I (A) =<f' (B)
and

PEA=Ao(f~ ' (B))o.
Since p is arbitrary and f~!(B) is the union of all fuzzy points
in f7'(B), f~'(B)=<(f *(B))a, i.e., £ '(B)=(f"'(B))n. Thus f is
fuzzy almost semicontinuous.

Theorem 3. Let f:(X,, 8§1)— (X2, 8§2)be a mapping from a fuzzy
space X, to a fuzzy regular space [2] X». Then f is fuzzy almost
semicontinuous iff f is fhzzy semicontinuous.

Theorem 4. Let f:(X,, 8§,)— (X2, §2) be a mapping. Then the
following are equivalent:

(1) f is fuzzy almost semiopen.

(2) f(A)=<<(f(A™ %))y, for each A€ &, _

(3) For each fuzzy set B of Xz and each fuzzy regular closed

set A of Xy, when f~!'(B)=cA, there exists a fuzzy semiclosed set

C of X», such that B=IC and ! (C)=ZA.
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