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Abstract

This paper shows that the seminormed fuzzy integral and
the semiconormed fuzzy integral intfoduced in /1/ are two
dual fuzzy integrals. The dual principles are given. Some

groups of dual propositions are listed.

1 Introduction

Suarez and Gil/1/ introduced the concepts of seminormed
fuzzy integral and semiconormed fuzzy integral, which are all
the extensions of Sugeno's one defined in /3/. A series of
propositions to the two fuzzy integrals were proved and some
applications were studied in /1, 2/. In this paper, we show
that the two fuzzy integrals have the property of duality. The
dual principles are given and some grdups of dual propositions
are listed. In the view of the duality of the two fuzzy inte-
grals, all properties about seminormed(résp. semiconormed) fuzzy
integral can be obtained via the properties about semiconormed

(resp. semonormed) fuzzy integral.



2 Relative definitions

Definition2.1(/4/) A function T: [0, 1]x [o, 1] — [o, 1] =
is called a t-seminorm(resp. semiconorm), if T satisfies

(1) T(x, 1) = T(1, x) = x(resp. T(x, 0) = T(0, x) = x), ¥ X € X;
(2) Vx5 ¥y 2, ue[ 0, 1)y, x €2, y£u=T(x, y) £ T(z, u.

Let T and | be t-seminorm and t-semiconorm respectively,
If V¥ x, ye[ 0, 1], there holds T(x, y) +L (1-x, 1-y) = 1, we
call T and .l dual.

Definition2.2(/3/) Let X be a nonempty set, /5 a S-alge-
bra of subsets of X. A set function g: /Q ~> [0, 1] is called
a fuzzy measure, if g satisfies

(1) &(@) =0, gX) = 1;

(2) AC B = g(a) £ g(B);

(3) apfCor A )) = g(linm A )=lim __g(A )

(X, /é, g) is called a fuzzy measure space.
Definition2.3(/5/) Let g, and g, be two fuzzy measure on
(X, /Q )+ &» 6, are called dual, if YA ¢ @ , thers holds

g,(4) +gz':(K) = 1
where £ = X - A,
Definition2.4(/1, 2/) Let h be a /B-measurable function,
0£h¢£ 1, T a t-seminorm and 1 a semiconorm. We define the

seminormed fuzzy integral of h over A ¢ /B as

[ an7e = sup T@, g(AN(h2a)))
-oe (0,1]
and the semiconormed fuzzy integral of h over A ¢ /E as
h g = inf L (o, g(AN(h>a)))
jA E[0,1y 0

Suarez and Gil /1, 2/ shows that Y A ¢ /3 ,

SAth = Sx(h/\IA)Tg<



and
SAth = gx(h NI )ieg

where IA is the characteristic function of A. The above two
conclusions tell us that the two kinds of fuzzy integrals
over A E-ﬁ» can be changed into the ones over X, of course,
the function h must be replaced by h/\IA. In the following,
we always assume that all fuzzy integrals are considered over
X, and for short, we denote thTg and fkh¢g by {th and

Shig respectively.

3 Duality of seminormed fuzzy integral and semiconormed

fuzzy integral

The following Theorem is the principal result of this
paper.
ThedremB.l For every fg-measurable function h, every dual
t-seminorm T and t-semiconorm ., évery dual fuzzy measures g
and g, there holds
thg + gﬁ¢§ = 1

where h is defined as h(x) = 1 ~ h(x), x ¢ X, we call b the
dual function of h.

Proof. From Definition2.4, we have

5 hTg = sup T(d, g(h2a)))
de(o:1]

1- inf (1 - (0, glhza)))
ol€(0, 1]

= 1 - inf L (1=, 1-g(haw))
de(O,]J

1 - inf 1(1-d, g(h<a))
1e(0, 1]

1 - inf 1(1=d, g(B>1-))



1 - inf]_aeto,”_l_ﬂ-&, g(h>1-9))

1 - inf 1, glh>a))
de[0,1) :

1 —SEJ.E

and the conclusion follos.

Theorem3.1 describes the relations between two kinds of
fuzzy integrals. It is easy to know that if a proposition with
respect to one kind of fuzzy integral is proved, we can obtain
the relative 'dual" proposition with respect to the other,
according to the following dual principles :

(1) t-seminorm T = the dual t-semiconorm .;
(2) t-semiconorm L -» the dual t-seminorm T;
(3) fuzzy measure g - the dual fuzzy measure g;

(4) ﬁ-measurable functiqn h = the dual lﬁ-measurable func-

tion h;
(5) the value of the fuzzy integral 5~—9 the dual of it: 1 -.S;
In section 4, we shall list some groups of dual proposi-

tions about the two fuzzy integrals.

4. Some groups of dual propositions about two fuzzy inte-

8rals

In this section, we use P. to stand for 'Proposition'.

The following groups (1) - (7) are dual propositions about
the two fuzzy integrals. .‘
(1) Pukot by £ b, =;‘§h1Tg < 5h2Tg,

P.hol' By £h, =3 5h1.1.g < jhaJ_g;
(2) Polyo2 jaTg =a YyaelCo, 1],

Pulya2! jal.g =a \Yae [0, 1];

IN



(3)

(4)

(5)

(6)

(7)

P35 [(avmTg = ay(nTe  {aelo, 1],
P43 ((aph)lg = anfhie  ya ¢[0, 1);
Pl SIATs gh)  Yae@,
Pubat (Tyig = g)  Yaep;
P.ba5 (T8 £ fnrg < [nT)g,

Pues' [hiye 2 [nig Sh_L1g;

]

P.4e6 Let g be a possibility measure, then

3(h1 Vh,)Tg = Sh1Tg vShaTg

P.4.6" Let g be a consonant belief function, then
5(h1/\h2)¢g =jh].t.g f\j h,Lg

P.4.7 Let T be a continuous t-seminorm and hnT h(resp.
h_} h), then ShnTg 1{bre(ress. ShnTg {{n1e).

P.4.7' Let L be a continuous t-semiconorm and hni h

(resp. hﬁl h), then 5hn1_g ¢gth(resp. ShnLg,fthg).

Now, as an example, we prove P.4.7' via P.4.7 by using

dual principles.

Suppose P.4e7 is proved, we verify that P.4.7' is true.
We only cosider the case that hnl h, the other is similar.

Let h | h, then an R. By using p.4.7, we have,
5 R, T2 S ATE

Applying dual principles to above result, we obtain

1 -_Sth_gT1 -th.g

That is to say

jhf@ing
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