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In this paper we intruduce a concept of a fuzzy
graded ring by natural numbers, a fuzzy polynomial ring

and prove some related theorems.

1. INTRODUCTION

Zadeh [?] introduced the concept of fuzzy set.
Rosenfeld [5] applied this concept to the theory of groups
and groupoids. In [2,3], Liu introduced and deVvelopred
basic results concerning the notions of fuzzy subrings and
fuzzy ideals of a ring. Malik and Mordeson [4] introduced
the concept of fuzzy direct sums of fuzzy subrings and
fuzzy ideals of a ring. The purpose of this paper is to
introduce the concept of a fuzzy graded ring and a fuzzy
polynomial ring.

We let L denoted a completely distributive lattice
with greatest element 1 aﬁd least elemenf 0. If X is a
nonempty set, .an L-fuzzy set in X, or merely a fuzzy set

in X, is a map A:X—L, and €(X) will denote the set of



all fuzzy sets in X. We say that L has the (finite)
intersection property if the'infimum of every (finite) set
of nonzero element of L is nonzero.

Throughout this paper X is a commutative ring with
identity. Let R be a fuzzy subset of X such that R(0)=1.
If R(x)AR(Y)SR(x-y) for all x,yeX, we call R a fuzzy group
in X and if a fuzzy group in X satisfies R(x)AR(Y)SR(Xy)

we call R a fuzzy ring in X.

2.FUZzY DIRECT SUMS
Let 1 be a nonempty set. Let x,xiex where ie€l. By
x-.zlx.l we mean that all but finitely many of the x. are
L€
zero.

Definition 2.1 [4]. Let (R | ie€l} be a collection of

fuzzy subsets of X. We define the fuzzy subset L Ri' of X
iel

by ( £ R)(x)=sup{inf{(R (x.)}| i€l |x=F x.} for all xeX.
\-GI 13 v 13 ‘.el 1 4

It is prgved that 1if {R‘;l iel} is a collectioh of

fuzzy groups, rings (fuzzy ideals) in X, then E R.t is a
i€l

fuzzy group, ring (fuzzy ideal) in X respectively and

RS LR. [4].
i€l

Definition 2.2. Let R.R.‘ where i€l be fuzzy groups

(rings) in X. Then R is said to'be the fuzzy (weak) direct

sum of {Rt| iel} if R= L R and RNER ~E where
i€l I =

1l x=0
E(x)-{ . In this case we write R= & R.‘
0 xz0 i€l



3. FUZZY GRADED SUBRINGS

Definition 3.1. Let X be a commutive ring (with
jdentity). The fuzzy ring R in X is said to be graded by

natural numbers if there exists fuzzy dgroups 'Ri.

i=0,1,2,... in X such that
(i) R= ®¢ R and
iel ¥
(ii) R,tRjSFL‘*j for all i,j=0,1.2,.... where for all xeX
™
RiRj(x)-sup{inf{Ri(Yk)ARj(zk) |k=1,2,....n} Ix-k};‘.lykzk. nelN}.

From ROROCRO it follows that Ro jg a fuzzy subring of X.
Example 3.2. Let R be any fuzzy subring of X. Define
Ro-n' and R=E for i=1,2,... . Then R has a trivial

s ]
i=0 ‘ -

. gradation {R.‘}
Example 3.3. Let 2 be the totality of infinite
sequences (ao,ai,az,...), a.‘ex that have only a finite

number of nonzero terms a, . Define

(ao.a‘.- .- )+(b°.b£.- .. )-(a°+b°,a1+b‘.. ..) ,‘and
(ao,ai,. .. ). (bo'bz" .. )-(pi,pz,. .. ) when
p,= b ’,-bk- Then (8,+,.) is a ring [1]. Let A be a fuzzy
jrk=i .
subring of X. Define R and R.‘. i-O.l,... on 8 as follows:

R(ao.ai....)-finf(A(a.t)l i=0,1,...) and
A(ai) if a.=0 for all j=i
R (a,.a,. )= J
0 if ajzo.for some j=zi
It is clear that R is a fuzzy subring of 2 and R';'

i=0,1,... is a fuzzy subgroup of 3. 1t can be readily



verified that

[+
R~ ¢ R amd RRsR . for all i,j=0,1,...
. i L) i)

L=0

The above example motivates the following definition
of a fuzzy polynoﬁial subring.

Definition 3.3. Let X[ul be the polynomial ring of
one indeterminate u on X. A fuzzy polynomial subring R of
X{u] is a fuzzy subfing of i[u] such that for all
p(u)eX(ul. R(p(u))=R(a_+aut...+a u™)=inf(A(a)]| i=0.....n)
for some fuzzy subring A of X.

Recall that if R is a fuzzy subring of X, then
R, ={xeX| R(x)=1} is a fuzzy subring of R and if L has the
finite intersection property, then R'-{xexl R(x)>0} 1is a
subring of X. Based on these facts we prove:

Proposition 3.4. Let R be a fuzzy graded subring of
X. If L has the finite intersection property. then R‘ is a
graded subring of X.

Definition 3.5. Let R be a graded fuzzy subring of X
and x,€R (R(x)=A=0). The value R(x)=) is called the

homogeneous component of X, of degree i.
[« )

Theorem 3.6. Let X= & xt be a commutative graded ring
1L=0

with identity. Let L satisfy the finite intersection
property and R be an L-fuzzy subring of X such that

) 0 .
R( I x.\)- A R(x.t)>0. Then R is a fuzzy graded subring of
L=0 +L=0

X.



4. FUZZY GRADED MODULES

Let R be a fuzzy subring of X and Y be an X-module
the fuzzy subset M of Y is called a fuzzy R-module if for
all v.y,.y in Y and x in X

(1) M(y,-v,)ZM(y,)AM(y,). and

(id) M(xy)ZR(x)AM(Yf

Definition 4.1. Let R be a fuzzy graded subring of X.
A fuzzy R-module M is called fuzzy graded R-module if M
can be expressed as a direct sum of fuzzy subgroups {NR),

L -]
i.e., M=E M, such that RleSM."j. i,j=0,1,... as fuzzy

=0

subsets of Y.

Theorem 4.2. Let R be a fuzzy graded subring of X, M
a fuzzy graded R—-module. If L satisfiea the finite

intersection property, then M' is a graded R'—module.



2.

3.

4.

8.

6.

REFERENCES

Nathan Jucohson, Lectures in Abstract Algebra, Springer
Verlag, 1951.

W.J.Liu, Fuzzy invariant subgroups and fuzzy ideals,
Fuzzy Sets and Systems, 8(1982), 133-139.

W.J.Liu, Operations on fuzzy ideals, Fuzzy Sets and
Systems, 11(1983), 31-41.

D.S.Malik and John N.Mordeson, Fuzzy direct sums of
fuzzy rings, to appear.

A.Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35:
512-517 (1971).

L.A.Zadeh, Fuzzy sets, Inform and Controlj 8(1965).

338-353. °



