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Abstract: We give criteria for a fuzzy field extension to be the fuzzy composite of a fuzzy pure
inseparable field extension and a fuzzy separable field extension. We introduce the concept of a
distinguished fuzzy intermediate field.
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INTRODUCTION

Let F/K be a field extension of characteristic p > 0 and let J denote the maximal purely
inseparable intermediate field of F/K. Then F/K is said to split, and we write F = J ® ¢S, when F is
the field composite JS of J and S over K where S is an intermediate field of F/K which is separable
over K. In [5], it is shown that if F/J is separable and J/K has finite exponent, then F/K splits. In
[3], it is shown that if F/J has a separating transcendence basis, then F/K splits. An intermediate field
S of F/K is called distinguished if F C Kp-ooS and S/K is separable [2]. An example of a field
extension is constructed in [1] which does not have a distinguished intermediate field. It is shown in [7]
that F/K splits if and oniy if F/J is separable and F/K has a distinguished intermediate field. We.
determine in this paper the extent to which these results can be fuzzified, Example 4.2 and Theorems

4.3 and 4.6. Their fuzzification provides basic structure results for inseparable fuzzy field extensions.

A fuzzy subeet X of F is a function from F into the closed interval [0, 1). Let X and Y be
fuzzy subsets of F. We say that X C Y ifand only if X(x) < Y(x) Vx € F. Wesaythat X C Y
if and only if X C Y and 3 x € F such that X(x) < Y(x). If ¥ is a collection of fuzzy subsets of F,
then we define the fuzzy subsetsI = [} X and U= |J byVx € F, I(x) = inf{X(x) | X € ¥} and

Xey Xe¥

U(x) = sup{X(x) | X € ¥}. Ifc € Fandt € [0, 1], we let c; denote the fuzzy subset of F defined
by Vx € F, ¢i(x) = t if x = c and ¢i(x) = 0 otherwise. c, is called a fuzzy singleton. If c, and dg
are fuzzy singletons, then ¢; + dg = (¢ + d); and ¢;dg = (cd), where r = min{t, s}. A fuzzy subset A
of F is called a fuzsy subfield of F if and only if A(1) = 1, A(x — y) > min{A(x), A(y)}, and A(xy’l)
> min{A(x), A(y)}, y # 0. It follows that Vx € F,x # 0, A(0) = A(1) > A(x) = A(—x) =
A(x’l). Let A and B be fuzzy subfields of F. If B C A, we write A/B and call A/B a fuzzy field
extension. We let F(A) denote the set of all fuzzy subfields C of F such that C C A. If C € F(A),



then we let F(A/C) denote the set of all fuzzy subfields B of F such that C C B C A. We let Im(A)
denote the image of A. Vt € [0,1], welet A, = {x € F|A(x) > t}. Welet A*={x € F|A(x)
> 0}, the support of A, and Ay = {x € F|A(x) = A(0)}. Then A, (Vt € [0, 1]), A*, and Ay are
subfields of F. In fact A #= Al. If W is a subset of F, we let 6w denote the characteristic function of
Win F. We let N denote the set of positive integers. Needed definitions and results from field theory
can be found in [4]. Throughout this paper A denotes a fuzzy subfield of F and C € F(A).

1. PRELIMINARY RESULTS

In [10, Definition 3.2], the concept of a neutral fuzzy field extension was introduced. A fuzzy
field extension A/B is said to be neutral if and only if V x, C A witht > 0, 3s € (0, t] such that x4
C B. Then A/B is neutral if and only if A* = B*. The concept of neutrallity plays a fundamental role

on the study of fuzzy field extensions.

Proposition 1.1. [8] Let B, D € F(A/C). Then B and D are fuzzy linearly disjoint over C [8,
Definition 1.15] if and only if B* and D* are linearly disjoint over C* and B N D = C.

The fuzzy subset AP of F, defined by AP(x) = A(z) if x = zP for some z € F and AP(x) = 0
otherwise, is such that AP € %F(A) by [8, Theorem 2.9).

Proposition 1.2. [8] Let B € F(A). Then A/B is fuzzy separable [8, Definition 3.1} if and
only if A*/B* is separable and B N AP = BP,

Proposition 1.3. Let B, D € F(A/C). Suppose that B* and D* are linearly disjoint over C*.
Then

(i) (B n D)/C is neutral;
(ii) B and D are fuzzy linearly disjoint over B N D;

In [9, Definition 1.1} and [10, Definition 3.1] two different fuzzifications of the concept of an
algebraic field extension were introduced and compared. This then led of course to two different
fuzzifications of the concepts of a purely inseparable field extension and a separable algebraic field

extension [9, 10].
The following example shows that a neutral fuzzy field extension need not be fuzzy separable.

Example 1.4. Let F = P(x) and K = P(xP) where P is a perfect field of characteristic p > 0
and x is transcendental over P. Let A = 6p. Define the fuzzy subset B of F by B(z) = 1ifz € K and
B(z) = 1/2 otherwise. Then B € F(A). Now (B N AP)(xP) = min{B(xP), AP(xP)} = min{B(xP),
A(x)} = 1 and BP(xP) = B(x) = 1/2. Thus B N AP # BP. Hence A/B is not fuzzy separable.
However, A/B is neutral and thus fuzzy separable algebraical, [10, Definition 4.2]. Now (BN AP)* =



B* n (AP)* = B* n (A*)P = FP = (B*)P = (BP)* by [8, Proposition 2.12]. Thus (B n AP)/BP is

neutral.

Example 1.4 also shows that a fuzzy separable algebraical ﬁgld extension need not be fuzzy
separable according to the current definition of fuzzy separable. This illustrates another difference
between the concepts of fuzzy separable algebraic [9, Definition 1.10] and fuzzy separable algebraical -
since a fuzzy separable algebraic field extension is necessarily fuzzy separable, [8, Proposition 3.9].

Proposition 1.5. Let B € F(A). Suppose that A/B is neutral. Then A/B is fuzzy separable if
and only if B N AP = BP.

Definition 1.6. Let B, D € F(A). Define the fuzzy subset BD of F by V x € F, (BD)(x) =
n
sup{min{min{B(y;), (%)} |i=1, .., n} | x= 3 y;z, n € N}. BD is called the fuszy composite of
i=1
B and D.

By [8, Theorem 1.5], BD is a fuzzy subring of F. By the notation A = B ® D, we mean that
A = BD and that B, D are fuzzy linearly disjoint (over B N D). By the notation A* = B* ® D*, we
mean the tensor product of B* and D* over B* N D*.

Proposition 1.7. Let B, D € F(A). Then A = B ® D if and only if A* = B* ® D* and A
= BD.

Proposition 1.8. Let B, D € F(A). Then

(i) A =BD if and only if A; = (BD); V¢t € [0, 1];

(i) (BN D), =B, N DVt € [01];

(iii) ByD; C (BD); and if B and D have the sup property, then B,D, = (BD), Vt € [0, 1].

Proposition 1.9. Let B, D € F(A). Let K = B* n D*. Suppose that B# n D# 2 K.
Then B and D are fuzzy linearly disjoint (over B N D) if and only if B, and D, are linearly disjoint
over KVt € (0, 1].

Proposition 1.10. Let B, D € F(A). Let K = B* n D*. Suppose that B # N Dy 2 K.

(i) Suppose that B and D have the sup property. If A =B ® D, then Ay = B; @ Dy V ¢
€ (o, 1.

(i) if A, =B, ®x Dy ¥Vt € (0,1],then A=B @ D.

2. NEUTRALLY CLOSED SUBFIELDS

Let B € F(A). We say that B is neutrally closed in A if and only if whenever x; C A and x4
C B witht > s = B(x) > 0, then t = s. Clearly B is neutrally closed in A if and only if A = B on



Propasition 2.1. Let B, D € F(A/C). Suppose that C is neutrally closed in A.
(i) A/C is fuzzy separable if and only if A*/C* is separable.

(ii) B and D are fuzzy linearly disjoint over C if and only if B* and D* are linearly disjoint

over C*.

Let B € ¥(A). It was shown in [10, Example 4.9] that B does not necessarily have a fuzzy

algebraic closure in A.

Proposition 2.2. Let B € F(A). Suppose that inf{A(b) | b € B*} > sup{A(x) | x ¢ B*}.
If B is neutrally closed in A, then B has a fuzzy algebraic closure in A.

In Proposition 2.2, B is neutrally closed in A since B¢ = A on B*,

Proposition 2.3. Let B € F(A). Suppose that B is neutrally closed in A. If A/B is fuzzy
pure inseparable [10, Definition 4.1], then A/B is fuzzy purely inseparable [9, Definition 1.6}.

If A/B is fuzzy purelyﬂ inseparable, then clearly A/B is fuzzy pure inseparable. Thus
Proposition 2.3 gives a condition under which A/B is fuzzy purely inseparable if and only if A/B is
fuzzy pure inseparable, namely that B is neutrally closed in A. In fact, the assumption that B be
neutrally closed in A yields the result that if x, C A, t > 0, is fuzzy algebraical over B with respect to

€ i
the polynomial p(y) = yP + b over B* [10, Definition 3.7], then x; is also fuzzy algebraic over B
with respect to p(y) over B*.

Example 2.4. Let F = P(x) where P is a perfect field of characteristic p > 0 and x is
transcendental over P. Let A = 6p. Define the fuzzy subset B of F by B(y) =1ify € P(xp) and
B(y) = 1/2 otherwise. Then B € F(A). Now y; + (-y); s = 0; jp and ()P + (—yg)P =0, Vy €
FadVt s € [0,1,t > 1/2. Thus A/B is both fuzzy pure inseparable and fuzzy purely
inseparable, yet B is not neutrally closed in A.

3. DISTINGUISHED FUZZY SUBFIELDS

-00 -00 -n

Let B € F(A/C). We let C*® denote C*P  where C*P = {cP |c € C*,n € N U
{0}}. We sometimes think of B as being extended to C*°°F such that B(x) = 0 ¥ x € C*®°F - F.
For fuzzy subfields 6 ¥ and D of C*°°F, ¢ C*°°D denotes the fuzzy composite of § c*o and D.

If B € 9(A) and X is a fuzzy subset of F such that X C A, then B(X) denotes the
intersection of all C € ¥(A) such that B U X C C and B[X] denotes the intersection of all fuzzy
subrings Rof Fsuchthat B U X € R C A.



Proposition 3.1. Let B, D € ¥(A/C). If B/C is fuzzy algebraical , then BD is a fuzzy
subfield of F.

Let B € F(A/C). Then B is called the unique maximal fussy pure inseparable intermediate

field of A/C if and only if B/C is fuzzy pure inseparable and if x;, C A with t > 0, is fuzzy pure
inseparable over C, then x; C B. That B exists follows from [10, Proposition 4.8].

Definition 3.2. A/C is said to have a distinguished fussy intermediate field D if and only if 3
D € %(A/C) such that D/C is fuzzy separable and A C § C*°°D'

Proposition 3.3. Let D € F(A/C). Suppose that D* is distinguished in A*/C*. Then
6C*OOA/¢SC*°°D is neutral. '

Proposition 3.4. Let D € F(A/C). Suppose that D* is distinguished in A*/C*. If D is
neutrally closed in A and sup{A(c) | ¢ € A*- D*} < inf{A(d) |d € D*}, then §wooD = & ko0

Proposition 3.5. Let B be the unique maximal fuzzy pure inseparable intermediate field of
A/C. Then B is neutrally closed in A if and only if é c*oo N A=B.

4. SPLITTING

Definition 4.1. A/C is said to split if and only if 3 B, D € %(A/C) such that B/C is fuzzy
pure inseparable, D/C is fuzzy separable, and A = B ®c D,iie,A=B ® Dand BN D=C.

The following example illustrates complications which arise in fuzzifying structure results from
the crisp case. A/C does not split even though 3B € %(A/C) such that A/B has a fuzzy separating
transcendence basis {10, Definition 4.6] and BP C C. Also A/C does not have a distinguished fuzzy
intermediate field.

Example 4.2.
Theorem 4.3. Let B € ¥(A/C).

(i) If A/B has a fuzzy separating transcendence basis and B/C is fuzzy pure iﬁseparable, then 3
D € %(A/C) such that D/C has a fuzzy separating transcendence basis, BD =B ® D and A/(B ®
D) is neutral.

(ii) If A/B is fuzzy separable and B/C is fuzzy pure inseparable of bounded exponent, then ib
€ %(A/C) such that BD =B ® D and A/(B ® D) is neutral.

In Theorem 4.3(ii), D/C is not necessarily fuzzy separable: Let B/C be neutral, but not fuzzy
separable as in Example 1.4. Let A = B. Then A/B is fuzzy separable and B/C is fuzzy pure
inseparable of bounded exponent. Now D = A, but D/C is not fuzzy separable.



Let B be the unique maximal fuzzy pure inseparable intermediate field of A/C. If A/B is fuzzy
separable and 3 D € %F(A/C) which is distinguished for A/C, then A/BD is neutral: A C 6C*°°D
and so A* C (JC*OOD)" = C*®D*. Thus D* is distinguished for A*/C*. Since A*/B* is separable
and B*/C* is purely inseparable, A* = B* @ c* D* = (BD) * by [7, Theorem 1, p. 606].

Theorem 4.4. [8, Theorem 1.20) Let E, D € ¥(A/C) and B € F(E/C). Suppose that E
and D are fuzzy linearly disjoint over C and BD is a fuzzy subfield of F. Then (i) implies (ii) implies
(iii) where

¢}] c* c B#;

(ii) B = BD on B*;

(iii) E n BD = B.

Theorem 4.5. Let B be the unique maximal fuzzy pure inseparable intermediate field of A/C.
Suppose that B* C B # and that C is neutrally closed in B. Then A/C splits if and only if A/B is
fuzzy separable and 3 D € F(A/C) such that D is distinguished for A/C.
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