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Abstract, In the paper, integrals of set-valued functions and
F-valued functions are further investigated, the countable

additivity of the integrals is shown.
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1. Introduction

In recent years, there are a Lot of works on set-valued
integrals such as convexity theoren, Dorminate convergence
theorem, and so on[l, 2,3,],but there is few in the additivity.
The purpose of the paper is to show that integrals of set-valued
functions have the property of countable additivity, then
extended it to integrals of F—valued functions.

Let <X, A, 4> be a complete finite measure space, R be the
n—dim Euclidean space. Symbol P(R) denotes the power set of R,
co X denotes the family of nonempty compact convex subsets of R

The addition on P(R) is defined as follow,
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Z Bn = { Ea b,:b,€ Bn (n> 1), zl I b} <oo}
n= n=
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for Bne PC RD ( n>1). Where § - { is the Euclidean norm.



Further, we define 1Al =Sup {liall ;ja€A} for AEP(RY.
Let #(R) be the family of all fuzzy subsets in R. An element
8¢ (R is said to be a F-number if a, = {r€R,Erd)> A} €cok
for every A €C0, 1], and we use #* to denote the set of

F-numbers. Define
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n= n=| n= n=

for ¥,€ ™ (n>1).
A set-valued measure m is a countably additive mapping from
r

to PCRYD-{¢} ; a F-number measure,\is a countably additive

mapping from A to F, i.e
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for every sequence An (nZ>1) of mutually disjoint elements

of A.A set—valued function F,X—P(RD— { ¢} is measurable if
GrF= {(x, ®)€XXR, o €Fx>)} € A x<Borel(R> _A F-Set-valued
function ﬁ, X—%RH- {¢$} is measurable if its A —cutting
set—-valued function F,( - );x—F.(x>= [F(X)]. is measurable

for atl A €¢0,1]. A set-valued function is integrably bounded
if there exists an integrable function
h, X—R', s. t. HFx) Il <h¢x) for all x€X. A F-set-valued
function F is called a F-valued function if it is valued in %. A
F-vatued function F is integrably bounded if there exists an
integrabte function h,X —R' s_.t. Sup Il F(x) | <h(x)> for all
<EX. A€fo,1]

The integral of F,X—P(RD- (¢} on A€ 4 is defined as,

SPFdp= { S fdp,fcSF)}
A A



where S(F)= {f 1is integrable,f(x)E€F(X) a.e. x€X)

The integral of a F-valued function on A€ # is defined as |,

CSFdpdCw=Sup { A €¢0.1),uc {F,du}
A

where u€R.

The paper is organized as follow. In section 2, we discuss the

set-valued integral and obtain the

theorem of countable
additivity.

In section 3, the integral of F-valued functions is

investigated, the countable additivity is shown.

2.0n set-valued integrals.

The main result of this section is the following theorem,

it is not mentioned by the authors in ref.,

Theorem 1. Let

and

Fi,X—=P(RY- {¢$ )} Ciz=1> be a sequence of

measurable set—valued functions, let ¢ ,X—R'(i>1) be a sequence
of measurable functions.If

DINFi, XN <p (x> for all x€X;

o9
iidp(x)= £ (x> is integrable.
t=1
Then

[od
i) Set-valued function FC - ),x— X Fi(x) is integrably bounded;
1=

ii) SCF)= _§‘ SCFi);
l:
[ <] .
iii)>)/fFdpu= Z SFid .
1=l

Proof. It is clear that I F(x) il < é:ltb.(x):d)(x). then i) is

proved, Obviously, S(F) DO = ScFi), hence, to prove ii) is to

verify sufficiently that S¢ F) € ¥ S(Fi)
f € SCF), we need to find
£, €5C Fi), f(x) =

For this aim, Let
a sequence f,X—R(iz=1).s.t .
o0

;‘fi(x). Now the dpAce R'<R---may be metrized
=



s. t. its topology is the usual product topology, we define a
set-valued function x —6G( x)= {Cu,u-), W, €Fi(x) C iZ=1) }C
L'C(R» (¢ the Banach space of sequence {u} ¢ R, and

o {w} = _‘% lu |l <oc), by the measurablity of FiCiz»1), it is
easy to see that G is a measurable set-valued function ( the
definition of measurablity is same for a metric space). Further
we define a continuous mapping H, L'C R —R%; {w}

— 3 "w ', then the mapping x—H'(f(x)>=ker H+ {(f(x>.2'} is a

L=y
measurablte set-—valued function from X to LR ™). Since the

intersection of two measurable set-valued functions is also
measurable, and f € S(F)>, then the set—valued function
GC -« DMNH'C + dis nonempty measurable, therefore there exists
an a.e measurable selection

x— {f(x))} , f(X)EFi(x)

s.t f(x>= i%‘ f(x),a.e x'e)(
Consequenly, ii) has been proved. iii) is a direct result of ii).

Corollary 1.If a measurable set—valued function F is integrably

bounded, then for every sequence {An} of mutually disjoint

elements of )4.

Fdp= = fFdp
n=| An
n=IA"

Proof. We first define a-F(x)= {a-y,y€F(x)} , for a€R,
Then

SFdp = S X(xX)Fd 1, where X(x>=0 x§A
= 1 xXEA

Let FOO=X(xXDF(X), ¢ (x)=X(x)P(x), it is easy to see
the conditions of the theorem are satisfied, then the
conclusion is held. (Q.E.D

Corollary 2. If a measurable set-valued functior_t F is

integrably bounded , then



:n(A):j/'\ Fd p

is a set-valued measure.

Corotlary 3. Let F, F, be two integrably boundd set-valued

functions, a, b&€R. Then
J ¢a-F+b- -Fdpu=a-+ fFdp+b- SFdp.
3.0n F-valued integrals

A F-valued function is the mapping from X to %%, the integral
of F-valued functions was first given in [6], but the author
didn’t discuss the problem on additivity. Here we will deal with
it.

Lemma 1. [ 4] Let (&)} be a sequence of F-numbers, E‘ a,
n=
€ 7*, then

M2
Mz

C a.)x: a,, A €q0,1]

n={

Lemma 2. [ 6] If ?,X—»“y‘ is an integrably bounded and

measurable F—valued function , then

SEdp €%, and (sFdpd.= SFdp, A €0, 1]

Theorem 2. Let ¥n (n>1)> be a sequence of neasurahle F-valued
functions, and ¢, X—R (n>>1)> be a sequence of measurable
functions, If

i).Sup NFa(x) Il < (x),(x€X);
A€(o,1]

oo
ii) ¢(x)=X b (x) is integrable;
nz|

oo =

- X Fat)
iii). The mapping Fc - ).x—»ﬁ(x) is a F-valued function;

AN



Then ,

i> F is integrably bounded;

M2

iidSFdp = S Fndp.

n

Proof. i) It is easy to see that, for A €(0,1] by lemma | we
have F.(x)— :% F.(x), then

x [l
Sup IF(x) 1< ZMF (O X ¢ (x)=¢(X)
A€(0,11 ) N=1 3¢0,11 n=|

Consequently, i) is proved,

ii)By lemma 2, for A €(0,1],we have

¢ J"'F'(x)d pl. = SE(x)d

i
M3

JE.(x)dpu (by theorem 1)

3
[}

1

n% ¢ S Enexod po,

=c £ S EFnexod po,

(13~}

Therefore fﬁ(x)du: E J‘F’n(x)du "(Q.E.D»
A=\

By the theorem, the following results can be obtained directly.
Corollary 4. Let ¥, X— %*be an integrably bounded and
measurable F-valued function, then for every sequence {An} of

mutually disjoint elements of A.

’
~

; Fdpu= S ,&ﬁr}(x)du

[ .4 n:' n
nL=’|A"

Corolliary 5. Let E.,X —>7I*be an integrably bounded and



measurable F-vatued function, then

ﬁcmzfA Fdp

is a F-number measure.

For a €R’, define a-b as Ca.b), :a-i:a (A €(C0,1]1), then
Corotlary 6. Let B ,F,X— #* be integrably bounded and

measurable F-valued functions

(1)
(2]

(3]

(4]

(5]
(61

(7]

, a b€R. Then
S Ca-F+bFpdp=a- sy Fdp+b-. sFdp.
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