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Abstract

In the paper{l] the upgrade of the structure of groups has
been considered., in which the concept of HX group has been
raised. In this paper we give the definition of uniform HX group

and discuss its structure.
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1. Introduction

The so-called HX group is a group which is formed on the power
set P(G) of a group G. Let (G.+) be a group, by using
multivariate extension principle{2|. the operation of the group G

6X6 —»6, (a,bM—vabfab
can be extended to P(G). For any A,BEP(G)

AB={abja€A, beB} ' (1)
Let §$R(6)2P(6)-{9}, 4#¢. If & forms a group for the operation(1)
then. ¢ is called a HX group on G, which its unit element is
denoted by E and for any A€¢ . the inverve element of A is

denoted by A*.



¥We point out that a quotient group on G must be a HX group on

G and its unit element be a norsal subgroup of G.

2. Uniform HX group

If the operation of inverse element in G is upgraded to P(6)
by means of extension principle, then we can seek an inverse set

in P(6).

Definition 2.1 Let G be a group. For any A¢P(G)

B2x) xer)

is called an inverse set of A.

So, we have an inverse element A and an inverse set AQ for a
arbitary element A of a HX group. It is well worth attention
that there is difference between £ and £*. Generally, the
inverse set of A is not uniform with the inverse element of A in
a HX group & . For example, let G be the additive group of real
nusbers, take E=(0,+ee), then

© 2{x+E)xeG}
is a HX group on G, and its unit element is just E. € is a
additive group too. Here the inverse element of A and the inverse
set of A are respectively called the negative element of A and
the negative set of A, write -A and @A. Obviously. for &,
-E=E=(0.+00), @E=(-00,0). S0, -E=DE.

It is well worth research that under what condition A® =a'
holds. In this section we will discuss this kind of group in

which the inverse set is uniform with the inverse element.

Definition 2.2 A HX group ¢ is called an uniform HX group if




for any Aeg. A' =49 holds.

Theorem 2.1 Let H be a normal subgroup of G. then the

quotient group G is an uniform HX group on G.

Proof. G/m=iallac6}. For any al€G/w. we have (aH)'=a'i. From
definition 2.1,
(atfP={ (anf' | net}=1"a’| hen }=pa’ =a'H.
So, we have (al!P=(aH)"‘.

Therefore, from definition 2.2, 6/# is an uniform HX group on

Theorem 2.2 let @ be a HX group on G, then, & is uniform iff
e ————

its unit element E is a subgroup of 6.

Proof. (1). Let & be an uniform HX group on G. For the unit

element E of & , we have £'=¢®. For any a,be, ab'e kE®=gK* =k.
Therefore. £ is a subgroup of G.

(2). Let the unit element E of € be a subgrou;; of G. First of
all. we prove that for any A€¢ . any a€A. A=ak=Ea holds.
Obviously. we have ak ©AE=A. If aK&A,then there exists bé€A such
that b&aE. We have bia§E. For deA', db.da A*A=E. Since E is a
subgroup of G. (db)'(da)€ EE=E, i.e. b'a€E. This is in
contradication with b¥adE. So, A=ak holds. Similarly we have
A=Ea.

Next, we prove p=A" . For any a€A*, noting A’A=E and e €K, |
where e is the unit element of G. Then there exists béA*, bea
such that bb'=e. Therefore b'=b'€A. Since A'=bE, there exists cek

such that a=bc. We have



a'=c'blegn'=a.
From definition 2.1, aeA® , So A"S.AQ holds. Conversely, for any
aeA@, we have a'€A. Similarly we can prove aeA’. So, O cx' nods.

Therefore £'=£ holds. From definition 2.2,  is an uniform HX

group on G.

Theorem 2.3 Let @ be a HX group on G. 1f the step of every
element in the unit element k of @ is finite, then & is an

unifors HX group on G.

Proof. Because E is the unit element of . we have Ek=EK.
Obviously, E"=E (n=1.2....) holds. Let the step of a be m, for
any aek. 5o, #*€E"=K. i.e. eet. and a‘=a*'€¢¥™'zE. Therefore E is

a subgroup of G.From theorem 2.2, ¢ is an uniform HX group on G.

Corallary 2.1 If the unit element E of HX group ¢ is finite,

then @ is an uniform HX group on 6.

Corallary 2.2 1f G is a finite group then a HX group § on G

must be unifora.

Thenrem 2.4 Let ¢ be an uniform HX group on G, then
G*2{AlAC G }

is a subgroup of G.

_Proof. First of all, since @ is a HX group on 6 we have G'#$.
For any a,b¢6*=U{A}A€% |}, there exist A,B€% such that a€A, beB.
Because & is a group we have ABE® . So abeABSE™ .  In addition
for any ae 6" where acA, A€G ., we have p=A" because ¢ is
an uniform HX 9roup; S0, a'e ®=A1 <", Therefore ¢* is a subgroup

oi’ G.



Theorem 2.5 Let @ be an uniform HX group on G, and E be the

unit element of ., then E is a normal subgroup of 6™ and ¢ =60%.

Proof. Since ¢ is an uniform HX group and E is the unit
element of &, £ is a subgroup of G. In addition since ES 6* and
G*is a subgroup of G, E is also a subgroup of 6*. For any a€G™,
there exists A€¢ such that a¢A. From the proof of theorem 2.2 we
have A=ak=Ea. Hence, E is a normal subgroup of 6*.

Now, let us prove that ¢=G"= ={aEla€G*}. For any A¢¢ , take
acAS 6", we have A=aE€GYg . On the other hand, for any ak¢G)E ,
where aeG" , there exists A€% such that aeA. So, aE=A6¢% .

Therefore, ¢ =67%& .

The theorem 2.5 shows an uniform HX group is just some

quotient group.
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