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Abstract: The object of this paper is to stuéy fuzzy
Subsy;;;;“*;;* a universal algebra. In section 32, & fuzzy
subalgebra(fsa) of a universal algebra{u.a) under tringular
norm is defined and some properties are derived.Level
subalgebras of a fsa®are dealt with in section 4. Some
results on union of two fsa®”are established in section 5.

In particular,a sufficient condition for the expressibility
of a u.a. as the union of two proper fs& is obtained.
Subalgebra generated and function generated fza are
introduced in section 6 and results analogous to these in
the case of groups are obtained. Some results on fuzzy
relations and fuzzy subalgebras are given in secfion 7.

Some important definitions and results (without proof) are
given below. |

Unless otherwise mentioned in what follows (G,£)) will

denote a uw.a., A,a fuzzy subset of G and T,an arbitrary

t-norm. Alsc the universal algebras,considered, are
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assumed to be of the same type.

Definition 1: A is said to be a T-fuzzy subalgebra (T-
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fsa) of B if for all n-ary operation w €L and a,,az,;..,aneﬁ

A(a, 8, v 8,0 ) 7 TALa ) ;... AR ).
If T = M,then A is said to be a fuzzy subalgebra (fsa) of G.

Every fsa of G is a T-fsa of G but example

is given to show that the converse is not true.
characteristic function DLH of a subset

Theorem 3: The
H of zg:aguzgk; T-fsa iff H is a subalgebra of G.
Theorem 4: The arbitrany‘intersection of T-fsd is a T-
B The homomorphic image of a T-fsa, when T is
of a T-fsa

The homomorphic pre—-image

continuous is a T-fsa.

P -
1,.&.,---,5-

is also a T—-fsa.
Let B;be T-fsa of (Gi,fz) for i

Theorem 61:
_____ *I defined by

B = B@uw.--®p Bp B, %6, .. o%Gp
'4
}om TUB, () y.ea3Bpliig)) Vo« €

B, 5--03¥p
iz a T-fsa u$ B‘x...xﬁh if T’ dominates T.
I+ 3 eié-B 5.t . El-'--ELUJ = eLand Bl(el) = 1

Remark 7:
.35, then the converse iz also true.

Let L)L consist of only one n-ary operation W.
can be

Let ";';":':"":;n be subalgebras of G s.t. every x2€06
uniquely expressed as x ~ My » e Xy W Where ®p € Hy-
fsa® of G,H, respectively. L?tggl;ﬁi G- *1 be defined by

BOxy) and.ﬁx(x) = B (%) where x = X, ...X,Ww
‘§~ are T—fuzzy subgrouppof G.

Py
Bl(x) =
L

If (5,42 ) be a group, then ,B\L'
However this is not true if G be an arbitrary u.a. But if W

satisfies the generalised medial law

Let B, B, be T-
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=(a,, Ag) vreBy W) anoala, ape. 8,00 W
Pal A4 »
then Biand B, are T-fsza®of G.

Theorem 9: If B be a fsa of (G,S2) then By = {x € G,

Bx) >t 3 is empty or a subalgebra Vte I. Bt is called level

subalgebra of B.

Remark 10: (i) However the above is not true if B is a

T-fsa of G where T # M.

{ii) Two different fsa® may have the same family of

level subalgebras.

Theorem 11: Given any chain of subalgebras 6,C B‘C“.ch,=G

of (6,1}, d a fsa of § whose level subalgebras are precisely

the members of the chain.

Femark 12: The union of two T-fsa”™ may not be a f—fsa.

Remark 13: A u.a (6,2) can be expressed as AvE where

A, B are two fsa? s.t A * E or B F a.

Remark 14: Rosenfeld [31 proved a group can not  be

expressed as the union of two proper fuzzy subgroups. In the
case of universal algebra, we have the following result

Theorem 15: Let 3 an n-ary operation WELl =.t.

(i) w is associative/

(ii) J an element e,€G6 s.t. ¥ aé€B,
Y ,
Wiley, sunnsRyensBu } = A& Vi = 1,254 .40 .
L J
(1i)f BEB T DEG Sut. WIBpyr+ 150101801« -Cu 1Dy 184 - C ) = 8y
for i,j = 1,2,...,n amd i # j.
Let B and A be two proper fsa® of (G,Jl) s.t. Bley ) = Aley, )

= 1 and B(b) = B(b,}, A} = Alb;) s beG. Then G can not

be expressed as the union of H and A.




11 i th ncept of ‘subgrou enerated ‘ and
’funcggonowéggeratgd’Cgazg subgroups ?ngrgdgceg by Anthony

and Sherwood [2R1,the concept of subalgebra generated and
function generated fuzzy subalgebras have been defined and
results analogous to those obtained by Anthony and Sherwood
have been obtained .

Remark 16: Let B be a fsa of GuG. The weakest fuzzy

subset of G on which B is a fuzzy relation is denoted by AB
and is defined by
AB {(#) = sup {max {B(x,y) ,B(y,n); yeB} 3.
Now the problem whether Ag is a fsa is remains

open . However, we have,

Theorem 17: Let (G, 42 ) be a u.a and B be a fsa of GxG

s.t. ¥ ne B sup{B(:,y); vyeB) = sup(B(y,x); y€BY ... ...(1)
Then Ag is also a fsa of G.
Remark 18: Example has been given to show that the

condition (1) is not necessary.

Theorem 19: Let B be a fsa of (Gx6,4L ). If for each xeQ

————————————— heve exint
and n-ary mperationlUéJlﬁx‘,xl,...,xh_e G s.t.
HyHy wealpgW = n ., . “ann «wn {2)
and Bixg ,t) 3 Bi(x,t) V tesn (3.

Then Az is a fsa of G where d; {y) = B{x,vy)

Remarlk 20: The conditions (2) & (3) are satisfied i+t 6

be a group.

1. Anthony, J.M. Fuzzy groups redefined
& (1979)

Sherwood, H. J.Math. Anal. Appl . 69, 124-130.




2. anthony, J.M. A characterization of fuzzy
% (1982)
Sherwood, H. subgroups.
Fuzzy sets and systems 7,297-305.

3. Rosenfeld, A. ((1971): Fuzzy groups.
J.Math.Anal .Appl . 35, S12-517.
4. Zadeh, L.A. (1965): Fuzzy sets.

Inform and control 8, 338-333.




